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Abstract 

This work presents an exact and general model order reduction technique for a fast finite 
element resolution of elastohydrodynamic lubrication problems. The reduction technique is 
based on the static condensation principle. As such, it is exact and it preserves the generality of 
the solution scheme while reducing the size of its corresponding model and consequently, the 
associated computational overhead. The technique is complemented with a splitting algorithm to 
alleviate the hurdle of solving an arising semi-dense matrix system. The proposed reduced model 
offers computational time speed-ups compared to the full model ranging between a factor of at 
least 3 and at best 15 depending on operating conditions. The results also reveal the robustness of 
the proposed methodology which allows the resolution of very highly loaded contacts with 
Hertzian pressures reaching several GPa. Such cases are known to be a numerical challenge in 
the EHL literature. 

Keywords: Elastohydrodynamic Lubrication; Finite Elements; Model Order Reduction; Static Condensation; 

1. Introduction 

Elastohydrodynamic lubrication (EHL) has been discovered towards the mid-twentieth 
century as the mechanism behind the safe operation of many rotating machine elements with 
non-conformal contacts (e.g. roller element bearings, gears, etc.).  At that time, the existing 
hydrodynamic lubrication theory could not explain the absence of wear in such contacts where 
the theoretical lubricant film thickness predictions fell well below the combined surface 
roughness of the contacting surfaces. Two key features lead to the discovery of EHL: first, the 
realization that contact surfaces are non-rigid and do actually deform under the effect of the high 
pressures generated in such contacts and second, a proper understanding of the dependence of 
lubricant transport properties on pressure. In fact, EHL is a full-film lubrication regime in which 
contacting surfaces are fully separated by a lubricant film in which the developed pressures are 
high enough to induce elastic deformation of the contacting surfaces as well as significant 
variations in the lubricant’s transport properties. 

Ever since the discovery of EHL, there has been an ongoing quest for a robust, fast and 
memory efficient numerical model that would allow localized insight into these contacts that 
sometimes cannot be achieved by experiments owing to their relatively small scale. This has 

mailto:wassim.habchi@lau.edu.lb


2 
TRIB-16-1206 / Habchi 

turned out to be a relatively tedious task, due to the strong coupling between the different physics 
involved in these problems (linear elasticity, hydrodynamics, etc.) and more importantly to the 
strong non-linearity of the hydrodynamic problem stemming from the dependence of lubricant 
density, but more importantly viscosity on pressure. The large number and variety of numerical 
models developed to tackle this problem over the years is a clear testimony to the 
aforementioned difficulties. The first attempt to a full numerical solution of the isothermal 
Newtonian EHL problem, including the deformation of the contacting surfaces as well as the 
dependence of the lubricant transport properties on pressure came with the pioneering work of 
Dowson and Higginson [1] which was later followed by a more comprehensive work by 
Hamrock and Dowson [2]. These early works revealed the major difficulties inherent to the 
modelling of the EHL problem. In fact, the approach was based on a weak-coupling resolution of 
the different equations / problems governing EHL. That is, the different equations are solved 
separately while an iterative procedure is established between their respective solutions. This 
weak coupling strategy involves a loss of information, as each problem is not made intimately 
aware of the evolution of the other problem’s solution during the resolution procedure. This 
typically leads to slow convergence rates. In addition, the strong non-linearity of the 
hydrodynamic problem meant that the solution of highly loaded contacts was difficult to reach 
because of a change in the nature of the governing equation under such conditions. Nonetheless, 
these early works paved the way for the development of more robust and efficient models. A 
major enhancement to these models allowing faster convergence rates came with the “multigrid” 
technique which is probably the most popular modelling approach to date in EHL. It was first 
developed by Lubrecht et al. [3] and then further enhanced by Venner [4] who introduced two 
major features: the “multi-level multi-integration” technique that allowed a faster evaluation of 
surface deformations and the “line-relaxation” scheme which allowed extending the approach to 
the solution of highly loaded contacts. An alternative way for evaluating the elastic deformation 
of the contacting surfaces in these models is the “Discrete Convolution – Fast Fourier 
Transform” method as introduced by Ju and Farris [5]. All of the aforementioned works are 
based on a finite difference discretization of the different equations. 

Other works attempted a full-coupling approach in which the different equations governing 
the EHL problem are solved simultaneously, preventing the loss of information associated with 
weak-coupling and leading to extremely fast convergence rates. One of the earliest works to have 
attempted a full-coupling resolution of the EHL problem is that of Rohde and Oh [6] who solved 
the problem as one integro-differential equation using a finite element discretization of the field 
variables and a Newton-like nonlinear resolution procedure. Shortly afterwards, the same authors 
proposed an enhanced version of their proposed model in [7]. These works revealed the 
extremely attractive convergence rates associated with full-coupling whereby solutions were 
attained within only a few iterations. However, the proposed models suffered from major 
drawbacks pertaining to the density of the arising matrix system and the treatment of the free 
boundary cavitation problem arising at the exit of the contact. In fact, the integral part of the 
integro-differential equation meant that every mesh point of the solution domain was connected 
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to all other points, leading to a dense Jacobian matrix. The computational overhead associated 
with the resolution of such a dense matrix system turned out to be prohibitive. On the other hand, 
the simultaneous update of pressure at all discretization points meant a tedious implementation 
of the cavitation boundary condition. Besides, the range of application of these works was 
limited to light and moderately loaded contacts. A similar approach was later used by Houpert 
and Hamrock [8] and also Hsiao et al. [9]. More recently, Holmes et al. [10] proposed a new 
model using the “differential deflection” method introduced earlier by Evans and Hughes [11] to 
evaluate the elastic deformation of the contacting solids also using a finite element discretization 
of the different field variables. A differential equation governing the elastic deformation of the 
solids is derived based on the half-space theory. The differential operator in this equation has a 
relatively localized nature, meaning that every discretization point is only affected by its 
neighboring points while the effect of farther points may be neglected. This leads to a relatively 
sparse Jacobian matrix. However, for the point contact case, the system matrix still had a large 
bandwidth, requiring a special iterative technique for an efficient resolution of the arising matrix 
system. Another type of EHL models employing the full-system approach is based on 
“Computational Fluid Dynamics” (CFD) such as the work of Bruyere et al. [12] for example. It 
consists in solving the full Navier-Stokes equations for the hydrodynamic part instead of the 
simplified Reynolds equation. However, the heavy computational overhead associated with CFD 
models remains prohibitive and most often limits this kind of approach to the line contact 
configuration. 

In recent years, Habchi et al. [13] [14] introduced a finite element full-system approach in 
which solutions were offered to the difficulties (associated with fully-coupled schemes) 
mentioned above. This enabled the proposed approach to fully benefit from the extremely fast 
convergence feature of fully-coupled schemes. In fact, for the elastic deformation of the 
contacting solids, the authors suggested the use of a classical linear elasticity approach in which 
every discretization point is only connected to points belonging to the same finite element(s). 
This leads to a sparse Jacobian matrix. As for the treatment of the cavitation boundary condition, 
the penalty method proposed by Wu [15] was employed, offering a straightforward and easy 
implementation within the overall finite element model. Finally, for heavy loads, the authors 
introduced special stabilized finite element formulations which allowed an extension of the range 
of application of the proposed model to include very high loads with Hertzian pressures reaching 
several Gigapascals. The proposed model however, extended the computational domain of the 
contacting solids into their depth, rather than remaining at the contact surface. Yet, employing 
the finite element method for the discretization of the governing equations enabled the use of 
non-regular non-structured meshing. This allowed an optimized distribution of discretization 
points, whereby the major concentration of mesh points falls in the vicinity of the contact domain 
where a higher solution precision is needed. Thus, the size of the arising matrix system remained 
relatively small and this model turned out to be at least as competitive as state-of-the art ones in 
terms of computational efficiency. Nonetheless, a major improvement was still possible since the 
elastic deformation of the contacting solids is not needed within their depth for the solution of 
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the EHL problem. Only the surface deformation is needed. Thus, many elastic degrees of 
freedom / unknowns were computed / solved for in vain. This gave rise in recent years to a surge 
for Model Order Reduction (MOR) techniques that allowed a significant reduction in the size of 
the arising matrix system to be solved as well as a significant speed-up in computational time. 
First, Habchi et al. [16] [17] introduced the “EHL-basis technique” which allowed reducing the 
size of the elastic problem to less than 30 degrees of freedom / unknowns. Maier et al. [18] [19] 
used similar MOR approaches, but extended the model reduction to the hydrodynamic problem 
too, reducing its size and giving rise to an even faster resolution procedure. 

All of the aforementioned MOR techniques offer an extremely fast solution procedure for the 
EHL problem that is hard to beat in terms of computational speed. However, they entail several 
inconveniences: 

1- The solution scheme suffers from a loss of generality. In fact, all of the above mentioned 
MOR techniques consist in an initial rather tedious “Offline” phase, during which basis 
functions are computed. These functions form a new reduced solution space over which 
the solution is projected. However, they are computed under a given well defined 
configuration. For instance, in all of the above mentioned works, smooth contacts 
operating under isothermal Newtonian regime are assumed and the reduced solution 
space is formed under these conditions. If any new feature is considered (e.g. surface 
roughness, thermal effects, non-Newtonian effects, etc.), the reduced solution space 
would have to be entirely redefined to include these features. Otherwise, the solution 
procedure would fail as the reduced solution space does not contain these needed 
additional features. This is not the case with standard finite element modelling for which 
the basis functions (usually piecewise polynomials) form a complete space over which 
any solution with any features may be projected with a certain degree of approximation 
(with respect to the exact analytical solution of the problem).   

2- The “Offline” phase and the generation of the reduced solution space is an operation that 
requires an advanced level of expertise in the selection of the basis functions which may 
not be within reach to novice users. 

