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Abstract

A (P3-free, K3-free)-colouring of a graph G = (V, E) is a partition
of V = A ∪ B such that G[A] is P3-free and G[B] is K3-free. This
problem is known to be NP-complete even when restricted to planar
graphs and perfect graphs. In this paper, we provide a finite list of 17
forbidden induced subgraphs for cographs with a (P3-free, K3-free)-
colouring. This yields a linear time recognition algorithm.

1 Introduction

According to [3], given graph properties P and Q, a (P, Q)-colouring of a
graph G is a partition of its vertex set into two sets A and B such that A
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induces a subgraph that belongs to P and B induces a subgraph that belongs
to Q. A graph G is (P, Q)-colourable if G admits a (P, Q)-colouring.

In this paper, we investigate the computational complexity of deciding
whether a graph G is (P3-free, K3-free)-colourable, that is, whether G ad-
mits a partition of its vertex into two sets A and B such that A induces a
P3-free graph (i.e., a disjoint union of cliques) and B induces a K3-free graph
(i.e., a graph with no triangle). This problem is known to be NP-complete
on general graphs [3]. Recently, it was shown to remain NP-complete even
when restricted to planar or perfect graphs [12]. We focus our attention
on the class of cographs. It is known that the relation of being an induced
subgraph is a well-quasi-ordering on cographs [11]. As the class of (P3-free,
K3-free)-colourable cographs forms a subfamily of the class of cographs and is
closed under induced subgraphs, it follows that (P3-free, K3-free)-colourable
cographs have a finite list of forbidden induced subgraphs. Therefore, de-
ciding (P3-free, K3-free)-colourability can be done in linear time. However,
this proof of membership in P is non-constructive. In our next theorem, we
provide a constructive proof.

Theorem 1.1. A cograph G is (P3-free, K3-free)-colourable if and only if G

does not contain the graphs H1, H2, . . . , H17 depicted in Figure 5.

Section 2 introduces the terminology that will be used in the rest of this
paper. Section 3 deals with the forbidden induced subgraph characterization
of (P3-free, K3-free)-colourable cographs where our approach was to decom-
pose the problem into several subproblems. Namely, subsections 3.1.1, 3.1.2,
and 3.1.3 each treat one such subproblem, while Subsection 3.2 incorporates
these results and proves Theorem 1.1.

2 Background

All graphs considered here are finite and have no multiple edges and no
loops. For undefined graph terminology we refer the reader to Diestel [10].
Let G = (V, E) be a graph and V ′ ⊆ V . The graph G′ induced by deleting
the vertices V \ V ′ from G is denoted by G′ = G[V ′]. The complement of a
graph G, denoted by G, has the same vertex set as G and two vertices in G

are adjacent if and only if they are non-adjacent in G. Kn, Cn, Pn denote a
complete graph, a cycle, and a path on n vertices respectively. We say that G

is H-free if it contains no subgraph isomorphic to some graph H . The graph
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G \ v is obtained from G by deleting the vertex v. We do not distinguish
between isomorphic graphs. A vertex v ∈ V is a universal vertex if for every
u ∈ V with u 6= v uv is an edge. A vertex v ∈ V is an isolated vertex if it has
no neighbours, i.e. for every u ∈ V , uv 6∈ E. Clearly a vertex is universal in
G if and only if it is isolated in G. The join P = G ⊕ H of disjoint graphs
G and H is such that for any v ∈ V (G) and u ∈ V (H), uv ∈ E(P ). The
union Q = G ∪ H of graphs G and H is such that for any v ∈ V (G) and
u ∈ V (H), uv 6∈ E(Q). Given a disconnected graph G, it can be expressed
as a union G1 ∪ G2 ∪ . . . ∪ Gk of connected graphs. Furthermore, each Gi

is said to be a (connected) component of G and each component is clearly a
maximal connected subgraph of G. A graph G containing a graph H implies
that H is an induced subgraph of G.

