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Abstract. Portfolio optimization refers to allocating an amount of investors’
wealth to different assets in order to satisfy the investors’ preferences for return and
risk. We address the portfolio optimization problem with real-world constraints,
where traditional optimization methods fail to efficiently find an optimal or
near-optional solution. Hence, we design a modified cuckoo search (MCS) meta-
heuristic for finding good sub-optimal portfolios. Cuckoo search was inspired by
the brood parasitism of cuckoo species by laying their eggs in the nests of other
host birds. Our implementation explores the search space using Levy flights and
allocates the good sub-optimal distribution of investment weights for a chosen set
of assets. The MCS results show a clear improvement in comparison with previ-
ously published results, based on Markowitz and Sharpe models.
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1 Introduction

Billions of dollars are invested in financial markets and investors seek to select a port-
folio that generates profitable return. A portfolio is defined as a group of assets. Portfolio
optimization (PO) is the process by which parts of different assets are chosen to be put in
a portfolio with certain fixed total amount. Investment decisions are made by evaluating
the trade-offs between risks and expected returns. Markowitz coined the Modern Port-
folio theory (MPT) decades ago [1]. Later, Sharpe also presented a model [2]. Regardless
of the model adopted, the key purpose is to find the optimal set of weights in allocating
the assets of the portfolio. Investors prefer to invest in a specific number of assets with
different allocations and a fixed total value. By adding this constraint, “the problem
becomes a mixed integer programming problemwith a quadratic objective function” that
has no known efficient way in locating a fast solution [3]. The time needed to resolve this
issue grows proportionally fast and such a problem is NP-hard [3].

A number of metaheuristics have been proposed for the PO problem. Chang et al.
[4] applied a genetic algorithm, which mimics the process of natural selection, to
cardinality constrained portfolio optimization (CCPO). The algorithm was tested on 5
datasets that included 31–225 assets. The authors also considered simulated annealing,
which is based on a physical phenomenon, and Tabu search for comparing with the
GA. Fu et al. [5] examined two implementations of the GA for CCPO, the traditional
and hierarchical, in order to improve the performance. Aranha and Iba [6] introduced a
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tree-based representation of the GA. Babaei [7] adapted a simulated annealing meta-
heuristic for extended portfolio selection. Cura [8] presented a particle swarm opti-
mization (PSO), which is inspired by bird swarm behavior, for a cardinality constrained
mean–variance PO model. The PSO results were compared with those of tabu search,
genetic algorithm, and simulated annealing. Golmakani and Fazel [9] presented a
metaheuristic that is a mixture of both improved and binary PSO for answering a
stretched Markowitz mean–variance portfolio selection model that is limited by four
bounds. Tuba and Bacanin [10] proposed an artificial bee colony (ABC) algorithm
enhanced with hybridization by the firefly algorithm in order to improve the process of
exploitation. Chen [11] suggested a modified ABC in which the author also introduced
alternative measures of risk, including real-world constraints, for constrained PO.

This paper addresses the portfolio optimization problem by employing both the
Markowitz model and the Sharpe model with practical realistic constraints. We propose
adapting a modified cuckoo search metaheuristic (MCS) [12, 13] for finding subopti-
mal solutions with reasonable time. This algorithm was inspired by the natural behavior
of cuckoo birds where it simulates their behavior for finding new nests that are portfolio
solutions in our problem. Recently, cuckoo search was adapted for improving the
performance of cyber-physical systems [14]. To the best of our knowledge, Modified
cuckoo search is applied, for the first time, for the portfolio optimization problem. The
suggested approach is compared with other meta-heuristic approaches that stem from
similar practical and existent objectives and constraints. The pilot outcomes
undoubtedly convey that MCS delivers sound resolutions.

This paper is organized as follows. Section 2 describes Markowitz’s and Sharpe’s
models. In Sect. 3, we present the MCS metaheuristic and its design for solving the
portfolio optimization problem. The implementation results and analysis are presented
in Sect. 4. Section 5 concludes the paper.

