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Abstract. Turbo-charging is a recent algorithmic technique that is
based on the fixed-parameter tractability of the dynamic versions of some
problems as a way to improve heuristics. We demonstrate the effective-
ness of this technique and develop the turbo-charging idea further. A new
hybrid heuristic for the Dominating Set problem that further improves
this method is obtained by combining the turbo-charging technique with
other standard heuristic tools including Local Search (LS). We imple-
ment both the recently proposed “turbo greedy” algorithm of Downey
et al. [8] and a new method presented in this paper. The performance of
these new heuristics is assessed on three suites of benchmark datasets,
namely DIMACS, BHOSLIB and KONECT. Experiments comparing our
algorithm to both heuristic and exact algorithms demonstrate its effec-
tiveness. Our algorithm often produced results that were either exact or
better than all the other available algorithms.

1 Introduction

Parameterized problems can be classified as either being fixed-parameter
tractable (or FPT) or hard for some other class such as W [1] or W [2]. If a prob-
lem is FPT, then we often have practical algorithms to solve it exactly when
the input parameter is small. It may also be possible to apply efficient kernel-
ization methods. That is, there is a polynomial-time preprocessing algorithm
which when applied to an arbitrary problem instance is guaranteed to yield an
equivalent instance whose size is bounded by a function of the (relatively small)
parameter. For many problems, kernelization reduces the size to a polynomial
or even linear function of the parameter. This has been shown to be effective in
improving many heuristics for NP-hard problems [4].
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When a parameterized problem is not FPT, the seemingly only time-efficient
approach is to resort to heuristic algorithms. This is the case of the W [2]-
Complete Dominating Set problem (henceforth DS). Recently, however, a
dynamic version of DS was shown to be FPT [8], and it was suggested that
a fixed-parameter algorithm for the dynamic version can be used to improve
heuristic algorithms. This idea can be used as a general framework to improve
heuristic search in some sort of a time-quality trade-off, which is demonstrated
in Sect. 2.1.

The notion of a parameterized dynamic problem plays a key role in this paper.
A dynamic problem is one whose input is assumed to have changed after some
initial solution was found. Thus, a problem instance is accompanied by the initial
instance and its solution along with parameters quantifying the changes made
and a bound on the difference between the original solution and the one to be
found. The Dynamic Dominating Set (DDS) and Greedy Improvement

of Dominating Set (Greedy-DS) problems were introduced in [8].
Furthermore, the DDS parameterization can be used, in order to improve

heuristic search algorithms for DS. This is based on using a “fixed-parameter”
DDS algorithm as a subroutine in what was coined in as turbo-charging LS prob-
lems. In this paper, the “turbo-charging” idea is implemented for the first time.
The technique uses a greedy heuristic as the inductive route to then applying
a fixed-parameter algorithm for the dynamic version of the problem as a sub-
routine. Note that the approach is not limited to the heuristic it is applied to.
A number of alternative popular greedy and LS heuristics can be used. These
heuristics are described in Sect. 1.2.

When it was introduced in [8] the greedy heuristic used was based on choosing
the vertex of the highest degree. This was used to illustrate the approach, but it
is not the most effective method. Here, this original algorithm is modified to use
the classic greedy heuristic (based in the notion of vertex utility) presented by
Chvatal as follows: order the vertices from lowest to highest utility and then to
each vertex select its highest utility neighbor in the solution. A second improved
heuristic (FPT Turbo Hybrid) that instead uses the current-best greedy LS of
Sanchis et al. [22] is then presented.

The effectiveness of this approach is then evaluated by comparing its perfor-
mance using a selection of datasets from DIMACS [17], BHOSLIB [25] (Bench-
marks with Hidden Optimum Solutions for Graph Problems) and KONECT
(The Koblenz Network Collection) [18].

We implement and test our methods and provide an initial evaluation of
the turbo-charging technique. Our experiments show that our improved version
outperforms the well-known Greedy-Vote heuristic [22] which adopts the greedy
randomized adaptive search procedure GRASP of [10].