3- The solution of the reduced model is not “exact” in comparison with its equivalent full 
model. This is because the reduced solution space is not necessarily complete under any 
considered range of operating conditions. As such, the obtained “reduced” solution is an 
approximation of the “full” one rather than an “exact” replica. This is not an issue 
though, as in all of the aforementioned works, the deviation of the reduced model 
solution from the full one was shown to remain at a very acceptable level. Note that the 
“full” solution is itself an approximation (in a finite element sense as detailed in the first 
point) of the exact analytical solution of the problem. 

The current work offers a novel MOR technique used to reduce the size of the linear 
elasticity part within EHL problems. It alleviates all of the above mentioned inconveniences but 
leads to a lesser reduction order. It is based on the “Static Condensation” or “Guyan 
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Condensation” principle [20] also known as “Sub-Structuring”, “Domain Decomposition” or 
“Schur Complement Method” in the finite element literature. The latter is used to eliminate / 
condense out any unneeded degrees of freedom while injecting their effect into the retained 
needed ones. This preserves the exactness of the solution with respect to the full model as well as 
the generality of the solution scheme by retaining a complete solution space. However, the 
condensed linear elasticity stiffness matrix is dense and leads to an overall semi-dense Jacobian 
matrix. This is why the method is complemented with a “Splitting” algorithm [21] allowing it to 
retain a standard finite-element-like sparsity pattern and a fast resolution process. In addition, the 
“Offline” phase in this case and the generation of the reduced order model only requires a basic 
knowledge of linear algebra accessible to any engineer, physicist or mathematician.  

2. EHL Governing Equations 

In this section, the governing equations of EHL are described. In this work, only steady-state 
operation is considered, though the proposed methodology can be extended to include transient 
effects. That is, the two contacting surfaces are assumed to move at constant unidirectional 
surface velocities u1 and u2 in the entrainment direction x and the contact is subject to a constant 
external applied load F. The surfaces are assumed to be separated by a full lubricant film with 
fully-flooded regime.  

  
Figure 1: Geometry of a line contact (left) and circular contact (right)  

Both line and circular contacts are considered in this work. A line contact corresponds to a 
contact between surfaces having an infinite radius of curvature in one of the space directions 
(typically cylinders) and its geometry can be reduced to an equivalent one, that of a cylinder of 
equivalent radius R and a flat plane as shown in figure 1 (left). A circular contact corresponds to 
a contact between two spherical surfaces and its geometry can be reduced to an equivalent one, 
that of a ball of equivalent radius R and a flat plane as shown in figure 1 (right). All equations in 
this section will be provided in dimensionless form using dimensionless variables defined using 
Hertzian dry contact parameters.     

2.1. Line Contacts 

The governing equations for a line contact are: the Reynolds equation [22], the linear 
elasticity equations and the load balance equation. The computational domain of a line contact is 
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a square of sufficient side length to ensure a half-space configuration as shown in figure 2. In 
[13], it was shown that a dimensionless side length of 60 is sufficient. The contact zone is 
located on the upper surface of the square and has a dimensionless length of 6, extending from 
X=-4.5 (inlet) to X=1.5 (exit). 

 
Figure 2: Computational domain of a line contact 

First, the one-dimensional dimensionless Reynolds equation governing the distribution of the 
dimensionless hydrodynamic pressure P  over the contact domain Ωc reads: 

 

( )
Penalty Term

23
1 2

3

                      0

12Where:    ,      and   =
2

m R
m

h

HP P
X X X

u R u uH u
a p

ρ
ε ξ

µρε λ
µλ

−∂∂ ∂ − + + = ∂ ∂ ∂ 

+
= =



  (1) 

In the above equation ( )Pρ ρ=  and ( )Pµ µ= correspond to the dimensionless density and 
viscosity of the lubricant respectively while Rµ  corresponds to the lubricant viscosity at a 
reference state (which is taken to be 0P =  throughout this work). The last term in equation (1) is 
the penalty term added to handle the cavitation boundary condition as described by Wu [15]. In 
this term, P −  corresponds to the negative part of the pressure distribution, and provided the 
constant ξ  is sufficiently large, the penalty term will dominate Reynolds equation in negative 
pressure regions and force these pressures towards zero. In positive pressure regions this term 
has no effect. The Reynolds equation is complemented by a zero pressure boundary condition on 
the boundaries of the contact zone Ωc.  The parameters a  and hp  are the Hertzian contact half-
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width and pressure respectively while ( )H H X=  corresponds to the dimensionless lubricant 
film thickness defined as: 

 ( ) ( )
2

0 2
XH X H W X= + −   (2) 

Where 0H  corresponds to the rigid body separation and W  is the dimensionless elastic 
deformation of the contact surface in the Z-direction. It is obtained by applying the classical two-
dimensional linear elasticity equations under a plane-strain approximation to the computational 
domain Ω. These are given in dimensionless form as a function the dimensionless elastic 
deflection components U and W of the elastic deformation field U  in the X and Z-directions 
respectively: 

 

( )
( )( ) ( )( ) ( )

1 2 3

3 2 1

1 2 3
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0

1
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1 1 2 1 1 2 2 1

U W U WC C C
X X Z Z Z X
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E E EC C C
υ υ
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 ∂ ∂ ∂ ∂  ∂ ∂    − + − + =    ∂ ∂ ∂ ∂ ∂ ∂     


∂  ∂ ∂  ∂ ∂ ∂   − + − + =     ∂ ∂ ∂ ∂ ∂ ∂    
−

= =
+ − + − +

  (3) 

Where E  and υ  are the Young’s modulus of elasticity and Poisson’s coefficient of the 
equivalent material defined to accommodate the elastic deformation of both contacting solids. In 
fact, in [14] it was shown that the elastic deformation of the two contacting solids can be 
obtained by assuming an equivalent problem in which one of the solids is rigid while the other 
accommodates the total elastic deformation of both. The material properties for this elastic body 
were defined as follows as a function of the material properties ( )1 1,E υ  and ( )2 2,E υ   of the two 

contacting solids: 

 
( ) ( )
( ) ( )

( ) ( )
( ) ( )

2 22 2
1 2 2 2 1 1 1 2 2 2 1 1

2
1 2 2 11 2 2 1

1 1 1 1
   and   

1 11 1

E E E E E E
E

E EE E

υ υ υ υ υ υ
υ

υ υυ υ

+ + + + + +
= =

+ + + + + + 
  (4) 

However, in this work, a more judicious choice (for reasons that will be explained later) 
would be that of the equivalent properties defined in classical EHL, that is: 

 2 2
1 2

1 2

1 and 0 
1 12

rEE

E E

υ
υ υ

= = =
− −

+
  (5) 

Where rE  is the reduced Young’s modulus defined in classical EHL and used in the 

evaluation of the Hertzian contact parameters a  and hp . Note that 2rE E=  in order to obtain 
directly the summation of the elastic deformation of the contacting solids from the solution of 
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equations (3). In order to complete the elastic problem, a zero displacement boundary condition (
0U V= = ) is applied to the bottom boundary b∂Ω  of the computational domain Ω, while the 

hydrodynamic pressure p generated within the lubricant film is applied as a normal stress (

n pσ = − ) over the contact domain Ωc. In dimensionless form, this boundary condition becomes:  

 2 1 4 2
h rP R p P EU W P EC C

X Z a
∂ ∂

+ = − = − = −
∂ ∂

  (6) 

A free displacement boundary condition ( 0n tσ σ= = ) is applied to the remainder of the 
boundaries of Ω. The last equation defining the EHL problem is the dimensionless load balance 
equation: 

 
2c

P dX π
Ω

=∫   (7) 

This equation is derived from the equilibrium of forces between the external load F  applied 
to the contact and the hydrodynamic pressure generated within the lubricant film. It ensures that 
the correct load is applied to the contact by monitoring the value of the constant parameter 0H . 
The latter parameter is introduced as an additional unknown to the system of equations 
governing the EHL line contact problem and formed by equations (1), (3) and (7). The unknowns 
of this system of equations are the dimensionless elastic displacement field U  defined over Ω, 
the dimensionless pressure distribution P  defined over the contact zone Ωc and the rigid body 
separation term 0H . 

2.2. Circular Contacts 

For circular contacts, the computational domain is a cube of sufficient side length to ensure a 
half-space configuration. In [13], it was shown that a dimensionless side length of 60 is 
sufficient. The contact zone is a 6 x 6 square located on the upper surface. It covers the region 
defined by 4.5 1.5X− ≤ ≤  and 3 3Y− ≤ ≤ . The symmetry of the problem with respect to the XZ-
plane is taken into consideration and only half of the computational domain is kept as shown in 
figure 3, while the solution over the other half is deduced by symmetry. This significantly 
reduces the computational overhead associated with the numerical solution of this much more 
computationally demanding circular contact problem. The two-dimensional dimensionless 
Reynolds equation defined over the contact zone Ωc now reads: 

 ( )
Penalty Term

0
HP P P

X X Y Y X
ρ

ε ε ξ −∂∂ ∂ ∂ ∂   − − + + =   ∂ ∂ ∂ ∂ ∂    

  (8) 

It is complemented by a zero pressure boundary condition on the boundaries of the contact 
zone Ωc except for the symmetry boundary cs c s∂Ω = Ω ∩∂Ω  where a symmetry boundary 

condition ( 0P Y∂ ∂ = ) is applied. 
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Figure 3: Computational domain of a circular contact 

The dimensionless film thickness ( ),H H X Y=  now reads: 

 ( ) ( )
2 2

0, ,
2

X YH X Y H W X Y+
= + −   (9) 

The dimensionless elastic deformation W  in the Z-direction is obtained by applying the 
three-dimensional linear elasticity equations to the computational domain Ω. These are given in 
dimensionless form as a function of the dimensionless elastic deflection components U, V and W 
of the elastic deformation field U  in the X, Y and Z-directions respectively: 
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   ∂  ∂ ∂  ∂ ∂ ∂ ∂     − + − + =+        ∂ ∂ ∂ ∂ ∂ ∂ ∂       

  (10) 

In order to complete the elastic problem, a zero displacement boundary condition (
0U V W= = = ) is applied to the bottom boundary b∂Ω  of the computational domain Ω, a 

symmetry boundary condition ( 0V = ) is applied to the symmetry plane s∂Ω  while the 
hydrodynamic pressure p generated within the lubricant film is applied as a normal stress (

n pσ = − ) over the contact domain Ωc. In dimensionless form, this boundary condition becomes: 
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2h rP R p P EW P EU VC C

Z aX Y π π
∂ ∂ ∂ + = − = − = −+ ∂ ∂ ∂ 

  (11) 

A free displacement boundary condition ( 0n tσ σ= = ) is applied to the remainder of the 
boundaries of Ω. Finally, the load balance equation for the circular contact case reads: 

 
3c

P dX dY π
Ω

=∫   (12) 

 The system of equations (8), (10) and (12) governs the solution of the EHL circular contact 
problem. The unknowns of this system of equations are also the dimensionless elastic 
displacement field U  defined over Ω, the dimensionless pressure distribution P  defined over 
the contact zone Ωc and the rigid body separation term 0H . 