2 Problem Description

The objective of portfolio theory is to allocate investments to various assets. Allocation
is affected by two attributes: the mean of the expected return on the assets which is
amounted as the weighted average of the likely profits of the assets in the portfolio; the
second is the variance which measures the variability of risk from the assets. The
Modern Portfolio Theory (MPT) is a mathematical model of the notion of investment
diversification. An early model, developed by Markowitz [1], focuses on the covari-
ance between stock returns in order to improve the risk-return trade-off.

The Markowitz mean-variance optimization model [1] allows the allocation of
investments among several assets taking into consideration the trade-off between risk
and return. In this model the risk is minimized for a mandatory rate of return Rp. Thus,
the goal is to minimize the portfolio’s risk r2p ¼

Pn
i¼1

Pn
j¼1 rijwiwj, Subject to the

portfolio’s expected return Rp ¼
Pn

i¼1 Riwi, where
Pn

i¼1 wi ¼ 1, where

n: the number of assets in the investable universe
Ri: the expected return of asset i (i = 1; …; n) above the risk-free rate
Rp: the expected return of the portfolio above the risk-free rate
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wi: the weight in the portfolio of asset i (i = 1; …; n), where 0 � wi � 1
si, sj: the standard deviation of the returns
qij: the correlation between i and j
rij = qij sisj is the covariance between assets i and j (i = 1; …; n, j = 1; …; n)

Sharpe [2] introduced an approximation model of Markowitz’s. Sharpe’s model
captured the covariance between securities through one variable, b, which summarizes
the prospects regarding stock market index changes in accordance to price fluctuations.
For both, Sharpe and Markowitz models, the aim was to identify the efficient frontier
by applying different mechanics. Sharpe’s model takes into account the constraints of
cardinality, floor, and ceiling. If the market includes n assets, the investor will be
willing to invest in k out of n assets, which leads to a large number of combinations.
Hence, there is a need to add a binary variable zi used to flag the insertion or omission
of asset i in the portfolio. Also, floor constraints are practically applied to evade
unnecessary organization costs for negligible capitals that won’t affect the portfolio’s
behavior remarkably. Ceiling constraints are applied based on policies to limit
excessive exposure. Adding these constraints, the Sharpe function becomes: Minimize

c
Xn

i¼1
wibi

� �2
r2m þ

Xn

j¼1
w2
i r

2
ei

� �
� 1� cð Þ

Xn

i¼1
Riwi

h i

Subject to 0�wi � 1,
Pn

i¼1 wi ¼ 1 , zi €{0, 1},
Pn

i¼1 zi ¼ k , 0� fi: zi\wi

\ci: zi\1
where:

n: the number of assets available
fi: the minimum weight an asset can hold
ci: the maximum weight an asset can hold
k: the maximum number of assets in a portfolio
wi: the weight of asset i in the portfolio
zi: asset flag set to 1 if the asset is held and set to 0 otherwise.

3 Cuckoo Search Metaheuristic

Cuckoo search is not an old metaheuristic, developed by Yang and Deb in 2009 [12]. It
is inspired by brood parasitism of some cuckoo species. Cuckoo birds lay their off-
spring in shared nests so that the host feed the new born cuckoo. Sometimes, the host
bird could recognize that the egg in the nest does not belong to it and end up removing
it. Since cuckoo’s eggs hatch earlier than their hosts’ eggs, this gives the cuckoo an
opportunity to hatch and force out the host’s egg. Cuckoo birds are identified for laying
eggs according to the Levy flight. A Levy flight is a random walk (steps are defined in
terms of the step-lengths and have random directions) and has a certain probability
distribution. Walton et al. [13] introduced a modification to the original algorithm in
order to increase the convergence rate. One modification was adjusting the step length
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by a factor, a, that drops with the increase in the number of generations; the aim is to
stimulate localized searches while the eggs move towards the best nest. The other
modification was adding information trade-off between the eggs in order to identify top
eggs group as well as the lowest (to be dropped).

Our proposed approach is comprised of a hybrid technique that is based on Modified
Cuckoo Search, integrated with a quadratic programming solver – JOptimizer [15]. The
master solver will select the best set of assets (k out of n assets) and the slave solver will
assign the optimal weights for the selected k assets. The solution for both sub-problems
should meet the purpose of selecting the best portfolio that produces maximum return
with least risk possible.

