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Abstract—This paper develops optimal algorithms to multiply an n x n symmetric tridiagonal matrix by:
(i) an arbitrary n x m matrix using 2nm — m multiplications; (ii) a symmetric tridiagonal matrix using
6n — 7 multiplications; and (iii) a tridiagonal matrix using 7n — 8 multiplications. Efficient algorithms are
also developed to multiply a tridiagonal matrix by an arbitrary matrix, and to multiply two tridiagonal
matrices.

1. INTRODUCTION

Let K be a ring and let x=(x,...,x,)" and y=(y,,...,»)" be two column vectors of
indeterminates. A system B={B,, ..., B,} of bilinear forms is given by

P q
B,= Z Z Ay X; Yy = x'Gy,
j=lk=1
where G, is a p x ¢ matrix with elements in K. The complexity 3(B) of the set of bilinear forms
is the smallest number of nonscalar multiplications required to compute the B;s. One can show
that & is equal to the smallest number of rank one matrices necessary to include the G;s in their
span [1].
The problem can be reformulated by introducing the characteristic matrix

G@E) = Y. 5Gi,

i=1

where {s;} is a set of new indeterminates. We denote by 6(G(s)) the complexity of the associated
set of bilinear forms. If P, Q and R are respectively p x p, ¢ x g and m x m nonsingular matrices,
then 6 (PG(Rs)Q) = (G(s)).

One of the main open problems in algebraic complexity theory is the matrix multiplication
problem: given an m x n matrix X = {x,} and an n x p matrix Y = {y;}, we want to compute their
product, an m x p matrix whose entries are the bilinear forms

Zy = Z X VK-
ji=1

Except for the trivial cases, the only known optimal algorithms correspond to the multiplication
of 2 x 2 by 2 x n matrices using [ 77/27 multiplications, over Z or Z, [2]. In this paper we attack
several special cases. In the next section, we develop optimal algorithms to multiply a symmetric
tridiagonal matrix respectively by an arbitrary matrix, a symmetric tridiagonal matrix and a
tridiagonal matrix. In Section 3, we find elegant and efficient algorithms to multiply a tridiagonal
matrix by an arbitrary matrix and to multiply two tridiagonal matrices.

Before closing this section we state one theorem from [1] which will be used frequently.

Theorem 1.1 [1]
Let K = F be a field and let G(s) be a proper characteristic matrix. Then, for

g;g] or G(s) = Gy(u) + Gy(¥),
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we have respectively

0[G\(s) : Gy(s)] = mﬁ}n O[G(8) + Gy(s)M] + column rank (G,), (1)
5 [g;g] > min [G,(8) + NG(s)] + row rank (G)), )
(G () + Gy(v)) = mTin (G ,(u) + Gy(Tuw)) + dimv. 3)

2. SYMMETRIC TRIDIAGONAL MATRIX MULTIPLICATION PROBLEM

Let X be an n x n symmetric tridiagonal matrix, i.e.

X X,

Xm—a Xwm—3 Xy 2

Xom—2 Xom-1 |

First, consider the problem of multiplying X by an arbitrary n-dimensional vector

N
Y2

n |

One equivalent form of the characteristic matrix is X itself. Let E, be the n x n matrix that consists
of 1 in the (i,j) entry and 0 elsewhere. Then

n n—1
G(x)=X= Z Xy B+ Z Xy(Eyjpr + Eipry)
i=1 i

i=1

n—1
Xy 1 Ey+ Z Xu(Eyi+ Ev i+ Eg+ Eiyyiyy)

i=1 i=1

M=

n—1

n—1
- Z Xu(Ei+ Eif1,4) =D+ Z XM,
i=1 =

i=1

where M, ,=E,; ,,+E,,,,+E;+E,,,, is a rank one matrix and D is a diagonal matrix.
Hence, 6(G(x)<n—1+6(D)<n —1+n =2n—1. On the other hand, dim x =2n — 1. Hence
we have the following lemma.

Lemma 2.1
The complexity of multiplying an » x n symmetric tridiagonal matrix by an arbitrary vector is
2n — 1, over any ring.