3. Finite Element Model 

The solutions of both the line and circular contact problems are governed by three equations: 
Reynolds, linear elasticity and load balance. The first two are partial differential equations 
requiring a finite element discretization of their corresponding field variables P  (the distribution 
of dimensionless pressure over the contact domain Ωc) and U  (the dimensionless elastic 
deformation field over the solid domain Ω) while the last one is an ordinary integral equation 
which is directly added to the system of equations along with the introduction of its 
corresponding field variable 0H  (the dimensionless rigid body separation term) as an additional 

unknown. Both P  and U  are discretized using second order Lagrange interpolation functions.  
In the remainder of this work, the subscript e is assigned to the elastic part of the problem, h to 
the hydrodynamic part and l to the load balance part. 

3.1. Weak Form Formulation 

In this section, the weak form finite element formulations of the EHL line and circular 
contact problems are described. These are obtained by multiplying each partial differential 
equation by a corresponding weight function ( eN  for the elastic problem and hN  for the 
hydrodynamic problem) to get the corresponding weighted residual form. Then, each equation is 
integrated over its domain of application and integration by parts is applied to reveal the natural 
boundary conditions and get the weak form formulation. For the sake of simplicity, the zero 
boundary integral terms will be omitted in the following.  

3.1.1. Line Contacts 

Given that 1C E= , 2 0C =  and 3 2C E=  and removing E  from all terms of the linear 
elasticity equations, the weak form formulation for the line contact problem, including the 
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Streamline Upwind Petrov Galerkin (SUPG) [23] stabilizing term for the Reynolds equation, is 
given by:  

 

( ) ( )

,

0Find , ,  such that , , one has:
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∑

∫



  (13) 

Note that the SUPG stabilizing term is added only to the interior ,c eΩ  of any element e  of 

the contact domain Ωc. The total number of elements in the contact domain is denoted cn  and hR  
is the residual of Reynolds equation. The tuning parameter τ  is taken as defined by Galeão et al. 
[24]: 

 
( ) 1coth

       with:     
22

e e

h
h

h hHPe Pe PPe
llH

P

ρ

τ
ρ ε

∂ −  ∂ = =
∂
∂

  (14) 

Where eh  is the characteristic length of element e , Pe  is the local element Peclet number 

defining the ratio of convection to diffusion within the element and hl  corresponds to the order 

of the interpolation functions used to discretize the field variable P  (here 2hl = ).  The SUPG 
term is added to compensate for the well-known (in the finite element literature) inability of the 
standard Galerkin formulation to capture all error scales within the solution of a convection-
diffusion problem that is dominated by convection, leading to oscillatory solutions. In fact, 
Habchi et al. [14] showed that Reynolds equation can be arranged in the form of a classical 
convection-diffusion equation and that under highly loaded regime, it becomes convection 
dominated, thus the need for adding these stabilizing terms.       

3.1.2. Circular Contacts 

A similar approach is applied to get the weak form finite element formulation for circular 
contacts, which reads: 
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Note that for the circular contact case, the SUPG stabilizing term is no longer sufficient to 
remove all numerical oscillations arising under highly loaded regime [14]. An additional 
Isotropic Diffusion (ID) term is needed as described in equation (15).    

3.2. Overall Matrix Formulation 

Once the field variables P  and U  are discretized and their discrete forms are plugged into 
the systems of equations (13) for line contacts, or (15) for circular contacts, one gets the discrete 
overall matrix formulation of the corresponding EHL problem. The latter is written as a function 
of 0H  and the nodal values of P  and U . Since Reynolds equation is nonlinear in P , this would 
lead to an overall linearized matrix system (to be solved using a damped-Newton [25] procedure) 
of the following form: 

 

i-1 i i-1

ee eh

he hh hl h

lh 0 l

K K U

K K K P R

K H R

δ

δ

δ

     
     ∅ ∅     
     
     

=    
    
    
    
    ∅ ∅     

  (16) 

The above system of equations describes the “Full Model” of an EHL contact. The matrix on 
the left-hand-side is the overall Jacobian matrix of the nonlinear EHL problem. The unknowns of 
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this system to be solved for at every iteration i  of the non-linear resolution procedure are the 
increments Uδ , Pδ  and 0Hδ  of the field variables U , P  and 0H  respectively. These are to be 
added to the solution vector obtained at the previous iteration 1i − . Note that since the linear 
elasticity and load balance equations are linear, their contributions to the overall Jacobian matrix 

eeK , ehK  and lhK  are to be assembled only once, at the first iteration. These remain unchanged 
for subsequent iterations. The system of equations (16) has the same form for both line and 
circular contacts. Only, in the former case U  is made out of two-dimensional elastic deflection 
components U  and W  while in the latter case it is made out of three-dimensional elastic 
deflection components U , V  and W . Let hn  be the number of nodes in the discretized contact 

domain Ωc and let en  be the total number of nodes in the discretized computational domain Ω. 

Note that hn  also corresponds to the number of nodal values of P  while the number of nodal 

values of U  is 2 en×  for the line contact case or 3 en×  for the circular contact case. Thus, for a 
line contact, the total number of unknowns or degrees of freedom (dofs) of the system of 
equations (16) would be 2 1dof e hn n n= × + +  while for a circular contact, it would be 

3 1dof e hn n n= × + + . Note that in both cases, only hn  elastic deflection dofs are needed out of 

2 en×  (line contact) or 3 en×  (circular contact). In fact, the only needed dofs for the solution of 
the EHL problem correspond to the W component of the elastic deformation field over the 
contact domain Ωc. Thus, the remainder 2 e hn n× −  (line contact) or 3 e hn n× −  (circular contact) 
are being evaluated / solved for in vain. The purpose of the current work is to reduce the size of 
the elastic problem in such a way to retain only the needed dofs while condensing out the 
remainder. This is described in the following section.                         

4. Model Order Reduction 

In this section, the technique employed in reducing the size of the elastic part of the EHL 
problem is described in detail. It combines “Static Condensation” with a “Splitting” algorithm 
and will be referred to as “SCS” from this point on. In the following, the “Static Condensation” 
principle is described in detail; the principle behind “Splitting” algorithms is reminded and the 
overall algorithm describing the incorporation of these two techniques into the finite element 
modelling of the EHL problem is detailed. 

4.1. Static Condensation 

“Static Condensation” is a technique that has for long been used in finite element structural 
analysis. It is often called “Sub-Structuring”, “Schur Complement Method” or also “Guyan 
Condensation”. It was first introduced as a means of deleting unwanted dofs in the analysis of 
structures by Guyan [20] and Irons [26] and has been widely used in structural analysis ever 
since. To illustrate the basic idea behind this technique, consider a structural linear elasticity 
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problem which is governed by the overall matrix system of equations generated from the static 
equations of equilibrium: 

 [ ]{ } { }UK F=   (17) 

Where [ ]K  is the stiffness matrix of the structure, { }U  is the vector of nodal displacements 
and { }F  is the vector of external nodal forces. The dofs of the structure are split into needed 
ones, called “masters” and denoted by the subscript m and unneeded ones, called “slaves” and 
denoted by the subscript s. The total number of “masters” is denoted mn  while that of slaves is 

denoted sn . The system of equations (17) can be re-arranged to separate the “masters” and the 
“slaves” as follows: 

 ss sm s s

ms mm m m

K K U F
K K U F
        =    

        
  (18) 

A simple multiplication of the matrices on the left-hand side of equation (18) expands this 
equation into two equations: 

 ss s sm m sK U K U F+ =   (19) 

 ms s mm m mK U K U F+ =   (20) 

From equation (19), one can express sU  as a function of mU  as follows: 

 1 1
s ss sm m ss sU K K U K F− −= − +   (21) 

Substituting the above expression for sU  as a function of mU  into equation (20), one gets the 
condensed / reduced system of equations which is written only as a function of the “master” 
dofs: 

 
[ ]{ } { }

1 1

ˆ ˆ
ˆ ˆWith:        and     

m

mm ms ss sm m ms ss s

UK F
K K K K K F F K K F− −

=

= − = −
  (22) 

The system of equations (22) is called the “condensed” or “reduced” system where the 
unwanted “slave” dofs have been condensed out / eliminated. However, their effect is injected 
into the “masters” as can be seen in the expressions of K̂  and F̂ . This means that the solution of 
the reduced system (22) is exact. In other words, it is the same as that of the full system (17) and 
this MOR technique does not include any approximation of the solution as mentioned earlier, 
preserving the completeness of the solution space. Also note that its derivation is rather simple, 
requiring only a basic knowledge of linear algebra. This is not the case with other MOR 
techniques used so far in the numerical treatment of the EHL problem (e.g. [16], [17], [18] and 
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[19]). It is also important to mention that, if needed, the deformations and stresses within the 
original solid domain may be recovered using equation (21), by replacing the master dofs mU  by 
their values obtained from the solution of equation (22). 