Every portfolio/nest has the following components: Index of every asset included in
this particular portfolio, as referenced in the assets dataset; Weight of every asset;
Portfolio return; Portfolio risk; Portfolio Sharpe ratio. The Modified Cuckoo Search
(MCS) steps are described as follows:

Step 1: Initializing a number (50) of feasible portfolio solutions. The selection of K
assets in every candidate portfolio sets the first component of the portfolio.
The indices of the K assets in the portfolio are randomly selected from the
available dataset

Step 2: Every possible portfolio is evaluated in order to assign the optimal weights
to the K assets in the candidate portfolios. The weight assignment is realized
using JOptimizer, which is an open source library implemented in Java
programming language that addresses the solution of a minimization
problem with equality and inequality constraints [15]

Step 3: Following the weight assignment for every portfolio of the 50 feasible
solutions, every candidate portfolio is measured by fitness. The Sharpe ratio
[2] serves as the fitness value for the nest (portfolio). All portfolios will be
sorted according to the Sharpe ratio and replaced if a new portfolio with a
higher Sharpe ratio is found. The Sharpe ratio is the “average return earned
in excess of the risk-free rate per unit of volatility or total risk”. As the value
of the Sharpe ratio grows, the risk-adjusted return becomes more appealing

Step 4: For all portfolios with the lowest fitness, that are portfolios numbered 1 to
35 after the sorting, we mutate by Levy flight to generate a new enhanced
portfolio to substitute the candidate portfolio. The solutions obtained are
mutated by performing Levy flights according to the transformation:

xðtþ 1Þ
i ¼ xðtÞi þ a� Levy(kÞ. If the portfolio that is subject to Levy flight

mutation is among the portfolios to be abandoned then the step size is set to
50=

ffiffiffiffi
G

p
(G is the current generation number), else if the portfolio subject to

Levy flight mutation is among the top nests then the step size is set to 50/G2
Step: 5: After mutating all the nests to be abandoned, we mutate all (remaining) top

nests. Select portfolio j randomly from the pool of portfolios and label it
portfolio Pj. If Pj is the same as the current portfolio of the top nests to be
mutated, then step 6 will follow. Else, if Pj is different, then step 7 will
follow. Steps 5–7 are applied on every portfolio in the set of best nests

Step 6: For the selected portfolio of the top nests, mutate by Levy flight to generate
a new portfolio Pk. In this mutation the step size selected is 50/ G2. We then
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choose a random portfolio Pl from all nests and compare the fitness of Pl to
the fitness of the mutated portfolio Pk. If the fitness of Pk is greater than that
of Pl, then Pl will be substituted with Pk

Step 7: To obtain portfolio Pk, distance dx needs to be shifted from the weakest nest
to the optimal one. The distance is calculated as follows: dx ¼ xi � xj

�� ��=u
where u ¼ 1þ ffiffiffi

5
p� 	

=2 [15]. The mutated portfolio Pk is generated based
on the move distance dx. Then, choose a random portfolio Pl from all nests
and compare the fitness of Pl to that of Pk. If the fitness of Pk is greater than
that of Pl, then Pl will be substituted with Pk

The process ofmutating portfolios in order to create dominating portfolios (steps 4–7)
is repeated 100 times to produce dominating portfolios. However, if the fitness of port-
folios is not enhanced after 10 consecutive iterations, then the iterations are terminated.

4 Experimental Results and Discussion

4.1 Experimental Procedure and Datasets

We applied the proposed algorithm to find the unconstrained efficient frontier (UEF),
which can be calculated using different solvers (e.g., LINGO v16.0.7). Hence, the
heuristic outcomes may be compared to ideal solutions. It is safe to consider that our
heuristic will not be able to find the cardinality-constrained efficient frontier (CCEF)
unless it finds the UEF at an accurate level. In this case, our MCS approach will be
applied for k = n. To be able to compare the UEF, generated by LINGO, and UEF
generated by our algorithm, we need to compute the ratio deviation of every portfolio
from the (linearly interpolated) precise UEF. The distance/space from the benchmark
frontier to the computed frontier is measured by the median percentage error and the
mean % error. So, the mean percentage error (MPE) is the calculated average of error
percentages, where by the predictions of a model vary from the real values of the
amount that is predicted. That is, MEP = 100%

n

Pn
i¼1

at�ft
at where at is the real value of

the amount that is predicted, ft is the prediction, and n is the number of times the
variable is predicted.