Corollary 2.1
The complexity §,,, of multiplying an n x n symmetric tridiagonal matrix by an arbitrary n x m
matrix satisfies

Oum € (2n — D)m.
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Theorem 2.2

The complexity 4,,, of multiplying an n x n symmetric tridiagonal matrix by an arbitrary n x m
matrix is equal to 2n — 1)m.

Proof. We have to show that (2n — 1)m is a lower bound. The characteristic matrix is:

S1ev Sy
Sl e oo Sum S1 oS
Sl Som
Samatc+Sim  Smal--Som
Sam41e - Sam
Symat- - Sam
GulS) =
Sum—3m+1 -+ Sum—2m
Sum—2m+1- - Sumem
Spm—male > Sm Sum—2ma1-+Sum—m
L Sum—mtl-eSum |

Note that G,_,,(s) is obtained from G,,(s) by deleting the last two rows and the last m columns.
Using Theorem 1.1, we get 8(G,,(s)) =m + 6(G(s)) where G(s) is obtained from G,.(s) by
deleting the last m columns and adding linear combinations of them to the remaining ones. In
G(S) 1€PlaCE Sp i+ 1> Sum—m+25 - - - » Sum DY linear combinations of the remaining ones and delete the
last 2 rows, we get 8(G(s)) = m + 8(G,_, (s)). Therefore, 6(G,(s)) = 2m + 5(G,_, (s)); and this
is true Vn > 1. Hence 6(G,,(8)) =2m(n — 1)+ 6(G,,(s)). But G,,(s)=Is,5,,...,5,], therefore
6(G,(8)) = m, hence §(G,,(s)) = (2n — 1)m.

Corollary 2.2

The complexity of multiplying an n x n symmetric tridiagonal matrix by an arbitrary n x n
matrix is

3(G,(s))=2n*—n.

Secondly, consider now the problem of multiplying two n x n symmetric tridiagonal matrices.
Let us start with the case when n =2:

X=|:x‘ xz:l and X,=|:J’1 }’2].
X, X3 Y2 W

The characteristic matrix is

5y )
GZ(S) = S3 S. + S4 S2 .
83 S84
Lemma 2.3
8(G4(s)) = 5, over any field of characteristic # 2.
Proof.
s 5, + as. as.
5(GAs)=1+5]" 2T ¢
( 2( )) [33 84 + M + ﬂS3 853 + ﬂS4

P LI R E] L] S
S5 S4+ 8+ Bss LA
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For the upper bound, consider the following five rank-one matrices:

0 0 0 I =1 0]
nl= 1 0 —1 s n2= —1 1 0 s
00 o0 | 0 0 0]
1 1 0 [0 0 0]
n,=[1 1 0f n={0 1 —1}
[0 0 0 0 -1 1]
and
0 00
n,=(0 1 1
0 1 1
Then

GyS) = 3(my + my)s, + (305 — 5my — my) s, + (305 — ms + 1) s + 5(0, + n5)s,.

Therefore 6 = 5.
Before we attack the general case, we need the following lemma.

Lemma 2.4
If
I & 5
HS)=|5 85 35
S5 S 8

then 6(H(s)) = 5.
Proof. 6(H(s)) = 5 because dim s = S. For the upper bound consider the following five rank-one
matrices:

0 00 [0 0 1
n=|0 0 0f, n,={0 0 0],
|1 0 0 |0 0 O
[ 1 1 -1 1 -1 -1
n3= 1 1 —1 . n4= —1 1 l N
| -1 -1 1 —1 1 1
and
-1 1 -1
n; = I -1 1
-1 1 -1
Then

H(S) = (, + ny + 305 + 305, + (0 + 0y + 305 + 305)5; + W83 + (0 + 0y + 30, + 305) 5, + 155
Therefore 6 = 5.