 Finally, note that the full model’s stiffness matrix K  is a sparse one while the reduced 
model’s stiffness matrix K̂  is full. As such, its inversion and the solution of the system of 
equations (22) may turn out to be prohibitive unless some special procedure is used. This is 
where a “Splitting” strategy comes in useful as described in the following.            

4.2. Splitting 

In numerical analysis, a “Splitting” algorithm [27] is an iterative method used in the solution 
of any linear matrix system of the form: 

 [ ]{ } { }UK F=   (23) 

The starting point is to split the matrix K  into two parts nK  and fK  such that n fK K K= +  
and to select an appropriate initial guess 0U  for the solution. Then an iterative procedure is 
established such that at every iteration k , a new solution vector 1kU + is obtained as follows: 

 1n k f kK U F K U+ = −   (24) 

Obviously, the choice of nK  is made in such a way that the resolution of the system arising 
in (24) is relatively simple with a light computational overhead. A diagonal or a band matrix 
choice is commonly adopted. This is why usually; convergence of such an algorithm requires a 
diagonally dominant matrix K . This is most often the case for stiffness and Jacobian matrices 
arising in finite element modelling of linear and nonlinear problems respectively. The choice 
adopted in this work is discussed in the following section describing the incorporation of both 
“Static Condensation” and “Splitting” into the solution of the EHL problem. 

4.3. Overall Numerical Procedure: The SCS Algorithm 

This section describes how the “Static Condensation” and “Splitting” techniques described 
earlier are incorporated into the solution of the EHL problem to get the SCS algorithm. Starting 
from the system of equations (16), the “master” dofs of the linear elasticity part are chosen to be 
the W  component of the elastic deformation field over the contact domain Ωc and their number 
is m hn n= . The remainder dofs are the “slaves”. For the line contact case, these correspond to the 
U  component of nodes belonging to the contact domain Ωc and the U  and V  components of the 
remaining nodes of Ω and their number is 2s e hn n n= × − . For the circular contact case, the 
“slave” dofs correspond to the U  and V components of nodes belonging to the contact domain 
Ωc and the U , V  and W  components of the remaining nodes of Ω and their number is 

3s e hn n n= × − . Then, re-arranging eeK  in the form described in (18) and applying “Static 
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Condensation” to it within (16) gives rise to the reduced matrix system to be solved at every 
Newton iteration i : 

 

i-1 i i-1

ee eh

hhe hh hl

l0lh

ˆ ˆ ˆ

ˆ

K K W

RPK K K

RHK

δ

δ

δ

     
     ∅ ∅     
     
       =     
     
     
     
     ∅ ∅       

  (25) 

where Ŵ  corresponds to the reduced elastic deformation field. That is, the W  deflection 
component of nodes belonging to the contact domain Ωc only. Note that in the current case, the 
force vector ehF K Pδ= −  and that no external forces are applied on the “slaves” since only a 

normal pressure force is applied on the contact nodes. This being said, 0sF =  and ˆ
mF F=  

according to equation (22). This means that ˆ
ehK  is nothing else but ehK  with the zero lines 

removed. Similarly for ˆ
heK , it is nothing else but heK with the zero columns removed since the 

hydrodynamic problem is only connected (in a finite element sense) to the elastic problem 
through the “masters”. The “slaves” are not connected to the hydrodynamic problem and as such, 
have no contribution to either ehK  or heK . As for eeK̂ , according to equation (22) it is given by: 

 1ˆ
ee mm ms ss smK K K K K−= −   (26) 

In practice, ssK  is never inverted as this would require a significant computational overhead. 

Instead, let 1
ss smK K K− =  , then: 

 ss smK K K=   (27) 

And the above system of equations is solved for K . This is a much less computationally 
demanding operation, especially when a direct solver is employed as is the case in the current 
work where UMFPACK [28], an open source sparse direct linear matrix system solver is used. In 
fact, this solver will generate a LU decomposition of ssK , which is a relatively time consuming 
operation, but it is done only once. Then, only the computationally cheap forward and backward 
substitution operations are repeated for every column of smK  to determine the corresponding 

column of K . Once K  has been determined, according to equation (26), it just needs to be 
multiplied to the left by msK  and the result subtracted from mmK  to get ˆ

eeK . The computation of 
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ˆ
eeK  constitutes the “Offline” phase of the MOR technique. It is important to note that it is done 

only once for a given mesh and then the result can be stored to be used later without having to re-
evaluate ˆ

eeK . In fact, the matrix eeK  in equation (16) is independent of both the material 
properties and the operating conditions. It only depends on the mesh. This was made possible 
through the choice of equivalent material properties for the solid domain as described in equation 
(5) which allowed a simplification of the linear elasticity equations in the systems of equations 
(13) and (15) to have a contribution to eeK  that is independent of the material properties as well 

as the operating conditions. As a consequence, ˆ
eeK  in equation (25) also only depends on the 

mesh.  

Even though ˆ
eeK  is of a much smaller size than eeK  ( h hn n×  instead of 2 2e en n×  for the line 

contact case or 3 3e en n×  for the circular contact case) the problem is that, contrarily to eeK  it is 
dense leading to an overall semi-dense Jacobian matrix. As such the solution of the reduced 
system of equations (25) can become more computationally demanding than that of the full 
model (16) (as will be discussed later) unless “Splitting” is used. Actually, ˆ

eeK  is split into ˆ n
eeK  

and ˆ f
eeK  ( ˆ ˆ ˆn f

ee ee eeK K K= + ); that is, into “near” and “far” contributions. The idea of splitting the 
elastic problem into “near” and “far” regions is not new and has been exploited by many 
researchers over the years in the development of numerical models for the solution of the EHL 
problem e.g. Dowson and Wang [29] or also Evans and Hughes [11]. The notions of “near” and 
“far” are taken here in a finite element sense. That is, for a given node, the “near” nodes are 
those belonging to the same element(s), that is, they are connected to the given node while the 
remainder nodes are considered “far”. In other words, for every row of ˆ

eeK  corresponding to a 
given node of the contact domain Ωc, the entries of nodes that are “near” that node are moved 
toward ˆ n

eeK  while the remainder entries are moved toward ˆ f
eeK . As such, the connectivity of 

nodes for ˆ n
eeK  is the same as that of hhK  and both will have the exact same sparsity pattern. 

Incorporating “Splitting” into the system of equations (25), it becomes:  

 

i-1 i i-1
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0 llh
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  (28) 
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Starting from a well-defined initial guess corresponding to the Hertzian contact pressure for 
P , its corresponding reduced elastic deformation field for Ŵ  and a carefully selected value for 

0H , the above system of equations is to be solved at every Newton iteration i . The obtained 

solution increments Ŵδ , Pδ  and 0Hδ  are added to the solution obtained at the previous 
Newton iteration 1i − , using a damped Newton procedure [25]. This is repeated until a 
converged solution is obtained according to the convergence criteria defined in [25]. Note that 
the “Splitting” algorithm also requires an iterative procedure that is embedded within every 
Newton iteration i . It is denoted by the iteration index k . In fact, for every iteration k , the “far” 
contribution to the elastic problem is evaluated on the right-hand-side using Ŵδ obtained at the 
previous “Splitting” iteration 1k − . Then the system of equations (28) is solved repeatedly to get 
updated values of the increment vectors Ŵδ , Pδ  and 0Hδ  at every iteration k  until 
convergence is attained. That is, until the L2-norm (normalized with respect to the problem size / 
total number of unknowns) of the increment vector of the overall solution { }0

ˆ , ,W P Hδ δ δ  

between two consecutive “Splitting” iterations 1k −  and k  falls below a certain threshold. The 
stopping criterion will be discussed in detail later. Note that the Jacobian matrix and the residuals 
of the hydrodynamic and load balance problems ( hR  and lR  respectively), are not re-evaluated at 
every “Splitting” iteration k , these are only re-evaluated at every Newton iteration i . This being 
said, since the Jacobian matrix is the same for every “Splitting” iteration k , the repeated 
resolution of the system of equations (28) at these iterations is a relatively computationally 
“cheap” operation since the LU factorization is not repeated and only the forward and backward 
substitution operations are carried out while updating the right-hand-side (specifically the elastic 
part). 

Finally, it is important to note that the overall size or number of dofs of the EHL problem has 
been reduced through the SCS algorithm from 2 1dof e hn n n= × + +  (line contact) or 

3 1dof e hn n n= × + +  (circular contact) for the full model to ˆ 2 1dof hn n= × +  for the reduced model. 

The order of reduction is significant since the size of the elastic problem is usually much larger 
than that of the hydrodynamic problem, given that it entails a higher space dimension. Yet, it is 
not as large as the reduction order obtained with MOR techniques introduced in recent years, 
such as the works by Habchi et al. [16] for line contacts or Habchi [17] for circular contacts 
where in both cases the size of the elastic problem was reduced to less than 30 dofs or also Maier 
et al. [18] [19] who reduced both the elastic and hydrodynamic parts in line contacts under 
steady-state or transient operation to an overall size of less than 300 dofs. However, the 
advantages of the SCS algorithm are numerous over these MOR techniques. First, the solution of 
the reduced model is exact and entails no approximations. As such, the second advantage is that 
the generality of the solution scheme and the completeness of the solution space are preserved 
(as will be shown later). Last, the “Offline” phase is relatively easy to implement and only 
requires a basic knowledge of linear algebra for its understanding. This is not the case with the 
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above mentioned MOR techniques which require an advanced level of expertise in the 
generation of the reduced solution space. In addition, this “Offline” phase is independent of the 
material properties and operating conditions. It only depends on the mesh. As such, it has to be 
done only once for a given mesh and the result can be stored for later use without having to re-
build the reduced solution space. This is also not the case with the above mentioned MOR 
techniques which require re-building the entire reduced solution space whenever any new 
features are introduced to the solution scheme, such as thermal or non-Newtonian effects or also 
surface roughness. 