The comparison of LINGO-UEF to MCS-UEF yields results of mean return and
standard deviation of return errors. The same approach will be applied for the CCPO
problem based on both Markowitz model and Sharpe Model. It is also important to
show the distribution of the efficient points along the frontier. When thinking about
buying portfolio assets, a smart buyer would carefully study the efficient frontier with
the better distribution of points across it.

To test our MCS algorithm based on Markowitz model, we refer to five test data sets
in OR-Library reflecting the global stocks associated with the various capital market
files. The data mentioned above equate to the 7 days prices figures from Mar. 1992 to
Sep. 1997 for: Hang Seng 31, DAX 100, FTSE 100, S&P 100, and Nikkei 225. The
stocks amounts involved in each set ranges from 31 to 225. However, to test the MCS
algorithm based on Sharpe model, we refer to a test dataset that comprises the “top 100
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stocks by market capitalization on the Johannesburg Stock Exchange (JSE)” [16]. The
input parameters to the model are [16]: the risk-free rate employed is the present
3-months Treasury bill (TB) rate rf = 0.130; and rm ¼ 0:276 having betas and the
variance of regression errors calculated by monthly information on the span of the 3
previous years.

4.2 Results Based on Markowitz and Sharpe Models

Our proposed MCS algorithm is applied on the OR library datasets with cardinality
constraint K = 10, using the Markowitz model. We compare the results to the GA, TS,
and SA algorithms with the same constraints by comparing the standard efficient frontiers
of the five real-world standardized series with the heuristic efficient frontier of the exact
data series. Table 1 shows the results of the median and mean percentage error of our
algorithm for each of the 5 data sets. The results demonstrate that the MCS algorithm
scored first for 4 out of 5 data sets. The improvement percentage for every dataset is also
indicated in the right-hand column. The results reveal that the MCS outperformed other
heuristics by 10% on average. Consequently, MCS is the closest to the UEF.

With regard to finding the Sharpe-model-based CCEF, the MCS and its competitor,
GA, are applied on the JSE dataset. We set the cardinality k to 40 in order to have 40
assets in every portfolio. The results of MCS are compared to the results of a genetic
algorithm [16]. After 20 runs, we extract the best values for the portfolio risk and
portfolio return to plot the efficient frontier (EF). The results of the best deviation
values of MCS, GA and UEF are plotted in Fig. 1, which shows that UEF dominates
MCS efficient frontier and the latter dominates the GA efficient frontier. Clearly, MCS
attained a lower mean and median percentage errors in comparison with GA for this
application and problem size. That is, MCS has generated acceptable approximate
solutions to the UEF.

Table 1. Comparative results of metaheuristics based on Markowitz model.

Index No. of assets GA TS SA MCS Improvement %

Hang Seng 31 Median % error 1.2181 1.2181 1.2181 1.1946 1.93
Mean % error 1.0974 1.1217 1.0957 1.0462 5.32

DAX 85 Median % error 2.5466 2.6380 2.5661 2.4501 5.17
Mean % error 2.5424 3.3049 2.9297 2.4402 16.56

FTSE 89 Median % error 1.0841 1.0841 1.0841 1.0781 0.55
Mean % error 1.1076 1.6080 1.4623 1.4550 −4.48

S&P 98 Median % error 1.2244 1.2882 1.1823 1.2244 0.59
Mean % error 1.9328 3.3092 3.0696 1.6974 38.73

Nikkei 225 Median % error 0.6133 0.6093 0.6066 0.6635 8.82
Mean % error 0.7961 0.8975 0.6732 0.6635 15.90
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5 Conclusion

A Modified Cuckoo Search approach was proposed for identifying the efficient frontier
for the portfolio optimization problem. Both Markowitz and Sharpe models were
generalized to include cardinality and bounding constraints. The suggested MCS
approach was tested on various datasets. The test results showed that the MCS algo-
rithm, for the datasets employed for this experiment, increased exploration efficiency
and produced portfolios that more effective than those of other metaheuristics (GA, SA,
and TS) by an average of 10%. That is, the results of MCS for CCPO can be more
valuable for investors.
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