Theorem 2.5

The complexity of multiplying two n x n symmetric tridiagonal matrices is 6n — 7, over any field
of characteristic 5 2.
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Proof. The characteristic matrix is:

Sy
Sq
G,(8)=
Let
- s
§2
Hys)=
and let _
K, (s)=

8 )
r==-=-=r=-=-7°=~"=° A
| S|+Ss | & 83 |
L - - _4 |
| Sy S5 Sg !
e
I Sg So 1 Ss+S01 S S71
$ e d '
1 89 |
| I
1 83 . o
Lo oo e _l
ittt ettt A
| Ssac1s T S50 Ssa—1a4 Ssu—13 (
i i
! Ssp—m Ssn—10 Ssn-9 ]
| Fommm - 4
| Ssn_3 Ssn—7 | Ssn—10F Ssu_g ! Ssn_g
b o e e~ - = ———— == |
v Ssn—7 Ssn—6
2 2 x 2 blocks and
n blocks =
n—2 3 x 3 blocks.
| _
S |
i B A
18,4+ 55 85 85 |
L - —__ 1 1
A S5 S !
) Fr=—=--r--- 9
| Sg S¢1 S5+ Sig1 S S
| S $=-=-=-=4d |
] S9 |
] I
] S|3 |
Lomm e e - J
- == - - - - = m - - A
| Ssn_1st Ssno10 Ss—11 Sse—na I
' I
b Ssp—1 Ssn—10 Ssn—9 I
! P — do -
I Ssn-8 Ssu_9 | Ssn_10F Ssn—g ! Ssu_7
Lo j— = ———— = J
1 Ssn—7 Ssp—6 ]
0 0 ]
5s—s, 0 s5—s5, 0
0 0 0
0 S9 — 8¢ 0 S¢ — S9 0
0 0 0
0 su—sy O .
Ssi_ta—Ss—n 0
0 0
Ssp-7—Ssm—9 0 Ssu_9—Ssu_7
0 0 i

981
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Then G,(s) = H,(s) + K,(s). K,(s) has n — | nonzero rows, each of them can be generated by one
rank-one matrix. Therefore §(K,(s)) =n — 1.
On the other hand,

o s Ss S48 Ssn_10 Ssu—n Ssn—13 ; s

1 5 sm—6 Ssn—7

O(H,(s) <o +0|8s S5 Sg|+ -+ Sw_n1 Ssm_10 Ssu-s +l: .
5H 5 Ssn—7 Ssn—¢

Sg 8¢ Ss Ssp-8  Ssn—9  Ssu—10

s 8 . s
5[ 1 2:|=2, in fact, [ l zz]z%(nl +m)s, +3(n — my)sy,

52 8

11 1 -1
n,=|:1 1] and n2=|:_1 1].

S [SSn—-G 55n—7] =1
Ssn—1 Ssn—¢
By Lemma 2.4, the complexity of each of the remaining 3 x 3 blocks is equal to 5. Therefore,

O(H,(s)) <4+ 5(n —2)=5n—6. Hence 6(G,(s) <n—1+5n—6=6n—1.
For the lower bound, note that

where

Similarly,

0 0
0 0
Gn—l(§) s
G,,(S)= S5n—13 s
Ssn-9
0...0 Ss_5 Ssu7 Ssu_10+ Ssu—g Ssn_s
1 0...0 O 0 Ssn_q Ssn_g |

where G,_,(S) is the characteristic matrix of multiplying two (n — 1) x (n — 1) symmetric tri-
diagonal matrices, and

§=s— {SSn—IB’SSn—Q’SSn—S’ Ssp_7s SSn—-6}'

Add linear combinations of the last column to the remaining ones, and use Theorem 1.1, then
delete the last row, we get

r-

0
0
Gn—](g) s
5G,)=1+6 sn—13 ,
Ssn—9
| * ... % Sq_ g+ %3S, 9 Ssu_7+ AaSsu_9 Ssp_10t Ssp_6+ %S5, _g ]

Replace s, _ ¢, S5, 75 Ssu_3» Ssn— 9 and S5, _ 13 by linear combinations of the remaining ones, then delete
the last row and last column, we get:

3(G,(8) = 6+ 6(G,_ (),
and this is true Vn > 2. Therefore,

0(G,(8)) = 6(n — 2) + 8(G4(s)).
By Lemma 2.3, 6(G,(s)) = 5, hence, 4(G,(s)) =6n — 7.
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Thirdly, let Y be a tridiagonal matrix, i.e.