As a closing note for this section, it is important to mention that the SCS algorithm proposed 
in this work turns the EHL problem from a 2D-1D coupled problem to a 1D-1D one for the line 
contact case. As for the circular contact case, it is turned from a 3D-2D coupled problem to a 2D-
2D one. Not only is the dimension of the elastic problem reduced by one in both cases, but also 
due to “Splitting”, the sparsity of the overall Jacobian matrix is made that of a standard 1D-1D or 
2D-2D coupled finite element problem for line and circular contacts respectively. This leads to 
significant reductions in computational overhead and cpu times as will be shown in the following 
section.          

5. Results and Discussion 

In this section, the performance of the newly proposed SCS reduced model is investigated 
and compared to that of the full model. In addition, the generality of its solution scheme is put to 
the test. In the remainder of this work, both line and circular contacts are considered to be 
operating under isothermal Newtonian regime. Steel-Steel contacts are taken with a lubricant 
having an ambient-pressure viscosity 0.1Pa sRµ = ⋅  and a pressure-viscosity coefficient 

115GPaα −= . The Roelands [30] equation and the Dowson and Higginson [31] relationship are 
used to describe the pressure-viscosity and pressure-density dependence respectively. The radius 
of the rolling elements (cylinder or ball) is taken to be 15mmR = . 

5.1. Mesh Specifications 

In this section, the mesh sensitivity of the proposed SCS model is studied in order to select an 
adequate mesh to be used throughout this work. Five different mesh cases are considered for 
each of the line and circular contact cases. These are called: “Extra Coarse”, “Coarse”, 
“Normal”, “Fine” and “Extra Fine” as the mesh size is reduced gradually from one to another. 
Each of these mesh cases is constructed in such a way to better meet the specificities of the EHL 
problem. That is, the mesh size is chosen to be small in the vicinity of the contact domain and 
then it increases with distance from the contact. Even further, it is chosen to be the smallest in 
the Hertzian contact domain and then it increases gradually when moving towards the inlet and 
outlet regions of the contact and in the depth of the solid domains. This is because the solution of 
the EHL problem experiences the steepest variations in the vicinity of the contact domain, more 
specifically in the Hertzian contact region, and these variations decay further and further when 
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moving away from that region. Figures 4 and 5 show the “Extra Coarse”, “Normal” and “Extra 
Fine” mesh cases for line and circular contacts respectively. The properties of each of the five 
considered mesh cases for each of the line and circular contact problems are summarized in table 
1. The latter provides, for each mesh case, the number of nodes in the elastic domain en , the 

number of nodes in the hydrodynamic / contact domain hn , the total number of dofs of the 
corresponding full model 2 1dof e hn n n= × + +  (line contact) or 3 1dof e hn n n= × + +  (circular 

contact) and the total number of dofs of the corresponding reduced model ˆ 2 1dof hn n= × + . 

 
Figure 4: “Extra Coarse” (left), “Normal” (center) and “Extra Fine” (right) mesh cases for line contacts 

 
Figure 5: “Extra Coarse” (left), “Normal” (center) and “Extra Fine” (right) mesh cases for circular contacts 

Mesh Case 
Line Contacts Circular Contacts 

en  hn  dofn  ˆdofn  en  hn  dofn  ˆdofn  

Extra Coarse 741 105 1588 211 6984 2589 23542 5179 
Coarse 1816 203 3836 407 13678 5496 46531 10993 
Normal 5419 499 11338 999 30541 11013 102637 22027 

Fine 10773 909 22456 1819 67743 21546 224776 43093 
Extra Fine 63927 4229 132084 8459 101527 32922 337504 65845 

Table 1: Properties of the different mesh cases considered for line and circular contacts 
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A mesh sensitivity analysis is carried out in order to select the most adequate mesh that would 
guarantee grid-independent solutions for each of the line and circular contact problems without 
using an exceedingly high number of dofs. For this, typical heavily loaded line and circular 
contacts are considered. The former is chosen to have Moes [32] parameters of 200M =  and 

10L = with a Hertzian contact pressure 3.76GPahp =  while for the latter 2000M = , 10L =  

and 3.06GPahp = . Heavily loaded contacts are chosen since these are known to be much more 
mesh-sensitive than lightly loaded ones. 

 
Figure 6: Dimensionless central and minimum film thickness mesh sensitivity analysis for typical heavily 

loaded line contact (left) and circular contact (right) cases 

The parameters used in assessing mesh sensitivity are the dimensionless central film thickness 

cH  and minimum film thickness mH . These are plotted in figure 6 against the total number of 
dofs ˆdofn  of the corresponding reduced model for each of the considered five mesh cases for the 

line contact (left) and circular contact (right) problem. It is clear from figure 6 that a “Normal” 
mesh is sufficient to guarantee converged grid-independent solutions and that any further 
decrease in mesh size would be unnecessary and unjustified as it would lead to negligible 
variations in the solution. This being said, unless stated otherwise, from this point on, the 
“Normal” mesh case is used throughout the remainder of this work. 

5.2. Typical Test Cases 

Figure 7 (left) shows the dimensionless pressure and film thickness profiles for a typical 
lightly loaded line contact with the Moes [32] parameters 10M =  and 10L =  with a Hertzian 
contact pressure 0.84GPahp = . Figure 7 (right) shows the same results for a typical highly 

loaded line contact with 200M = , 10L =  and 3.76GPahp = . These results reveal the typical 
features of EHL line contacts, that is, the presence of a pressure spike towards the exit of the 
contact associated with a film thickness constriction in the same region. They also show how for 
heavily loaded contacts the pressure distribution approaches a Hertzian profile. 
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Figure 7: Line contact dimensionless pressure and film thickness profiles for a typical lightly loaded contact (left) 
and highly loaded contact (right) 

 

Figure 8: Circular contact dimensionless pressure and film thickness profiles for a typical lightly loaded contact 
(top) and highly loaded contact (bottom) 

Figure 8 (top) shows the dimensionless pressure and film thickness distributions for a typical 
lightly loaded circular contact with 20M = , 10L =  and 0.66GPahp =  while figure 8 (bottom) 
shows the same results for a typical highly loaded circular contact with 2000M = , 10L =  and 

3.06GPahp = . These results also reveal the typical features of EHL circular contacts, that is, the 
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pressure spike in the exit region of the contact and the associated film thickness horseshoe-like 
shape in the same region. Note that film thickness profiles are inverted for a better visibility. The 
results of figures 7 and 8 provide a qualitative validation of the SCS methodology proposed in 
this work. A further quantitative validation along with a performance assessment will be carried 
out later. 

Note that for cases where the two solids cannot be reduced to an equivalent one (e.g. 
subsurface inclusions with different shapes, dimensions and/or material properties), the linear 
elasticity equations and the SCS algorithm would have to be applied to each of the solid domains 
separately. Obviously, the number of master dofs for the linear elasticity part would be doubled 
in this case. Such an example is shown in figures 9 and 10 for the lightly loaded line contact case 
considered earlier ( 10M =  and 10L = ). In fact, a square subsurface inclusion of dimensionless 
side length of 0.1, is added to the subsurface of one of the two contacting solids. The center of 
the inclusion lies below the contact center ( 0X = ), at a dimensionless depth of 0.2 below the 
contact surface. Steady-state operation is considered, by assuming that the solid with the sub-
surface inclusion has a zero surface velocity while the other solid has a surface velocity which is 
twice the mean entrainment speed. In other words, pure-sliding conditions are assumed. Two 
types of inclusions are considered: “Soft” and “Hard”. The former has a Young’s modulus of 
elasticity which is half that of the substrate while that of the latter is twice that of the substrate. 
Figure 9 shows the corresponding dimensionless pressure (left) and film thickness (right) 
distributions over the contact domain. The case without surface inclusion is also shown for 
comparison. It is clear that subsurface inclusions have an effect on pressure, whereby a hard 
inclusion leads to a bump in the pressure profile right above it while a soft one induces an indent 
in the pressure profile compared to the case without subsurface inclusion. The effect on film 
thickness is negligible, at least with the current considered inclusion size and properties.  

 
Figure 9: Effect of subsurface inclusions on line contact dimensionless pressure (left) and film thickness (right) 

profiles for the case M=10, L=10. 
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Figure 10: Effect of subsurface inclusions on line contact dimensionless Von Mises stress distribution within the 
solid containing the inclusion, for the case M=10 and L=10.   

Figure 10 shows the dimensionless Von Mises stress distribution within the subsurface of the 
solid domain containing the inclusion. For the sake of visibility, only a zoom on a 6×6 square 
region around the contact domain is shown. The access to subsurface stresses is another 
advantage of the proposed methodology. The latter can be useful for the study of contact fatigue 
damage for instance.    

5.3. Splitting Algorithm Tuning 

In this section, the “Splitting” algorithm used to retrieve a standard finite element sparsity 
pattern for the Jacobian matrix of the SCS model is scrutinized and its parameters are tuned. 
Recall that the overall matrix system governing the SCS model is provided in equation (28). The 
matrix on the left-hand-side is the Jacobian matrix. The solution of this system involves two 
iterative procedures: the Newton procedure denoted by the iteration index i  and the “Splitting” 
procedure denoted by the iteration index k . “Splitting” iterations are embedded in every Newton 
iteration, and these are repeated until a converged Newton increment is attained. Next, the 
properties of this matrix system are examined and the parameters of the “Splitting” procedure are 
tuned for optimal performance. 