A cograph [8] (also known as complement reducible graph) is defined
recursively as follows:

(i) K1, the graph on a single vertex, is a cograph.

(ii) If G1, G2, . . . , Gk are cographs, then so is their union G1 ∪G2 ∪ . . .∪Gk.

(iii) If G is a cograph, then so is its complement G.

The class of P4-free graphs is equivalent to the class of cographs [8]. It
is well-known that a cograph or its complement is disconnected unless the
cograph is K1.

A graph is (s, k)-polar if there exists a partition {A, B} of its vertex
set such that A induces a union of k cliques, and B induces a join of s

independent sets. A graph is monopolar if it is (1, k)-polar for some positive
integer k. Clearly, the class of monopolar graphs forms a proper subclass
of the class of (P3-free, K3-free)-colourable graphs. The complexity of polar
and monopolar graphs has been investigated thoroughly and the reader is
invited to look at [2, 4, 5, 6, 7] for some examples.

A graph G is (k, l)-partitionable if it can be partitioned in up to k cliques
and l independent sets with k + l ≥ 1. G is (∞, l)-partitionable if it can be
partitioned in up to l independent sets and a union of cliques, and (k, ∞)-
partitionable if it can be partitioned in up to k cliques and a join of stable
sets. Table 1 contains trivial complexity results on (k, l)-partitionable prob-
lems in special classes of graphs. In [9] efficient algorithms are devised for
solving the (k, l)-partition problem on cographs, where k and l are finite. In
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k l graph class recognition forbidden cographs forbiden others
0 1 edge-less O(n) K2 none
1 0 complete O(n + m) 2K1 none
1 1 split O(n + m) 2K2, C4 C5

0 2 bipartite O(n + m) K3 odd cycles
2 0 co-bipartite O(n + m) 3K1 odd co-cycles

Table 1: Some trivial complexity results on (k, l)-partitionable problems

[1] a characterization of (k, l)-partitionable cographs by forbidden induced
subgraphs is provided, where k and l are finite.

A P3-free graph is a union of cliques. A P3-free graph, or equivalently a
(K2 ∪ K1)-free graph, is a join of stable sets. Split graphs are exactly the
(1, 1)-partitionable graphs. They are characterized by the absence of 2K2,
C4 and C5. The intersection of cographs and split graphs are the threshold
graphs, characterised by the absence of 2K2, C4 and P4. The diamond, paw,
and butterfly graph can be written as K2⊕2K1, K1⊕(K1∪K2) and K1⊕2K2,
respectively. The k-wheel graph is formed by a cycle C or order k − 1 and
a vertex not in C with k − 1 neighbours in C. A 5-wheel can be written as
C4 ⊕ K1, or P3 ⊕ 2K1.

Observation 2.1. A cograph G is (P3-free, K3-free)-colourable if and only
if G is (∞, 2)-partitionable.

Proof. It is well-known that a graph is bipartite if and only if it contains no
odd cycle. Noting that a cograph contains no cycle of odd length at least 5
yields the desired result.

Thus, in the rest of this paper we say that G is (∞, 2)-partitionable
instead of (P3-free, K3-free)-colourable. Unless otherwise specified, let parti-
tionable mean (∞, 2)-partitionable, and let in-partitionable mean (∞, 2)-in-
partitionable.

3 Proof of Theorem 1.1

3.1 Subclasses of partitionable cographs

In this section, we characterize subclasses of partitionable cographs by for-
bidden induced subgraphs. These results will prove useful in establishing the
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main theorem. First, a set of definitions and lemmas is needed.

Definition 3.1. A bi-threshold graph is a bipartite or threshold graph.

Definition 3.2. A monopolar graph is a (∞, 1)-partitionable graph.

Definition 3.3. A monopolar nearly split graph is a (∞, 1)-partitionable or
(1, 2)-partitionable graph.