-.Vl Y2 )
Vi Va Vs
Yo Y1 Vs
Y=
Yin—6 Yin-s Yin-a
L Yin—3 V-2

The characteristic matrix of multiplying the symmetric tridiagonal matrix X by Y is

5 |82
Sq [Ss]| S |52 @
Ss | Ss || 56
S9 leI Ss || % (::)
Sy || S10 Sn_l '
G.() = @ IRIERIE :
I
"

|

|l' Ssp—15 || Ssn—14
Ssu—11 || Ssn—10] Ssn—9
. Ssp—7 | Ssn—6 |Ssn—10| Ssn—9

Ssp—7 | Ssp—6

Lemma 2.6
If
5
H=|s %
)
then 6(H) =3.
Proof. Notice that H = (n, + n,)s, + (n, + n;)s,, where
10 00 0 0
nm=|—-1 0|, m=|1 1} and m=|0 —1}.
00 00 0 1

Therefore, 6 (H) < 3. On the other hand, §(H) > 3 because row rank (H) = 3.

Lemma 2.7
If ) )
5
52 5
H= 8
53 8
5

then 6(H) = 5.
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Proof. Consider the following five rank-one matrices:

100 000
-1.0 0 110
n, = 00 0|, m=1{0 0 0],
000 000
. 0 0 0] 0 0 0]
[0 0 0] [0 0 0]
0 -1 0 000
=0 10|, m,= |0 0 0
0 —1 0 0 1 1
(0 0 0 (0 0 0]
and
[0 0 0]
00 0
=0 0 O
00 —1
(0 0 1

Then H =(n, +ny)s; + (0, + n; + n,)s, + (n, + n5)s;. Therefore 6(H) < 5. But row rank (H) =5,
therefore 6 (H) = 5.

Theorem 2.8

The complexity of multiplying a symmetric tridiagonal matrix by a tridiagonal matrix is 7n — 8
over any ring.
Proof. For the upper bound, notice that G,(s) can be decomposed into:

(a) n — 2 blocks of the form

52

S5 Sy
Ss >
S S5

L 59 |

(b) the 2 blocks
5 Ssn—9
S48 and | Ss,_¢ Ssn-g |,

Ss Ssn—s6
(c) the 2(n —2) 1 x 1 blocks
S35 875885+« « 5 S5n—135 Ssn— 125 Ssn—38-
Using the previous two lemmas, we get

0(G.®<ESM—2)+6+2(n—2)=Tn —8.
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For the lower bound, notice that G,_,(s) is obtained from G,(s) by deleting the last two rows
and the last three columns:

G,_1(9) Ssn—13
Gn(s) = sSn -9 ’

Ssn—8 Ssn—7  Ssn—6 Ssn_10 Ssu_o

Ssn—7  Ssp—6_|

Delete the last two columns and add linear combinations to the remaining ones, we get
8(G,(8)) =2+ 6(G,(5)).

Replace ss,_ 13, 55,9, Ss_55 53,7 and s5,_¢ by linear combinations of the remaining indeterminates,
then delete the last two rows and the last column of G,(s), we get

0(G,(8)) 2 7+ 8(G, - ()

and this is true Vn > 3. Hence 6(G,(s)) = 7(n — 2) + 6(G,(s)), where

S 5
Gz(s) = S3 S4 Sl SZ .
S; 8,

But

5 5

5 S
8(Gy(8) =2+ 6|53+ a5+ Bisy sy + a8, + Bas, >2+5|: 1 z,il =6.
o83+ s, 083 + Bass

Therefore

6(G,(8)=27n—2)+6="Tn—8.

3. TRIDIAGONAL MATRIX MULTIPLICATION PROBLEM

Let X be a tridiagonal matrix, i.e.

X1 X3

Xs X; X

Xin—5 Xin—3

Xin—4 Xim-2 |
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First consider the problem of multiplying X by an arbitrary n x n matrix. Let us start with the
case when n = 4. The characteristic matrix is