5.3.1. Matrix Properties 

First, in order to understand the need for a “Splitting” algorithm to speed-up the resolution 
process, the numbers of nonzero entries of the linear elasticity matrices of the full model ( eeK ) 

and the reduced model before and after splitting ( ˆ
eeK  and ˆ n

eeK  respectively) are reported in table 

2 for all five mesh cases of the line and circular contact problems. These are denoted nzn , ˆnzn  

and ˆn
nzn  respectively. In fact, the number of operations required for the resolution of a sparse 

linear system of equations is proportional to the number of nonzero entries in its corresponding 
left-hand-side matrix. This is why this number is used here as an indicator for the computational 
overhead associated with the resolution of the full and reduced EHL problems. The number of 
nonzero entries of the Jacobian matrices of these models is only different for their linear 
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elasticity stiffness sub-matrices eeK  and ˆ
eeK . Note that 2ˆnz hn n=  since ˆ

eeK  is a dense h hn n×  
matrix. It is clear from table 2 that, though the size of the linear elasticity stiffness submatrix is 
reduced by “Static Condensation”, its number of nonzero entries is not necessarily reduced. Only 
in the “Extra Coarse” and “Coarse” mesh cases for the line contact problem ˆnz nzn n<  while for 

all the remainder cases it is not. Even worse, ˆnzn  becomes larger and larger than nzn  as the mesh 
size is decreased. This being said, as mentioned earlier, the solution of the reduced system of 
equations becomes more computationally demanding than that of the full model in these cases. 
When “Splitting” is used, only the near contribution ˆ n

eeK  of the reduced linear elasticity stiffness 

sub-matrix ˆ
eeK  is retained in the Jacobian while the remainder is moved to the right-hand-side. 

Thus, as can be seen in table 2, the corresponding number of nonzero entries ˆn
nzn  becomes 

extremely small compared to both nzn  and ˆnzn  for all mesh cases for both line and circular 
contacts. This would lead to a significantly reduced computational overhead as shall be discussed 
later. 

Mesh Case 
Line Contacts Circular Contacts 

nzn   ( )2ˆnz hn n=  ˆn
nzn  nzn  ( )2ˆnz hn n=  ˆn

nzn  
Extra Coarse 23868 11025 417 1531764 6702921 29343 

Coarse 59392 41209 809 3015720 30206016 62616 
Normal 178924 249001 1993 6871131 121286169 125679 

Fine 357108 826281 3633 15593283 464230116 246636 
Extra Fine 2133996 17884441 16913 23400207 1083858084 377190 

Table 2: Number of nonzero entries of eeK  and ˆ
eeK (before and after “Splitting”) for line and circular contacts 

Next, the diagonal dominance of ˆ
eeK  is examined. As mentioned earlier, the success of any 

“Splitting” algorithm relies heavily on the diagonal dominance of the corresponding matrix 
system. In order to verify the diagonal dominance of the reduced linear elasticity matrix ˆ

eeK  

arising in the SCS model, figure 11 shows the variations of the normalized values of ˆ
eeK  

coefficients as a function of the X-location of their corresponding node, for a given node in the 
vicinity of the contact center. That is, only the row of ˆ

eeK  corresponding to the equation of the 
node located in the vicinity of the contact center is considered. Then for each column, its value is 
reported as a function of the X-location of its corresponding node. In fact, the ˆ

eeK  value at row i  
and column j  corresponds to the effect of node j  on i . Note that, the values are normalized 
with respect to the diagonal value and that for the circular contact case, the bottom figure 
corresponds only to the central line of the contact in the X-direction i.e. ˆ

eeK  values for nodes 

belonging to this central line only are reported. The purpose is to show how ˆ
eeK  values for a 

given node decrease with distance from that node. 
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Figure 11: Decay of normalized ˆ

eeK  coefficients with distance for a considered node in the vicinity of the 
contact center: line contact (Top), circular contact (Bottom) 
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Figure 11 clearly reveals that ˆ
eeK  is strongly diagonally dominant and that its entries decay 

very rapidly as one moves away from the diagonal ( 0X =  in this case). Note that the decay 
amplitude becomes larger when the mesh size is decreased for the line contact case, while for 
circular contacts the decay extent seems to be much less dependent on mesh size. Also note that 
the decay amplitude is several orders of magnitude greater in the circular contact case compared 
to the line contact one. The increase in ˆ

eeK  values near the edges of the Hertzian contact region 
is due to the sudden increase in mesh size around these locations. In fact, the mesh size is chosen 
to be relatively constant in the Hertzian contact region, and then it increases progressively with 
distance from that region as can be seen in figures 4 and 5.   

Next, the parameters of the “Splitting” algorithm are tuned in order to optimize this procedure 
and reduce its associated computational overhead as much as possible. 

5.3.2. Stopping Criterion 

As mentioned earlier, the stopping criterion for the “Splitting” algorithm embedded in every 
Newton iteration of the SCS model is that the L2-norm (normalized with respect to the problem 
size / total number of unknowns) of the increment vector of the overall solution { }0

ˆ , ,W P Hδ δ δ  

between two consecutive “Splitting” iterations 1k −  and k  falls below a certain threshold. The 
choice of this threshold is discussed here. Three different values are taken ( 310− , 410−  and 510− ) 
and two typical test cases are considered (light and heavy load) for each of the line and circular 
contact cases. For the line contact case, the light load corresponds to 10M = , 10L =  and 

0.84GPahp =  while for the heavy load 200M = , 10L =  and 3.76GPahp = . As for the 

circular contact case, the light load corresponds to 20M = , 10L =  and 0.66GPahp =  and the 

heavy load to 2000M = , 10L =  and 3.06GPahp = . The results are summarized in table 3. 

Table 3 provides the number of Newton iterations, the total number of “Splitting” iterations 
(the summation of “Splitting” iterations for all Newton iterations) and the minimum film 
thickness deviation with respect to the value obtained using the full model, for all considered 
values of the stopping criterion and all considered test cases. First, note that the number of 
Newton iterations (which are much more computationally expensive than the “Splitting” 
iterations) is not affected by the choice of stopping criterion, except for the smallest value of 

310−  where one can note an increase with respect to other values for the lightly loaded line 
contact case. Second, note that for lightly loaded contacts, the number of “Splitting” iterations is 
far greater than that needed for heavily loaded contacts. This is not surprising though, as heavy 
loads usually have pressure and elastic deformation profiles that are nearly Hertzian. But 
remember that Hertzian pressure and elastic deformation are chosen as initial guesses for the 
Newton procedure. As such, for these contacts, the solution increments at Newton iterations are 
very small, and the numbers of “Splitting” iterations required to reach them are expected to be 
small since for “Splitting” purposes, the initial guess for the elastic deformation increment is 
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chosen to be nil. Lightly loaded contacts on the other hand, have pressure and elastic 
deformation distributions that significantly deviate from Hertzian profiles and as such, require a 
much larger number of “Splitting” iterations for their solutions to be reached. It is important to 
mention that the number of “Splitting” iterations is not distributed evenly amongst Newton 
iterations. In fact, solution increments usually decrease as a Newton procedure advances and 
converges towards the actual solution. This is why the number of “Splitting” iterations decreases 
gradually and typically the last few Newton iterations only require one or two “Splitting” 
iterations maximum. Third, note that the minimum film thickness deviations from the full 
model’s solution are in all cases less than 1% except for the smallest value of 310−  of the 
stopping criterion for the lightly loaded circular contact case. 

Parameter Splitting Algorithm 
Stopping Criterion 

Line Contact Circular Contact 
Light Load Heavy Load Light Load Heavy Load 

# Newton Iter. 
10-3 35 23 24 22 
10-4 30 23 24 22 
10-5 30 23 24 22 

# Splitting Iter. 
10-3 308 37 221 61 
10-4 704 97 843 87 
10-5 2886 209 2360 140 

Hm Deviation 
(%) 

10-3 0.97 0.78 1.21 0.53 
10-4 0.08 0.22 0.37 0.15 
10-5 0.04 0.02 0.05 0.01 

Table 3: Choice of stopping criterion for “Splitting” algorithm within SCS 

Finally, note that when the stopping criterion is decreased, the solution precision is improved 
as evidenced by the decrease in minimum film thickness deviations, but this comes at the 
expense of an increased number of “Splitting” iterations. Therefore, a proper balance has to be 
established between solution precision and computational overhead. The value of 310−  for the 
stopping criterion is excluded since it may lead to an increased number of Newton iterations in 
some cases as it may also lead to minimum film thickness deviations exceeding 1%. The value of 

510−  is also excluded as it leads to a significantly increased number of “Splitting” iterations for 
only a negligible gain in solution precision. Therefore, the value of 410−  seems to be the most 
suitable for striking a proper balance between solution precision and computational overhead. 
This value will be used throughout the remainder of this work. 

5.3.3. Relaxation 

In this section, the possible use of a relaxation [33] strategy to speed-up the “Splitting” algorithm 
is investigated. The general idea behind relaxation is to use a multiplying factor γ  in updating 
the solution increment vector between two consecutive “Splitting” iterations as follows: 
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0 0 0 0

ˆ ˆ ˆ ˆk k k k
W W W W
P P P P

H H H H

δ δ δ δ
γδ δ δ δ

δ δ δ δ

− −        
        = + −        

                

  (29) 

The relaxation factor must fall in the range 0 2γ< <  for convergence to be theoretically 
possible. Relaxation is a technique commonly used in iterative procedures to amplify / “over-
relax” ( 1γ > ) or damp / “under-relax” ( 1γ < ) the solution increments between two consecutive 
iterations. Over-relaxation is useful in accelerating a slow convergence procedure while under-
relaxation is used to make convergence possible or more robust in a procedure that tends to 
diverge. This would obviously lead though to an increased number of iterations. Table 4 provides 
the total number of “Splitting” iterations required for the same cases considered in the previous 
section, as a function of the relaxation factor γ . Values of γ  ranging from 0.25 to 1.75 are 
considered. Note that the number of Newton iterations is not affected by the choice of relaxation 
factor as the stopping criterion for the “Splitting” algorithm remains unchanged. Only the speed 
of convergence or number of iterations of the latter is affected. This is why the number of 
Newton iterations is not reported in table 4. 

γ   
# Splitting Iter. 

Line Contact Circular Contact 
Light Load Heavy Load Light Load Heavy Load 

0.25 1595 158 1388 170 
0.50 1066 134 1066 107 
0.75 835 111 932 81 
1.00 704 97 843 87 
1.25 610 87 774 207 
1.50 546 95 719 No Conv. 
1.75 535 220 No Conv. No Conv. 