Lemma 3.1. Let G be a cograph. If G contains P3 and K3, then G contains
F1 = P3 ∪ K3, F2 = diamond, or F3 = paw.

Proof. Consider the triangle. If there is a vertex with exactly one or two
neighbours in the triangle we have F3 or F2 respectively. If two non-adjacent
vertices with three neighbours in the triangle exist we have F2. If none of
these cases applies to any triangle in G, then all triangles form a clique with
no neighbours in the rest of the graph. Consequently we find F1.

Lemma 3.2. Let G be a cograph. If G contains P3 and 2K2, then G contains
Q1 = P3 ∪ K2, or Q2 = butterfly.

Proof. Consider the disjoint edges e1 and e2 in 2K2. Let G1 be the component
containing e1. Suppose G1 contains e2. Let v be a vertex adjacent to some
endpoint of e1. Since G is a cograph, any induced path between two vertices
in a component of G has length at most 2. As e1 and e2 have no edges
between them every induced path between e1 and e2 has length 2. It follows
that v must be adjacent to every vertex in e1 and e2, in which case we get
Q2. Otherwise, suppose G1 does not contain e2. If there is a vertex with one
neighbour in e1, we get Q1. If this case does not apply to any vertex in G1,
then G1 forms a clique with no neighbours in the rest of the graph, in which
case we get Q1.

Lemma 3.3. Let G be a cograph. If G is C4-free and contains P3, 2K2

and K3, then G contains S1 = F1, S2 = Q2, S3 = K2 ∪ paw, or S4 =
K2 ∪ diamond.

Proof. Consider the disjoint edges e1 and e2 in 2K2. Let G1 be the component
containing e1. If G1 contains e2, then by a similar argument as in the proof
of Lemma 3.2, we get S2. Suppose G1 does not contain e2. If there exists two
non-adjacent vertices with two neighbours in e1, we get S4. If there exists
two non-adjacent vertices with one and two neighbours respectively in e1,
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we get S3. If there exists two adjacent vertices with one and two neighbours
respectively in e1, we get S4. If none of these cases applies to any edge in G1,
by considering the absence of P4 and C4 we get that G1 either (i) forms a
star graph with no neighbours in the rest of the graph, or (ii) forms a clique
with no neighbours in the rest of the graph. In the case of (i), we get S1. In
the case of (ii) if G1 contains a triangle, we get S1, and if G1 is a single edge,
from Lemma 3.1, we get S1, S3 or S4.

Lemma 3.4. Let G be a cograph. If G contains P3 and 2K3, then G contains
W1 = 2K3 ∪ P3, W2 = K3 ∪ diamond, W3 = K3 ∪ paw, or W4 = K1 ⊕ 2K3.

Proof. Consider the disjoint triangles t1 and t2 in 2K3. If t1 and t2 share a
neighbour, to avoid inducing P4 we get W4. Otherwise, by a similar argument
than in Lemma 3.1 we get W1, W2, or W3.

3.1.1 Bi-threshold cographs

This section establishes the following theorem.

Theorem 3.1. Let G be a cograph that is connected but not complete. Then
G is bi-threshold if and only if G does not contain the graphs B1, . . . , B6

illustrated in Figure 1.

(1) B1 = butterfly.
(2) B2 = C4 ⊕ K1.
(3) B3 = 2K1 ⊕ (K2 ∪ K1).
(4) B4 = K2 ∪ diamond.
(5) B5 = K3 ∪ P3.
(6) B6 = K2 ∪ paw.

B1 B2 B3 B4 B5 B6

Figure 1: The graphs B1, B2, B3, B4, B5 and B6

Proof. For the ”only if” direction, a threshold graph and a bipartite graph
are (C4, P4, 2K2)-free and triangle-free, respectively. The graphs B1, . . . , B6

each contain a triangle, and C4 or 2K2.
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For the ”if” direction, let G be a connected cograph containing P3 that
is neither bipartite nor threshold and minimal. Then G contains K3, and C4

or 2K2. We consider two cases.