1.1 Terminology

Throughout this paper, we work with simple undirected graphs, i.e., no loops
and no multiple edges. Given a graph G = (V,E), V and E (or V (G) and E(G))
denote the set of vertices and edges in G, respectively. The open neighborhood of
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a vertex v is the set of all vertices adjacent to v, denoted as NG(v). The closed
neighborhood is NG[v] = NG(v) ∪ {v}. The subscript G will be dropped when
the graph name is known from the context. If S ⊆ V (G), NG(S) denotes all the
vertices of V (G)\S that are adjacent to the vertices in S and NG[S] = NG(S)∪S.
If NG[S] = V (G), we say S is a dominating set for G. When computing a
dominating set we gradually add vertices to a (partial dominating) set S. If
NG[S] � V (G), the number of non-dominated neighbors of a vertex v is dubbed
the utility of v in this paper.

The DS problem and its variants are among the most broadly studied and the
most important problems in graph theory and computer science. They find appli-
cations in many fields such as message routing with sparse tables [21], replica
caching in operation systems and databases [20], server placement in a computer
network [3], multicast systems [24], and political science [5]. Among the variants
of DS is the classical, naturally parameterized, DS problem which asks whether
we can find a dominating set whose size is less than or equal to a parameter k.
The problem is known to be NP-hard [13] as well as W[2]-hard [9], and further-
more, it is NP-hard to approximate DS within a ratio of (1 − ε) ln n for every
ε > 0 [7].

The current asymptotically-fastest exact algorithm of Fomin et al. [12] finds
a dominating set whose size is minimum among all dominating sets with a time
complexity in O∗(20.61n). Despite its exponential time complexity, the algorithm
was shown to behave well in practice using the implementation method reported
in [1]. On the other hand, current heuristic algorithms for DS are based on either
the greedy method with improved objective functions [22] or LS.

The most common greedy approach is based on the assumption that a ver-
tex with high degree is more likely to be included in a dominating set. On the
other hand, the common LS approach starts from a feasible solution and tries
to improve it iteratively [14]. A common technique used for obtaining an initial
feasible solution for LS heuristics is to generate a range of solutions using the
random greedy heuristics. These solutions can then be improved using LS heuris-
tics [15]; however, for the DS problem, experimental results suggest that this is
not often the case [22]. In [22] an alternative heuristic of Greedy Vote was
presented, followed by a simple LS to obtain very small reductions in O(|V (G)|)
time.

1.2 Greedy Heuristics

The turbo-charging technique, proposed in [8] will be applied to the DS problem
using a variety of greedy heuristics as the inductive route from which a turbo-
charging subroutine is called. To do this, we first implement the classic Greedy
heuristic of Chvatal [6]. An effective but minor improvement of the objective
function for this heuristics is given in Sanchis [22]. We further explore how the
original turbo-charging subroutine can be improved using a variety of standard
FPT techniques as well as providing some new improvements.

GREEDY CHVATAL: Chvatal’s greedy heuristic chooses the vertices of the
solution based on the maximum utility of a vertex with respect to the remaining
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vertices. Parekh [19] showed that any solution size obtained using this heuristic
is at most |V | + 1 − √

2|E| + 1. A brief consideration of this bound shows that
the heuristic can work relatively well on dense graphs but the guarantee of its
performance is not as good on sparse graphs. To avoid ambiguity, we will refer
to this heuristic as Greedy Chvatal being the most classical one.

GREEDY VOTE: The Greedy Vote heuristic of Sanchis et al. [22] is essen-
tially the same as the Greedy Chvatal, but instead of using the highest utility
to choose the next vertex to add to the solution, it uses a vote measure to favor
vertices with lower degree neighbors as a tie breaker among vertices with the
same utility. These heuristics are further improved using the turbo-technique
described below.

GREEDY VOTE GRASP: Sanchis et al. [22] also further improve the GRASP
LS of [11] by applying the Greedy Vote heuristic as a starting point. For
some datasets, this gave a minor improvement.

2 Dynamic FPT Heuristics

The “turbo-charging” technique introduced in [8] uses a simple greedy heuristic
to apply the fixed-parameter algorithm for the dynamic version of the DS prob-
lem. For simplicity, and as noted earlier, the original algorithm selects vertices
based on the degree; however in practice using orders such as maximum utility
is more effective. We will refer to this latter algorithm as FPT Turbo I.