Table 4: Choice of relaxation factor for “Splitting” algorithm within SCS 

Table 4 clearly reveals again the relatively small number of “Splitting” iterations for heavily 
loaded contacts as compared to lightly loaded ones. In terms of the effect of the relaxation factor 
on the speed of convergence, it is clear that when γ  is increased, the number of “Splitting” 
iterations is reduced. However, for the largest values considered here (1.50 and 1.75), the 
resolution process seems to lose its robustness as indicated by an increase in the number of 
“Splitting” iterations in some cases or even worse by a loss of convergence in other cases. Since 
very little is gained by increasing γ  above 1 and in order to preserve the robustness of the 
resolution process, 1γ =  will be used throughout the remainder of this work. In other words, a 
“no-relaxation” strategy is adopted. 

5.4. Preservation of Solution Scheme Generality 

This section aims at proving that the generality of the solution scheme is preserved within the 
SCS framework and that the proposed MOR technique preserves the completeness of the 
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solution space as claimed earlier. For this, two types of tests will be used: the use of unusual 
loading patterns and the incorporation of surface features. 

5.4.1. Unusual Loading Patterns 

In order to show that the MOR technique applied to the linear elasticity part of the EHL 
model within the SCS framework preserves the generality of the solution scheme, in this section, 
the linear elasticity problem is solved alone while using some unusual loading patterns that are 
not typically encountered in EHL. 

 
Figure 12: Dimensionless elastic deformation of the equivalent solid for the line contact case under unusual loading 

patterns: “Triangular’ (left) and “Step” (right) 

 
Figure 13: Dimensionless elastic deformation of the equivalent solid along the central line of the contact in the X-

direction for the circular contact case under unusual loading patterns: “Conical’ (left) and “Step” (right) 

Two types of dimensionless pressure loading are considered: a “Triangular” and a “Step” 
loading of unit amplitude over the Hertzian contact domain. For the circular contact case, the 
“Triangular” loading is a “Conical” one. Figures 12 and 13 show the dimensionless elastic 
deformation of the equivalent solid under these two unusual loading patterns for the line and 
circular contact cases respectively. The solutions obtained with both the full model and the 
reduced one using SCS are shown. The loading patterns are also shown in these figures. For the 
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circular contact case, the dimensionless elastic deformation along the central line of the contact 
in the X-direction is shown in figure 13. Figures 12 and 13 reveal a perfect agreement between 
the solutions obtained with the full model and SCS. This shows the ability of the employed MOR 
technique to capture such unusual patterns. This is not the case with other MOR techniques 
found in the recent EHL literature [16] [17] [18] [19] which require the specific incorporation of 
these unusual features into the reduced solution space for the reduced model to be able to capture 
them. 

5.4.2. Inclusion of Surface Features 

In this section, surface roughness features are included in the solution of the EHL problem. 
Steady-state operation is considered. That is, the surface features are assumed to be added to 
only one of the contacting solids. The latter is assumed to have a zero surface velocity while the 
other solid has a surface velocity which is twice the mean entrainment speed. In other words, 
pure-sliding conditions are assumed. Three types of surface features are considered in this 
section: “Indent”, “Bump” and “Waviness”. The first two are located at the contact center while 
the last one spreads over the entire contact domain. The film thickness equations for the line and 
circular contact cases are amended to include surface features as follows: 
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Note that the above inclusion of surface features into the film thickness equation does not 
take into consideration the deformation of the surface feature itself. Contrarily to the half-space 
approach, the linear elasticity approach employed in this work for the evaluation of the elastic 
deformation of the solids allows the consideration of the actual deformation of the surface 
features. In fact, a more elegant way of accounting for surface features in the solution of the EHL 
problem would be to include these in the geometry of the solid domain and the solution of the 
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linear elasticity equations. However, this is beyond the scope of the current work. The aim here 
is to simply show that the generality of the solution scheme is preserved with the proposed model 
order reduction technique. 

Figures 14 and 15 show the dimensionless pressure and film thickness profiles obtained for the 
three different considered surface features using the full and SCS models for the line and circular 
contact cases respectively. The surface features along with their parameters A  and ω  are also 
shown on these figures. For the circular contact case, solutions are shown along the central line 
of the contact in the X-direction in figure 15.  The Moes parameters are 10M = , 10L =  and 

0.84GPahp =  for the line contact case and 20M = , 10L =  and 0.66GPahp =  for the circular 
contact case. 

 
Figure 14: Dimensionless pressure and film thickness profiles for the line contact case with surface features: 

“Indent” (left), “Bump” (center) and “Waviness” (right) for the case 10M = , 10L =  and 0.84GPahp =  

 
Figure 15: Dimensionless pressure and film thickness profiles along the central line of the contact in the X-

direction for the circular contact with surface features: “Indent” (left), “Bump” (center) and “Waviness” 
(right) for the case 20M = , 10L =  and 0.66GPahp =  

Figures 14 and 15 show a perfect agreement between solutions obtained using the full and 
reduced models. Again, this proves the completeness of the reduced solution space and the 
ability of the SCS model to adapt to any features without the need to have them specifically 
incorporated in its solution space. 

5.5. Performance Analysis 

In this section, the performance of the SCS model is examined and compared to that of the full 
model. All computations are run on a personal laptop using a single Intel Core i7 - 2.7 GHz 
processor. First, the “Offline” phase consisting in generating the reduced solution space by 
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computing the reduced linear elasticity stiffness matrix ˆ
eeK  is examined. Table 5 shows the 

“Offline” cpu time for both the line and circular contact cases as well as the numbers of masters 

mn  and slaves sn  for every considered mesh case. This gives the reader an idea about the 

reduction order ( )m m sn n n+  for the linear elasticity part of the EHL model as well as the 

computational effort required to generate the corresponding reduced solution space. 

Mesh Case 
Line Contact Circular Contact 

mn   sn  Offline cpu time (s) mn   sn  Offline cpu time (s) 
Extra Coarse 105 1377 0.1 2589 18363 203.6 

Coarse 203 3429 0.4 5496 35538 936.5 
Normal 499 10339 2.4 11013 80610 4371.5 

Fine 909 20637 10.4 21546 181683 26675.3 
Extra Fine 4229 123625 367.5 32922 271659 92858.1 

Table 5: Offline phase computational overhead 

Note that the cpu time of the “Offline” phase may be very large, especially for circular 
contacts where it may exceed a full day of calculation for the finest mesh case considered here. 
However, the reader is reminded that this phase is independent of the material properties as well 
as the operating conditions. It only depends on the mesh. As such, it is carried out only once for a 
given mesh and the result is stored for later use. It is also important to mention that in practice, 
for the EHL problem, the geometry of the computational domain proposed in this work as well 
as its meshing are very rarely, if not never, to be changed. Only in some very special cases, such 
as the treatment of very light loads, does the geometrical domain of the contact have to be 
amended. In fact, for such cases, the inlet domain of the contact has to be extended beyond 

4.5X = −  to prevent “numerical starvation”. This being said, the excessive computational 
overhead associated with this “Offline” phase is not considered prohibitive. Besides, when 
compared to other MOR techniques introduced in the recent EHL literature [16] [17] [18] [19], 
these involve “Offline” phases that are not only more computationally demanding, but they also 
require a very high level of expertise in the generation of their corresponding reduced solution 
spaces. 

Next, the performance of the SCS model compared to that of the full model is investigated in 
terms of solution precision and computational times. Table 6 provides a comparison of the 
dimensionless central ( cH ) and minimum ( mH ) film thicknesses obtained using the SCS and full 
models under a wide variety of operating conditions (indicated by their M  and L  values) for 
line contacts. Also the relative deviations between these film thicknesses are reported. Note that 
these are not a consequence of model reduction as the employed MOR technique is exact, but 
rather a consequence of the “Splitting” procedure and its associated stopping criterion. Table 7 
provides the numbers of iterations and cpu times for the same considered cases. Tables 8 and 9 
provide similar results for the circular contact case. The results of tables 6, 7, 8 and 9 reveal the 
fast convergence characteristics associated with full-coupling as discussed in the first part of this 
work. In fact, in most cases 10 to 20 Newton iterations are sufficient to attain a converged 
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solution. This is a direct consequence of full-coupling, a process by which each part of the 
problem is made intimately aware of the evolution of the solution of other parts at the same 
iteration within the global nonlinear resolution procedure. 

   M L ph 
(GPa) 

Hc Hm 
Full SCS Dev.(‰) Full SCS Dev.(‰) 

5 
5 0.30 0.28926289 0.28871749 1.89 0.23630456 0.23631505 0.04 

10 0.59 0.38859131 0.38739138 3.09 0.32848184 0.32873824 0.78 
15 0.89 0.47400317 0.47237905 3.43 0.41055663 0.41007381 1.18 

10 
5 0.42 0.12901226 0.12834455 5.18 0.10720002 0.10684791 3.28 

10 0.84 0.17737420 0.17651058 4.87 0.15237472 0.15199310 2.50 
15 1.26 0.21967621 0.21868348 4.52 0.19245033 0.19199527 2.36 

50 
5 0.94 0.01962625 0.01946526 8.20 0.01707285 0.01694981 7.21 

10 1.88 0.02812540 0.02794688 6.35 0.02500263 0.02487632 5.05 
15 2.82 0.03573816 0.03556068 4.97 0.03214833 0.03203476 3.53 

200 
5 1.88 0.00388774 0.00387572 3.09 0.00358239 0.00356941 3.62 

10 3.76 0.00574129 0.00571940 3.81 0.00529753 0.00528062 3.19 
15 5.64 0.00740704 0.00738310 3.23 0.00679827 0.00677808 2.97 

Table 6: Relative dimensionless film thickness deviations between the full and SCS models for the line contact case 

M L ph 
(GPa) 

Full Model SCS Model 
# Newt. Iter. cpu time (s) # Newt. Iter. # Split. Iter. cpu time (s) 