Case 1: G contains C4.
Since G is connected and P4-free the triangle and the quadrangle share

an edge. The third vertex of the triangle has another neighbour in the quad-
rangle, otherwise there would be a P4. Hence G contains B2 or B3.

Case 2: G contains 2K2.
We can assume G is C4-free. By Lemma 3.3, G contains B1, B4, B5 or

B6. This completes the proof.

3.1.2 Monopolar cographs

In [2] a characterization of monopolar cographs, defined in the paper as (s, k)-
polar cographs where min(s, k) ≤ 1, is presented. Essentially, the same proof
shows the following:

Theorem 3.2. For a connected cograph G, G is monopolar if and only if
G has no induced subgraph isomorphic to the graphs J1, . . . , J4 depicted in
Figure 2.

(1) J1 = 5-wheel.
(2) J2 = K1 ⊕ (P3 ∪ K2).
(3) J3 = K2 ⊕ 2K2.
(4) J4 = (K2 ∪ K1) ⊕ (K2 ∪ K1).

J1 J2 J3 J4

Figure 2: The graphs J1, J2, J3 and J4

Proof. For the ”only if” direction, recall that a monopolar graph is a graph
that can be partitioned into an independent set and a union of cliques. Since
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every Ji is not a union of cliques, it must contain a join of stable sets in any
partition. It is routine to verify that there exists no partition of these graphs
such that their join of stable sets in the partition is a stable set.

For the ”if” direction, since G is connected it is the join of two subgraphs
G[A] and G[B]. Given that a threshold graph is a (C4, P4, 2K2)-free graph,
it is enough to consider the following cases.

Case 1: G[A] is not a threshold graph.
Subcase 1: G[A] contains C4.
Since G[B] is non-empty, G contains J1.
Subcase 2: G[A] contains 2K2.
If G[B] contains K2, G contains J3. Thus, suppose G[B] is a stable set.

If G[A] contains P3, by Lemma 3.2 it contain Q1 or Q2. If G[A] contains Q2,
then G contains J3 = Q2 ⊕ K1, and if G[A] contains Q1, then G contains
J2 = Q1 ⊕K1. Finally, if G[A] is P3-free, then G = G[A]⊕G[B] is a complete
(∞, 1)-partitionable graph and therefore monopolar.

We may assume by symmetry that both G[A] and G[B] do not contain
C4, 2K2 and P4 and hence form threshold graphs.

Case 2: G[A] and G[B] are threshold graphs
Subcase 1: G[A] contains a triangle
i) If G[A] forms a single clique, then G[B] being a threshold graph, G too

is a threshold graph and therefore monopolar.
ii) Suppose G[A] contains a paw. If G[B] is not a clique, then as P3 ⊂ paw

G contains J1 = P3⊕2K1, and if G[B] is a clique, then G is a threshold graph.
iii) Suppose G[A] contains a clique and at least one isolated vertex. If

G[B] contains P3, then G contains J1 = P3 ⊕ 2K1. Thus, G[B] forms a
disjoint union of cliques. If G[B] contains K2 ∪ K1, then G contains J4 =
(K2 ∪ K1) ⊕ (K2 ∪ K1). If G[B] is a non-trivial stable set, then G is (∞, 1)-
partitionable. Finally, if G[B] is a clique, then G forms a threshold graph.

iv) Suppose G[A] contains a diamond. If G[B] is not a clique G contains
J1 = P3 ⊕ 2K1 since P3 ⊂ diamond, and if G[B] forms a clique, G is a
threshold graph.