[ [si 2] 85 s ]
S5 S¢| S7 S
s S| 85 S,
Ss {1861 87 |8s
So [1 S0 Sn
G4(S)= s
S S| S 2
S13 S| Sis e
Lemma 3.1
If
0 s
Sy S
H(S): 3 4
5 8
then 8 (H(s)) = 6, over any ring.
Proof. Consider the following rank-one matrices:
[0 0 0 0 [0 1 00 0 0 0 O
0 0 0O 0O -1 0 O 1 -1 1 -1
n = s n, = > n; = s
0 010 0 -1 0 0 0 0
|00 00 L 0 1 00 K 0 0
0 00 O 00 0 0 [0 0 0 0
0 0 0 00 1 -1 0 1 -1 1
n,= , Rg= » Mg =
0 -1 0 -1 00 0 0 0 1 -1 1
L0 1 0 1 L0 0 ~—1 1 1 0 -1 1 -1
Then

H(s) = ms; + (n, + n, + ng + ng)s; + (0, + 03 + 0, + 0g)s; + (0, + 0+ 05+ ng) S,.
Therefore & < 6. On the other hand,

5>2+5[s‘ s2]=6.

Lemma 3.2
If
§1 S+ 85
H@)= S S 5
-8 53 8

then 6 (H(s)) = 5.
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Proof. From the proof of Lemma 3.1, one can see that
S(A(s)) = 6(H(S) — mysy).
But
H(S) — mys, = mys; + (my + 05 + ng) s, + (m; + 0 + ng + ng)s; + (0, + 0, + ng + ng)s,.
Therefore, 5 (H(s)) = 5.

Lemma 3.3
If
s s, -
S 8,
5 5
K(s) = A
Sg 8
84 S5
L 56 57 ]
then 6(K(s)) = 11.
Proof.
(s, 5 —5, )
S3 S 5
$; S+,
<1+
S+ 8
4 Sy Ss
| — 5, S 57

By the previous lemma, each block can be generated by five rank-one matrices. Therefore, 6 < 11.
Using Theorem 1.1, one can easily show that

5 8
53 84
023+
Sq S

S6 87

— -

Replacing sy, s,, 53, 55, S, 5; by multiples of s, and using Theorem 1.1, we get

629496 =11

Theorem 3.4
The complexity of multiplying a 4 x 4 tridiagonal matrix by an arbitrary 4 x 4 matrix satisfies

0(G(9) < 34.
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Proof. 1t is enough to notice that G,(8) can be decomposed into two blocks of the same form
as in Lemma 3.3, and two blocks of the same form as in Lemma 3.1.

Corollary 3.4.1
If n = 4m then the complexity of multiplying a 4 x 4 tridiagonal matrix by an arbitrary 4 x n
matrix satisfies

8(Gu(8) <7

Corollary 3.4.2
Assume that # =4m and let

Fxl X3
X, X, Xg
Xs X7 X
Xsg Xpol| O
X= 0 X13 X5
X4 X156 Xis
X7 X9 Xy
X Xp |0
0
L ’ .
Then the complexity of multiplying X by an arbitrary n x n matrix satisfies

5 <¥nt

Corollary 3.4.3

If n = 4m then the complexity of multiplying an n x »n tridiagonal matrix by an arbitrary n x n
matrix satisfies

3(G(8) <&n*—2n.

Corollary 3.4.4
3(G,(s)) <& n?+ 0(n).

Remark 1
By Theorem 2.2, we have

0(G,(s)) = 2n* —n,

over any ring.

Remark 2
One can easily show that

5(G,(®) > 2n* {%J ,

over & or %,.
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Secondly, consider now the problem of multiplying two n x n tridiagonal matrices. The
characteristic matrix is:

53

Sg

Sg | S9  Sio
S5 Sg | 8,
S5 S0 || Snn

H(s) =
Si3 | Sia Sis

Ssp_15 Ssn—1a | Ssp—13

Ssn—11 Ssn—10}| Ssu~9

Ssn.8 | Ssn—7 Ssn—6

By Lemma 3.1, each of the n — 1 blocks can be generated by six rank-one matrices. The remaining
terms can be generated by 2n — 3 rank-one matrices. Therefore,

o(H,(8)<6(n—1)+2n—-3=8n-9.
Using the same arguments as in the proof of Theorem 2.8, one can show that
58
Ss Ss
S(H,(s)=Tn—2)+6 =Tn-1.
5; 5

S4 S
Let us summarize the above results in the following theorem.

Theorem 3.5
The complexity of multiplying two n x n tridiagonal matrices satisfies

Tn —T<d(Hs)) <8n -9,
over any ring.
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