Although this algorithm does prove effective, it lacks a number of obvious
modifications that were likely to (1) produce better solutions and (2) reduce the
running time. We herein abstract these modifications into a general framework.

In general, turbo-charging is expected to perform better when the following
techniques are applied:

– Applying reduction rules;
– Using an alternative measure(s) when guessing a solution;
– Checking whether the solution(s) obtained are minimal;
– Using alternative orderings;
– Adding a heuristic guarantee (if possible.); and
– Applying an appropriate LS heuristic to refine the solution.

The above framework can be applied to other problems. A remarkable advan-
tage of our use of dynamic problems is the fact that new parameterizations can
reveal reduction rules that do not otherwise apply to the non-dynamic versions.
Four reduction rules for the Dynamic DS problem are given in Sect. 2.2, some
of which do not apply to the non-dynamic version.

After presenting the basic FPT Turbo I algorithm, we shall develop a new
hybrid algorithm by applying the improvements listed above to produce the
FPT Turbo Hybrid algorithm. The motivation and details of this approach
are then discussed.
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2.1 The Original DS Turbo-Charging Technique: FPT TURBO I

Initially, the FPTTurbo I heuristic was implemented exactly as given in Downey
et al. [8]. Discussion with the authors revealed some minor corrections in the
ordering of vertices. In FPT Turbo I, the vertices are first ordered from the
lowest degree to the highest. Starting from an empty subgraph G0 with a cor-
responding empty dominating set S0, the algorithm proceeds through the list
of vertices one at a time. At each iteration, the vertex vi is added to Gi−1 to
form Gi.

Whenever a vertex vi is found that is not dominated by Si−1, the highest
utility vertex is selected from N [vi] and added to Si−1 (to form Si) to dominate
vi. A budget is set for the largest size of |Si| we will allow. As the algorithm
continues to add vertices to Gi, it may reach a point where it suffers a “moment
of regret”, if the number of vertices added to Si exceeds the allowed budget. In
this paper, the moment of regret is based on the difference in size between Si and
Si−k (which must be at least two, otherwise the solution cannot be improved).

At this point, the heuristic backs up the process by the last k additions to Gi

and employs the (fixed-parameter) dynamic problem subroutine DDS FPT to
determine if a smaller solution can be found. When calling the DDS FPT algo-
rithm we set k = de(G′

i, Gi) . Here G′
i is a virtually constructed graph from Gi

with (at most k) augmenting edges between Si−k and V (Gi\Gi−k).
Pseudocode of the FPT Turbo I algorithm is shown below. In the sequel we

shall describe the changes made to obtain the FPT Turbo Hybrid algorithm.

2.2 Reduction Rules

A number of reduction rules are employed in different components of our imple-
mentation of the FPT Turbo I and FPT Turbo Hybrid algorithm (described
below). In practice, even for W [2]-hard problems, such as DS, the effective use
of reduction rules can significantly reduce the size of many non-synthetic input
datasets [23].

The details of the reduction rules follow. We first implemented the two reduc-
tion rules (R1 and R2) that appeared in [2]. Despite being effective on small
graphs, we tested them on many large graphs and noticed they were not efficient
enough for our target data sets. For efficient implementations, it is sometimes
important to apply simple (or fast) reduction rules.

It was noted in [8] that the chief benefit of using these two rules was that
it could disconnect the input graph. We note that in such cases we obtained a
speedup of around a factor of two.

Although Downey et al. [8] showed that the DDS problem has no polynomial-
size kernel, the dynamic formulation of the problem did allow for a number of
reduction rules that do not apply to the DS problem. The soundness of the
following reduction rules can be verified easily by the reader.