Subcase 2: Both G[A] and G[B] are triangle-free
i) Suppose G[A] contains P3. If G[B] has a non-edge, then G contains

J1 = P3 ⊕ 2K1. If G[B] is a clique, G is a threshold graph.
ii) By symmetry, suppose G[A] and G[B] are P3-free. Suppose G[A]

contains K2 ∪ K1. If G[B] contains K2 ∪ K1, then G contains J4 = (K2 ∪
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K1)⊕ (K2 ∪K1). Suppose G[B] does not contain K2 ∪K1. If G[B] is a stable
set, then G is a complete (∞, 1)-partitionable graph. If G[B] is a clique,
then G is a threshold graph. If G[A] is a clique, B being a threshold graph
it follows that G is a threshold graph. If G[A] is a stable set, G[B] being
P3-free it follows that G is a complete (∞, 1)-partitionable graph.

Observation 3.1. the graphs J1, J2, J3 and J4 are (1, 2)-partitionable con-
nected cographs.

Proof. Let i ∈ {1, 2, 3, 4} and let C(Ji) be any maximum clique of Ji. It is
easy to check that for every i, Ji[V \ C(Ji)] is bipartite.

3.1.3 Monopolar nearly split cographs

I1 I2 I3 I1 I2 I3

Figure 3: The graphs I1, I2, I3 and their complements

Proposition 3.1 ([9]). A cograph is (2, 1)-partitionable if and only if it does
not contain the graphs I1, I2, I3 illustrated in Figure 3.

Corollary 3.1. A cograph is (1, 2)-partitionable if and only if it does not
contain the graphs I1 = 3K2, I2 = 2K2 ⊕ 2K1, I3 = 2K3 depicted in Figure 3.

We are now ready to prove the following theorem.

Theorem 3.3. Let G be a connected cograph. Then G is a monopolar nearly
split graph if and only if G does not contain the graphs R1, . . . , R8 depicted
in Figure 4.

(1) R1 = 2K1 ⊕ 2K1 ⊕ 2K1.
(2) R2 = 2K2 ⊕ (K2 ∪ K1).
(3) R3 = 2K1 ⊕ (P3 ∪ K2).
(4) R4 = K1 ⊕ (2K1 ⊕ 2K2).
(5) R5 = K2 ⊕ 2K3.
(5’) R5 = K1 ⊕ (K1 ⊕ 2K3).

9



(6) R6 = K1 ⊕ (P3 ∪ 2K3).
(7) R7 = K1 ⊕ (K3 ∪ (P3 ⊕ K1)).
(8) R8 = K1 ⊕ (K3 ∪ (K1 ⊕ (K1 ∪ K2))).

R1 R2 R3 R4

R5 R6 R7 R8

Figure 4: The graphs R1, . . . , R8

Proof. The ”only if” direction can be proved by a careful case analysis.
For the ”if” direction, suppose G is neither monopolar nor (1, 2)-partitionable,

and minimal. Since G is connected, let {A, B} be a partition of the vertex
set of G such that G = G[A]⊕G[B]. By the minimality of G, G[A] and G[B]
are either monopolar or (1, 2)-partitionable. We consider several cases.

Case 1: G[A] and G[B] are (K2 ∪ K1)-free.
That is, G[A] and G[B] are a join of stable sets. Thus, G is a join of stable

sets. It follows that G either contains R1 = 3K2, or is (1, 2)-partitionable.

Case 2: G[A] and G[B] contain K2 ∪ K1.
i) If G[A] contains C4, then G contains R1 = C4⊕2K1. ii) If G[A] contains

2K2, G contains R2 = 2K2 ⊕ (K2 ∪ K1). iii) By symmetry, if G[A] and G[B]
are threshold graphs, then G is (1, 2)-partitionable.

Case 3: G[A] is (K2 ∪ K1)-free, and G[B] contains K2 ∪ K1.
Subcase 1: G[A] is a clique.
If G[B] is (1, 2)-partitionable, G is (1, 2)-partitionable. If G[B] is (1, 2)-

in-partitionable, it must be monopolar. By Corollary 3.1 and given that
J1 ⊂ I1, it follows that G[B] contains I2 or I3.