5 
5 0.30 13 2.4 20 288 0.3 

10 0.59 12 3.7 17 556 0.6 
15 0.89 9 1.6 15 467 0.5 

10 
5 0.42 10 1.9 10 282 0.2 

10 0.84 11 1.3 14 259 0.3 
15 1.26 12 2.0 27 571 0.7 

50 
5 0.94 12 1.3 10 102 0.2 

10 1.88 9 1.7 11 82 0.2 
15 2.82 12 1.3 25 188 0.4 

200 
5 1.88 17 3.2 21 106 0.4 

10 3.76 15 2.8 16 36 0.2 
15 5.64 18 3.3 23 94 0.3 

Table 7: Performance analysis for the line contact case: comparison between the full and reduced models 

M L ph 
(GPa) 

Hc Hm 
Full SCS Dev.(‰) Full SCS Dev.(‰) 

20 
5 0.33 0.29327211 0.29366767 1.35 0.20334010 0.20420589 4.26 

10 0.66 0.40373538 0.40404381 0.76 0.28063953 0.28172149 3.86 
15 0.99 0.49655461 0.49686560 0.63 0.35233738 0.35389910 4.43 

100 
5 0.56 0.09141518 0.09141276 0.03 0.04928137 0.04946507 3.73 

10 1.13 0.12828340 0.12818469 0.77 0.07019032 0.07036419 2.48 
15 1.69 0.15955067 0.15946295 0.55 0.09017638 0.09031532 1.54 

500 
5 0.96 0.02699949 0.02694845 1.89 0.01064093 0.01062952 1.07 

10 1.93 0.03862610 0.03856232 1.65 0.01550797 0.01549888 0.59 
15 2.89 0.04902575 0.04898528 0.83 0.02040725 0.02043913 1.56 

2000 
5 1.53 0.00921479 0.00919703 1.93 0.00256054 0.00256283 0.89 

10 3.06 0.01351635 0.01349647 1.47 0.00391832 0.00391148 1.75 
15 4.59 0.01737217 0.01735804 0.81 0.00524606 0.00525657 2.00 

Table 8: Relative dimensionless film thickness deviations between the full and SCS models for the circular 
contact case 
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M L ph 
(GPa) 

Full Model SCS Model 
# Newt. Iter. cpu time (s) # Newt. Iter. # Split. Iter. cpu time (s) 

20 
5 0.33 10 450.8 9 198 54.6 

10 0.66 9 389.1 14 476 116.0 
15 0.99 12 512.2 22 396 105.7 

100 
5 0.56 9 386.9 10 79 37.0 

10 1.13 9 341.7 30 348 113.5 
15 1.69 16 592.3 44 480 167.5 

500 
5 0.96 11 453.8 10 47 29.0 

10 1.93 11 456.9 18 100 58.8 
15 2.89 16 652.7 37 265 128.6 

2000 
5 1.53 17 691.8 16 40 43.6 

10 3.06 16 596.5 19 59 46.3 
15 4.59 18 762.9 33 161 102.9 

Table 9: Performance analysis for the circular contact case: comparison between the full and reduced models 

Tables 6, 7, 8 and 9 reveal a very good agreement between the solutions obtained using the 
SCS and full models with deviations of the order of a few per mil or less. Note that deviations 
are relatively smaller in the circular contact case. This may be due to the stronger diagonal 
dominance of the corresponding reduced linear elasticity stiffness matrix discussed earlier. In 
terms of computational speed / cpu times, first note that in some cases, for a similar number of 
iterations, cpu times may be relatively different. These differences are inherent to the employed 
damped Newton [25] technique for the nonlinear resolution procedure. The latter involves the 
evaluation of a damping factor at every Newton iteration. This operation has an associated 
computational overhead that may vary with the nonlinearity of the problem at hand. Also note 
that SCS offers a speed-up compared to the full model ranging between a factor of at least 3 and 
at best 15 depending on operating conditions. One can note that, heavily loaded cases generally 
offer a larger speed-up. This is not surprising since, as discussed earlier, the number of 
“Splitting” iterations associated with these cases is lower than for lightly loaded ones because 
their solution is much closer to the employed initial guess. On average, the speed-up offered by 
SCS is less attractive than other MOR techniques found in the recent EHL literature [16] [17] 
[18] [19]. However, the newly proposed SCS technique offers numerous advantages compared to 
those as discussed earlier. Finally, note the robustness of the proposed methodology which 
allows the resolution of very highly loaded contacts with Hertzian pressures reaching several 
GPa. Such cases are known to be a numerical challenge in the EHL literature. 

6. Conclusion 

This work presents SCS, an exact and general MOR technique for a fast fully-coupled finite 
element resolution of elastohydrodynamic lubrication problems. The reduction technique is 
based on the “Static Condensation” principle combined with “Splitting”. The former reduces the 
size of the elastic part within the EHL problem and confines it to the contact domain, but leads to 
a semi-dense Jacobian matrix. The latter allows retrieving a standard finite element sparsity 
pattern, alleviating the hurdle of inverting a semi-dense Jacobian matrix. The SCS technique 
offers less attractive orders of reduction compared to MOR techniques found in the recent 
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literature. However, it offers many advantages over those. First, it is exact and includes no 
approximations in the solution of the reduced model compared to the full one. As such, the 
second advantage is that it preserves the completeness of the solution space and the generality of 
the solution scheme which may be used to simulate new features such as non-Newtonian or 
thermal effects or also surface roughness without having to re-build the entire reduced solution 
space to include these new features. Last, it involves an “Offline” phase that is based on simple 
concepts of linear algebra and requires no advanced level of expertise in the generation of the 
reduced solution space. In addition, it is independent of material properties as well as operating 
conditions. It only depends on the mesh. As such, it has to be done only once for a given mesh 
and the result can be stored for later use without having to re-build the reduced solution space.  

The parameters of the newly proposed SCS model were tuned for optimal performance. An 
optimal stopping criterion was derived for the “Splitting” procedure embedded in every Newton 
iteration of the nonlinear resolution procedure. It establishes a proper balance / compromise 
between computational overhead and solution precision. The potential use of relaxation to 
further speed-up this procedure was investigated. It was found that very little gain was offered by 
relaxation, and that it comes at the expense of the robustness of the solution procedure. Thus, a 
“no-relaxation” strategy was found to be most suitable. 

The preservation of the generality of the solution scheme by the newly proposed MOR 
technique was demonstrated through concrete examples. A first set of examples demonstrated 
the ability of the technique to capture the elastic deformation of the contacting solids under 
unusual loading patterns. A second set demonstrated the ability of SCS to incorporate surface 
features in the solution of the EHL problem. These examples revealed that the methodology 
could be used to study cases involving new features without the need to redefine the reduced 
solution space. This is because the completeness of the latter is preserved by the exact MOR 
technique defined in this work. 

Finally, the performance of the newly proposed SCS model was investigated and compared 
to that of the full model in terms of solution precision and computational speed. It was shown 
that the same solutions were obtained using the two models with relative deviations not 
exceeding a few per mil. These deviations are not a consequence of model reduction as the 
employed MOR technique is exact, but rather a consequence of the “Splitting” procedure and its 
associated stopping criterion. In terms of computational speed, the SCS model was shown to 
offer speed-ups compared to the full model ranging between a factor of at least 3 and at best 15 
depending on operating conditions. The results also revealed the robustness of the proposed 
methodology which allows the resolution of very highly loaded contacts with Hertzian pressures 
reaching several GPa. Such cases are known to be a numerical challenge in the EHL literature. 

Nomenclature 

Rµ    : Lubricant viscosity at reference state (Pa.s) 
µ    : Dimensionless lubricant viscosity 
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υ    : Equivalent Poisson coefficient 

1υ   : Plane Poisson coefficient 

2υ   : Roller element Poisson coefficient 
ρ    : Lubricant density (kg/m3) 
ρ   : Dimensionless lubricant density 

Rρ    : Lubricant density at reference state (kg/m3) 
a    : Hertzian contact half-width (line contact) or radius (circular contact) (m) 
E    : Equivalent Young’s modulus (Pa) 

1E    : Plane Young’s modulus of elasticity (Pa) 

2E   : Roller element Young’s modulus of elasticity (Pa) 

rE    : Reduced Young’s modulus of elasticity (Pa) 
F    : Contact external applied load (line contact: N/m) (circular contact: N) 
h    : Lubricant film thickness (m) 
H    : Dimensionless lubricant film thickness 

0H    : Film thickness constant parameter 
M    : Moes dimensionless load parameter 
L    : Moes dimensionless material properties parameter 

cn    : Number of elements in the contact domain  

en    : Number of nodes for the elastic domain 

hn    : Number of nodes for the hydrodynamic domain 

mn   : Number of “master” dofs 

sn   : Number of “slave” dofs 

dofn    : Total number of degrees of freedom of the full EHL model 

ˆdofn    : Total number of degrees of freedom of the reduced EHL model  

p    : Pressure (Pa) 
P    : Dimensionless pressure 

hp    : Hertzian contact pressure (Pa) 
R    : Roller element radius (m) 
,  ,  u v w  : x, y and z-components of the solid’s elastic deformation field (m) 
,  ,  U V W   : Dimensionless x, y and z-components of the solid’s elastic deformation field  

mu    : Mean entrainment speed ( )1 2 2u u= +  (m/s) 

1u    : Plane surface velocity (m/s) 

2u    : Roller element surface velocity (m/s) 
,  ,  x y z   : Space coordinates (m) 
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,  ,  X Y Z   : Dimensionless space coordinates 

Subscripts 

1 : Flat plane 
2 : Roller element: cylinder (line contact) or ball (circular contact) 
e : Elastic 
h : Hydrodynamic 
l : Load balance 
m : Masters 
s : Slaves 

Dimensionless Parameters 

2 2 2 2

3 2

, , , , ,

, , ,

8 2With:    ,    (Line Contacts)

3 3     or     , (Circular Contacts)
2 2

h R R

h
r

h
r

x y z pX Y Z P
a a a p
h R u R v R w RH U V W
a a a a

F R Fa p
E a

F R Fa p
E a

ρ µρ µ
ρ µ

π π

π
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