Reduction Rule 3 (R3). If there is a non-dominated vertex v of degree 0,
then add v to the graph G0 and solution set S0 and update v as dominated.
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Algorithm 1. FPT Turbo I

1: Rank the list L = {v0, . . . , vn} of vertices in G from lowest to highest degree;
2: Set u0 ← the highest utility vertex in NG[v0];
3: S0 ← {u0};
4: i ← 0;
5: do
6: i ← i + 1;
7: if vi is dominated by Si−1 then
8: Gi ← Gi−1 ∪ {vi};
9: Si ← Si−1;

10: else
11: Set ui the highest utility vertex in NG[vi];
12: Si ← Si−1 ∪ {ui};
13: Construct Gi from Gi−1 with {vi, ui} and incident edges in G;
14: if is moment of regret(Gi,ui,Si) then
15: r ← min(r, |Si| − |Si−k|);
16: S′

i ← DDS FPT(G′
i, Gi, Si−k, k, r);

17: if |S′
i| < |Si| then

18: Si ← S′
i; � Si becomes the new dominating set for Gi;

19: end if
20: end if
21: end if
22: while (Not all the vertices are dominated);
23: Return the final Si as the dominating solution for G;

Reduction Rule 4 (R4). If there is a non-dominated vertex v of degree 1, then
add the neighbor u of v into the solution set S0, add N [u] into G0 and update
N [u] as dominated.

Reduction Rule 5 (R5). If there is non-dominated vertex v of degree two such
that u and w are the neighbors of v and all the non-dominated elements of N [u]
are in N [w], then add w into S0 and add N [w] into G0.

Reduction Rule 6 (R6). If there is non-dominated vertex v of degree two such
that u and w are the neighbors of v, and N(u)\v and N(w)\v are dominated
but any, or both, of u and w are not dominated, then add v into S0 and add
N [v] into G0.

2.3 A Hybrid Turbo-Charged Algorithm

There were a number of obvious key limitations in the way the DDS FPT algo-
rithm was applied by the FPT Turbo I algorithm, for which simple improve-
ments exist. FPT Turbo Hybrid is the result of applying simple and effective
improvements to address these issues. The details and reasons for each of these
improvements are discussed below.

Using an alternative measure(s) when guessing a solution. As part of
the underlying heuristic, the FPT Turbo I first tries to dominate the next non-
dominated vertex by considering its closed neighborhood and choosing the vertex
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with the highest utility to add to the solution. Other measures for choosing the
next vertex vi to add to the dominating set used by the Greedy Vote [19] may
also be used, instead. These alternative measures yield notably improved results.
In fact, this ability to vary the objective function illustrates how turbo-charging
can be adapted to other problems and more generally applied to improve
heuristics.

Using an alternative vertex-ordering. Varying the ordering of the list
L, which controls the order according to which the vertices are included in
the graph, obviously affects the quality of the solution. As mentioned earlier,
FPT Turbo I orders the vertices from the lowest to the highest degree, as was
intended by the authors in [8]. Some variations were considered during our inves-
tigation: the FPT Turbo Hybrid algorithm uses the vote measure described in
Sanchis et al. [22], which favors vertices with lower degree neighbors in the order-
ing, whenever the vertices have the same utility. Considering all the orderings
improves the solution at the cost of increasing the running time of the heuristic.
Our FPT Turbo Hybrid algorithm uses four different orders and selects the
best solution.

Checking if the solution is minimal. A key component of the “turbo-
charging” technique is to use the dynamic version of the problem as a subroutine;
however, Downey et al. [8] proved that the variation of the Dynamic Dominat-

ing Set problems that allowed vertices to be removed from the original solution
remains W [2]-hard. Thus, the dynamic search FPT algorithm cannot also search
for vertices that can be removed from the solution Si. To address this, we sim-
ply check, in each iteration, if the solution found is minimal and remove any
unneeded vertices.

Using the GRASP local search heuristic. It has been shown that LS heuris-
tics work best when starting from a quality initial solution than from a number
of poorer quality starting points [10]. Thus, the combination of the FPT Turbo

I heuristic with a LS seems likely to provide improved results. In addition, the
application of LS is an obvious way to address the above mentioned limitation
of using dynamic problems, which cannot include removing vertices from exist-
ing solution S. Moreover, in some cases, it may be best to apply a LS at each
iteration, but for the GRASP LS, we found no benefit in doing this. So, as its
application was time-consuming, it was deferred to the end.