10



i) If G[B] contains I2, G contains R4 = K1 ⊕ I2.
ii) Otherwise, suppose G[B] contains I3. If G[A] has at least 2 vertices,

G contains R5 = K2 ⊕ I3. Thus, suppose G[A] is a single vertex. In this
case, if G[B] is P3-free, G is monopolar. If G[B] contains P3, by Lemma
3.4, it contains W1, W2, W3 or W4, in which case G contains R6 = K1 ⊕ W1,
R7 = K1 ⊕ W2, R8 = K1 ⊕ W3, or R9 = K1 ⊕ W4.

Subcase 2: G[A] is an independent set.
The case where G[A] is a single vertex is covered in Subcase 1. Hence

assume G[A] contains 2K1. If G[B] is P3-free, G is monopolar. If G[B] is a
threshold graph, G is (1, 2)-partitionable. Otherwise, suppose G[B] contains
C4, or P3 and 2K2. i) If G[B] contains C4, G contains R1 = 2K1 ⊕ C4. If
G[B] contains P3 and 2K2, by Lemma 3.2 G[B] contains Q1, or Q2, in which
case G contains R3 = 2K1 ⊕ Q1, or R4 = 2K1 ⊕ Q2.

Since G[A] is a join of stable sets, we are left to consider the following
subcases.

Subcase 3: G[A] contains 2K1 ⊕ 2K1.
Since G[B] contains K2 ∪K1, it follows that G contains R1 = 2K1 ⊕2K1 ⊕

2K1.
Subcase 4: G[A] = qK1 ⊕ Kr for some integers q ≥ 2 and r ≥ 1.
If G[B] is a threshold graph, then G is (1, 2)-partitionable. Otherwise,

if G[B] contains 2K2, then G contains R4. Finally, if G[B] contains C4 =
2K1 ⊕ 2K1, G contains R1. This completes the proof.

3.2 Main Result

This section establishes Theorem 1.1. First the following two lemmas are
required.

Lemma 3.5. Minimal in-partitionable cographs are connected.

Proof. By way of contradiction. Let G = (V, E) be a cograph. Suppose that
G is disconnected and, without loss of generality, minimal in-partitionable.
Let {A, B} be a partition of V such that G = G[A] ∪ G[B] (which exists
by assumption). By the minimality of G, G[A] and G[B] are partitionable.
Let C and D be a partition of G[A], P and Q a partition of G[B] such
that G[C], G[P ] are bipartite, and G[D], G[Q] are P3-free. It follows that
G[C ∪ P ] is bipartite and G[D ∪ Q] is P3-free, which is a partition of G, a
contradiction.
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Lemma 3.6. Let G = (V, E) be a cograph, and let {A, B} be a partition of
V such that G = G[A] ⊕ G[B]. If both G[A] and G[B] are threshold graphs,
then G is partitionable.

Proof. Let G′ = G[A] and G′′ = G[B]. Let {C, D} be a partition of V (G′)
such that C induces a clique and D induces a stable set. Similarly, let {F, P }
be a partition of V (G′′) such that F induces a clique and G induces a stable
set. Because G = G[A] ⊕ G[B], it follows that G[C ∪ F ] = G[C] ⊕ G[F ] is a
clique and G[D ∪ P ] = G[D] ⊕ G[P ] is a complete bipartite graph.

H1 H2 H3 H4

H5 H6 H7 H8

H9 H10 H11 H12

H13 H14 H15 H16 H17

Figure 5: Forbidden subgraphs of partitionable cographs.