Using a heuristic guarantee. The next improvement is to check that the local
optimization of the Dynamic Dominating Set search has not overlooked an
obvious global solution. To do this, we employ a simple greedy heuristic to the
graph Gi and exchange the solution for Si if it is smaller. This modification also
guarantees that the solution is no worse than the one produced by the Greedy
heuristics. In the FPT Turbo Hybrid, this is done by calling Greedy Chvatal

and Greedy Vote in each iteration to get a solution of the graph instance
before invoking DDS FPT which can then also be used as an upper bound for r,
the number of vertices that can be added by the DDS FPT subroutine to reduce
execution time.
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3 Experimental Analysis

All algorithms presented in this paper are implemented in the Java programming
language. The experiment is run by a computer of the OSX Yosemite operating
system with a CPU of 3.5 GHz, 6-Core Intel Xeon E5, and 32 GB memory.

In order to evaluate the performance of the “turbo-charging” technique, the
solution sizes as well as execution times obtained were recorded. These results
are compared to the results obtained using the two most known Dominating

Set heuristics; Chvatel [6] and the Greedy Vote GRASP improvement given
in [22]. Note that the solution sizes for the original FPT Turbo I heuristics is
presented in its raw form without improvements such as pre-processing using
reduction rules or other techniques described in Sect. 2.3.

The exact algorithm of Fomin et al. [12], implemented using the hybrid
method of Abu-Khzam et al. [1], is used to calculate the exact solution and,
whenever possible, the solution size of the exact algorithm was used in the com-
parison.

The DIMACS, BHOSLIB and KONECT datasets were used as benchmark-
tests. The DIMACS and BHOSLIB datasets were chosen because they are both
commonly-used. Note that due to their constructions – the main purpose of their
design was to test Maximum Clique and Maximum Independent Set (MIS) and
Minimum Vertex Cover (MVC) algorithms, the DIMACS datasets have a very
small and easy-to-obtain dominating sets.

This is due to the relatively dense nature (high number of edges) of this data;
however, Parekh [19] showed that the simple greedy heuristics perform very well
for dense graphs. For BHOSLIB instances, while the simple Chvatal heuristics
still performed well, the exact algorithm was not able to obtain an answer for
these datasets in a week’s processing.

The KONECT dataset consists of Non-Synthetic data mainly from social
networks adding a practical flavor to the data. Unlike the other two datasets,
the KONECT graphs are more sparse. The first 11 dataset from KONECT
were used. The others were considered to large for the current algorithm and
comparison LS heuristic. A detailed description of the graph properties of the
KONECT datasets is also available at the KONECT web site [18].

Overall, the performance of Greedy Chvatal and Greedy Vote GRASP

was similar, but the second performed better than the former, on average.
FPT Turbo Hybrid performs at least as well as Greedy Chvatal and obtains
a better solution for around 29.27% of the instances; Similarly, it returns a bet-
ter solution for about 12.2% of the instances when compared to Greedy Vote

GRASP. Moreover, the FPT Turbo Hybrid obtained better (smaller) solu-
tions than FPT Turbo I heuristic in almost all the instances. We now focus on
the size of solution considering instances from the three sample benchmarks.

(1) For the KONECT datasets, the Greedy Vote GRASP, FPT Turbo

I and FPT Turbo Hybrid were all able to obtain optimum sized solutions.
Furthermore, with the additional refinement of the GRASP LS, Greedy Vote

GRASP was able to obtain smaller solutions in all cases when the obtained
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solutions were not already optimum. This mainly applied to the larger non-
synthetic instances in the KONECT datasets. In all instances, the FPT Turbo

Hybrid either obtained an optimum solution, or a solution that was better
(smaller) than that obtained by the other heuristics. Moreover, the improvements
of FPT Turbo Hybrid were much more significant on larger sparse instances.
The experimental results for the KONECT datasets are presented in Table 1. The
first three columns contain the name, order and size of the graph tested. This is
then followed by the optimum solution when it was known. NA is shown if this
could not be obtained. The minimum solution and execution times obtained is
shown for each of the algorithms considered.

Table 1. A comparison of the algorithm performance on the KONECT data sets (Time
in sec).

DataSet Opt Greedy

Chvatal [6]

Greedy

Vote

GRASP[19]

FPTTurbo I [8] FPTTurboHybrid

Name |V| |E| Size Size Time Size Time Size Time Size Time

Dolphins 62 159 14 17 0.0027 15 0.025 14 1.4 14 4.11

Jazz musicians 198 2742 13 14 0.0207 13 0.224 14 0.261 13 4.89

PDZBase 212 244 NA 54 0.0115 52 0.584 52 0.189 52 24.9

U.Rovira Virgili 1133 5451 210 229 0.765 213 246 215 6.88 211 607

Euroroad 1174 1417 384 471 0.57 400 271 419 16.1 399 1390

Hamsterster 2426 16631 416 437 4.59 416 1740 417 67.7 416 3720

For the FPT Turbo Hybrid algorithm, a box has been placed around the
solution when the obtained best result and the results which are known to be
optimum are shown in bold. For these experiments, DDS search was restricted
to searching for k = 10. Instances for which all algorithms performed equally are
omitted to save space.

(2) For the DIMACS datasets, the difference in solution size among dif-
ferent heuristics is very small, mostly because the optimum solution for many
of these instances have only 2 or 3 vertices. For some instances, the optimum
solution could be obtained by the Greedy Chvatal heuristic. Nevertheless,
the experimental results confirm that the FPT search heuristics did perform well
when the optimum solution has a small size. In fact, the FPT Turbo Hybrid

algorithm produced optimum results for the 19 DIMACS instances where the
optimum was known, and the remaining solutions were at least as good as those
found by any of the other techniques. Moreover, even though the solutions were
trivial, the FPT Turbo Hybrid still found an improvement on one instance.

(3) For the BHOSLIB datasets, the FPT Turbo Hybrid heuristic was
able to outperform all the other heuristics. This is of particular significance as it
was not possible to obtain optimum solutions for any of the BHOSLIB datasets.
Moreover, the FPT Turbo Hybrid heuristic solutions were never worse than
those obtained by the other heuristics. In contrast there are three instances
for which the Greedy Chvatal heuristic outperformed the Greedy Vote
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Table 2. A comparison of the algorithm performance on the BHOSLIB data sets.

DataSet Greedy

Chvatal

[6]

Greedy

Vote

GRASP[19]

FPTTurbo I [8] FPTTurboHybrid

Name |V| |E| Size Time Size Time Size Time Size Time

frb35-17-5 595 28143 14 0.252 15 4.24 16 0.532 13 54.5

frb53-24-3 1272 94127 21 1.44 21 34.7 23 2.37 20 264

frb56-25-5 1400 109601 22 1.71 22 43.9 23 2.7 21 323

GRASP heuristic. For the remaining 10 of 32 instances the solution size of
Greedy Vote GRASP was smaller (better) than that of Greedy Chvatal.
Table 2 shows highlights from the BOSLIB experimental results. Only instances
where the results show significant improvement are provided. The others are not
provided due to space requirements.

4 Conclusion

Downey et al. proposed the turbo-charging method as a general framework for
improving heuristics [8]. The details for implementing this method were not
completely developed. In this paper, we have resolved many of the technical
details and the original algorithm has been improved by addressing a limitation
to the originally proposed theoretical techniques. Furthermore, using the Domi-

nating Set problem as a case study, we demonstrated that the turbo-charging
technique, which consists mainly of using a fixed-parameter algorithm for the
dynamic FPT problem as a subroutine, can be used to improve the results of
heuristics.

We also observed that in some cases the improvement of using some
FPT guarantee resulted in a better solution than Chvatel’s heuristic [6]. While
two FPT heuristics are given, we note that the best results were always obtained
by using FPT Turbo Hybrid, the FPT Turbo I heuristic execution time was
much faster than both Greedy Vote GRASP and FPTTurbo Hybrid heuris-
tics. For this reason, the FPT Turbo I heuristics may also be well suited for use
in other heuristics. Future work will explore how to improve the solution using
a meta-search based on the order the vertices are processed.

A new algorithm that is based on the inclusion-exclusion technique has been
presented in [16] for Set Covering (SC), parameterized by the size of a small
universe. The worst case running time is O∗(2k). It should be possible to obtain
a significantly improved running time for a future FPT turbo-charging algorithm
using this Set Cover algorithm.
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