The following graphs depicted in Figure 5 will be used:

(1) H1 = 2K1 ⊕ 2K1 ⊕ 2K1 ⊕ K1

(2) H2 = P3 ⊕ K1 ⊕ 2K2
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(3) H3 = 2K1 ⊕ (K2 ∪ K1) ⊕ (K2 ∪ K1)

(4) H4 = P3 ⊕ (K2 ∪ P3)

(5) H5 = (K2 ∪ K1) ⊕ K1 ⊕ 2K2

(6) H6 = (K2 ∪ K1) ⊕ (K3 ∪ P3)

(7) H7 = (K2 ∪ K1) ⊕ (K2 ∪ (P3 ⊕ K1))

(8) H8 = (K2 ∪ K1) ⊕ (K2 ∪ (K1 ⊕ (K2 ∪ K1)))

(9) H9 = K1 ⊕ (K3 ∪ (C4 ⊕ K1))

(10) H10 = K1 ⊕ (K3 ∪ (K1 ⊕ (P3 ∪ K2)))

(11) H11 = K1 ⊕ (K3 ∪ (K2 ⊕ 2K2))

(12) H12 = K1 ⊕ (K3 ∪ ((K2 ∪ K1) ⊕ (K2 ∪ K1)))

(13) H13 = K2 ⊕ (P3 ∪ 2K3)

(14) H14 = K2 ⊕ (K3 ∪ (P3 ⊕ K1))

(15) H15 = K2 ⊕ (K3 ∪ (K1 ⊕ (K1 ∪ K2))

(16) H16 = (K3 ∪ K2) ⊕ (K3 ∪ K1)

(17) H17 = K3 ⊕ 2K3

Proof of Theorem 1.1. By a careful case analysis, the graphs H1, . . . , H17

are minimal in-partitionable.
Conversely, suppose G is minimal in-partitionable. By Lemma 3.5, G is

connected. We prove that G must contain one of the graphs H1, . . . , H17.

Claim 1. If G has no universal vertex, then G contains one of the graphs
H1, . . . , H8, H16.

Proof. Let {A, B} be partition of the vertex set of G such that G = G[A] ⊕
G[B]. Such a partition exists since G is connected. By the minimality of G,
G[A] and G[B] are partitionable. Furthermore, because G has no universal
vertex, G[A] and G[B] have no universal vertex, and it follows that G[A] and
G[B] each contain 2K1. We consider two cases:

Case 1: G[A] is P3-free.
Then G[A] is a union of at least two cliques C1, C2 because it contains

2K1.
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Subcase 1: G[B] is P3-free.
Similarly, G[B] is a union of at least two cliques C3, C4. If G[B] or G[A]

is bipartite, then G is partitionable. Thus, without loss of generality, let
|C1|, |C3| ≥ 3. Furthermore, C2 or C4 contains K2, for otherwise G[A] and
G[B] form threshold graphs and G is partitionable by Lemma 3.6. It follows
that G contains H16 = (K3 ∪ K2) ⊕ (K3 ∪ K1).

Subcase 2: G[B] contains P3.
(1) G[A] is a stable set of order at least two.
If G[B] is (∞, 1)-partitionable, then G is partitionable. Otherwise, by

Theorem 3.2 G[B] contains the graph J1, J2, J3 or J4. It follows that G

contains H1 = 2K1 ⊕ J1, H2 = 2K1 ⊕ J3, H3 = 2K1 ⊕ J4, or H4 = 2K1 ⊕ J2.
(2) G[A] contains exactly one clique with more than one vertex.
If G[B] is a threshold graph (i.e., (1, 1)-partitionable), then G is (1, 2)-

partitionable. If G[B] is bipartite, then G is (∞, 2)-partitionable. Thus,
suppose G[B] is neither bipartite nor threshold, i.e., it contains K3, and
C4 or 2K2. By Theorem 3.1, G[B] contains the graph B1, B2, B3, B4, B5 or
B6. It follows that G contains H5 = (K2 ∪ K1) ⊕ B1, H1 = 2K1 ⊕ B2,
H3 = (K2 ∪ K1) ⊕ B3, H7 = (K2 ∪ K1) ⊕ B4, H6 = (K2 ∪ K1) ⊕ B5, or
H8 = (K2 ∪ K1) ⊕ B6.

(3) G[A] contains 2K2.
If G[B] is bipartite, then G is partitionable. If G[B] is not bipartite, it

contains K3. Given that G[B] contains P3, by Lemma 3.1 G[B] contains the
graph F1, F2 or F3. If G[B] contains F1, then G contains H6 = (K2∪K1)⊕F1.
If G[B] contains F2, then G contains H2 = 2K2 ⊕ F2. If G[B] contains F3,
then G contains H5 = 2K2 ⊕ F3. This completes the treatment of Case 1.

Case 2: G[A] and G[B] contain P3.
Since G is a cograph, it has no induced C5. Together with the fact that

a threshold graph is a (C4, P4, 2K2)-free graph, it is sufficient to consider the
following cases.

SubCase 1: G[A] contains C4.
G contains H1 = C4 ⊕ P3.

SubCase 2: G[A] contains 2K2.
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By Lemma 3.2 G[A] contains Q1 or Q2. It follows that G contains H4 =
P3 ⊕ Q1 or H2 = P3 ⊕ Q2.

SubCase 3: G[A] and G[B] are threshold graphs.
By Lemma 3.6, G is partitionable. This completes the treatment of Case

2 and the proof of Claim 1. �

Claim 2. If G has a universal vertex v such that G′ = G \ v is disconnected,
then G contains one of the graphs H9, H10, H11, H12.

Proof. Let G = {G1, . . . , Gk}, where k ≥ 2, be the set of components
of G′. By the minimality of G, for every Gi ∈ G, the graphs Gi and
G′

i = v ⊕ Gi are partitionable. From this, it is easy to see that if Gi is
(k, l)-partitionable (where the k cliques are disjoint) with min(k, l) ≥ 2,
then G′

i is in-partitionable. Thus, each Gi is either (1, 2)-partitionable or
(∞, 1)-partitionable. Suppose each Gi is (∞, 1)-partitionable. Then every
G′

i admits a partition where v is in the bipartite part. Consequently, as the
Gi’s are disjoint, G admits a partition where v is in the bipartite part, a
contradiction. Thus, there exists a Gj ∈ G that is (∞, 1)-in-partitionable
and (1, 2)-partitionable. By Theorem 3.2 and Observation 3.1, Gj contains
one of the graphs J1, J2, J3 or J4. Suppose, for the sake of contradiction, that
there exists no p 6= j such that Gp contains K3. Let C(Gj) and S(Gj) denote
the partition of Gj into a clique and a bipartite graph respectively, which
exists by assumption. It is easy to see that {A, B}, where A = v ∪ C(Gj),
and B = S(Gj) ∪

⋃
p 6=j Gp is a partition of V where G[A] is P3-free and G[B]

is bipartite, a contradiction. It follows that G contains H9 = v ⊕ (K3 ∪ J1),
H10 = v ⊕ (K3 ∪ J2), H11 = v ⊕ (K3 ∪ J3) or H12 = v ⊕ (K3 ∪ J4). This
completes the proof of Claim 2. �

Claim 3. If G has a universal vertex v such that G′ = G \ v is connected,
then G contains one of the graphs H1, H2, H4, H5, H13, H14, H15, H17.

Proof. By the minimality of G, G′ is partitionable. In particular, G′ is neither
(∞, 1)-partitionable nor (1, 2)-partitionable, for otherwise G = G′⊕v is parti-
tionable. Thus, by Theorem 3.3, G′ contains one of the graphs R1, . . . , R8. It
follows that G contains H1 = v⊕R1, H5 = v⊕R2, H4 = v⊕R3, H2 = v⊕R4,
H17 = v ⊕ R5, H13 = v ⊕ R6, H14 = v ⊕ R7, or H15 = v ⊕ R8. This completes
the proofs of Claim 3 and Theorem 1.1.

�
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