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ABSTRACT

In this paper, we consider the problem of Maximum-
Likelihood (ML) detection with multi-antenna Impulse Ra-
dio Ultra-Wideband (IR-UWB) communications in the cases
where the information is modulated onto either the positions or
the positions and amplitudes of the transmitted UWB pulses.
The proposed solution assures good convergence times since
the structure of these sparse and multi-dimensional constella-
tions is taken into consideration. While all the known ML de-
coders can not be applied with these constellations that do not
have a lattice structure, the proposed solution assures an opti-
mal detection.

I INTRODUCTION

In the literature, space-time (ST) block codes were principally
associated with PAM and QAM constellations [1, 2]. For PAM
constellations, decoding a P x T ST block code transmitting
at a rate of n symbols PCU is equivalent to the detection in a
signal-space of dimension nT. For QAM, the real and imag-
inary parts of each information symbol can be decoded sepa-
rately and the decoding problem corresponds to the detection
in a 2nT-dimensional space where all the components of the
information vectors are independent from each other. For these
linear modulations, the linearity of a ST code facilitates the
design of maximum-likelihood (ML) decoders. The sphere de-
coder algorithms [3-6] constitute possible practical implemen-
tations of these ML decoders.
On the other hand, there is a growing interest in applying

ST coding techniques on Impulse Radio Ultra-Wideband (IR-
UWB) [7]. For IR-UWB, Pulse Position Modulations (PPM)
and hybrid Pulse Position and Amplitude Modulations (PPAM)
are appealing since they take advantage from the high tempo-
ral resolution to deliver higher data rates with lower complex-
ity [8]. For M-PPM and hybrid M-PPM-M'-PAM, the com-
ponents of the information vectors are not independent from
each other. Among the the M components of the vector rep-
resentation of each information symbol, only one component
can be different from zero (this component corresponds to the
position of the transmitted pulse). Therefore, even when linear
ST codes are used (for example the codes proposed in [7] for
IR-UWB), the sphere decoders can not be applied when these
codes are associated with PPM or PPAM.

The sphere decoding algorithms are based either on the
Pohst enumeration strategy [3, 4] or on the Schnorr-Euchner
enumeration strategy [5, 6]. These enumeration strategies cor-
respond to two different techniques adopted for spanning the
set of admissible values at each layer of the decoded informa-

tion vector. Initially proposed for decoding hypercubes carved
from lattices, non of the above strategies is adapted to PPM or
PPAM constellations.

In this paper, we consider the problem ofML detection with
multi-dimensional and non-linear PPM and PPAM constella-
tions. Inspired from the Schnorr-Euchner enumeration strategy,
we propose non-trivial modifications of the sphere decoders
based on this strategy. While ML detection with PPAM was
previously considered in [9], the solution that we propose in
this paper admits better convergence times.

Notations:. stands for the Kronecker product. The func-
tion round(x) rounds x to the nearest integer while Fxi rounds
x to the nearest odd integer. X:,k corresponds to the k-th
column of the matrix X. X(P) corresponds to the elements
(p -1)M + 1,.. ,pM of the MP-dimensional vector X
for p = 1, . . ., P. In the same way, X(P,P ) corresponds to
the M x M matrix composed from the elements X,j of the
PM x PM matrix X for i = (p -1)M + 1,.. .,pM and
j (p' -1)M + 1,...,p'M forp,p' 1,..., P. I ,n stands
for the m-th column of the M x M identity matrix 1M. OM
and 1M stand for the M-dimensional vectors whose compo-
nents are all equal to 0 and 1 respectively. For a vector x and a
matrix X, diag(x) constructs a square matrix whose diagonal
elements are equal to x while Diag(X) returns a vector com-
posed from the diagonal elements of X.

II PROBLEM FORMULATION

Consider a hybrid M-PPM-M'-PAM constellation where each
modulated pulse can occupy M positions with an amplitude
that can take M' possible values. This is a M-dimensional
constellation where each information symbol is represented by
a M-dimensional vector belonging to the set:

C {(2m'-1-M')I:,m; 1,...,M'; m = 1, ... . M
(1)

In what follows, PPM will be treated as a special case of
PPAM. Consider a multi-antenna Time-Hopping (TH) UWB
system with P transmit antennas, Q receive antennas and a
Rake equipped with L fingers. For M-dimensional constella-
tions, the linear dependence between the baseband inputs and
outputs of the channel can be expressed as:

X = XA+N (2)

where the QLM-dimensional vectors X and N stand for the
decision and noise vectors respectively. A C Cp is the PM-
dimensional information vector whose ((p 1 )M + m)-th
component corresponds to the amplitude of the pulse (if any)
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transmitted at the m-th position of the p-th antenna for m =

1,...,Mandp 1,...,P.
'H is the QLM x PM channel matrix given by 'H =

TX TQ]T whereTX = [X HTXT]T for q = ,. ,Q.
The matrix 7Hq,l is given by 'Hq,l = [Hq,l,l ... Hq,l,P] for
I 1, ..., L. Hq,l,p is a M x M matrix for p = 1,...,P.
The (m, m')-th element of 'Hq,l,p corresponds to the impact
of the signal transmitted during the m'-th position of the p-
th antenna on the m-th correlator (corresponding to the m-th
position) placed after the l-th Rake finger of the q-th receive
antenna. For example, for TH-UWB [7]:

Hq,l,p(m, in') = rq,p((m -m') + A1) (3)

at each level of the received symbol vector. Consider for ex-
ample the k-th level for a certain value of k C {1, ... . P}.
Designate by eCk,k the value of the received signal after apply-
ing a zero-forcing decision feedback equalization (ZF-DFE) (in
other words, eCk,k is considered in the subspace of the transmit-
ted constellation). Designate by R the upper triangular matrix
obtained by applying a QR decomposition on the channel ma-
trix and denote by rij its (i, j)-th component. When determin-
ing the squared Euclidean distance between the received vector
and the current node (the point we are checking in a search
algorithm), the influence of the k-th level is determined by:

d 2
= (rk,kC(e-k,k Xk))2 (ekk Xk)2

where d stands for the modulation delay. A1 is the l-th finger
delay and rq,p corresponds to the frequency selective channel
between antennas p and q.

For linear ST codes applied over T symbol durations and
transmitting at a rate of n symbols PCU, A becomes a nTM-
dimensional vector. In eq. (2), the matrix 'H must be replaced
by (IT 'H)@ where D is a TPM x nTM matrix describing
the linear dependence between the coded symbols and the in-
formation symbols. In what follows, we consider the decoding
of vectors composed of P sub-vectors each having M compo-
nents.
We consider the case where QL > P. In this case, 'H has

full-rank and eq. (2) can be written in an equivalent way as:

XpMX1 pHPMXPMAPMX 1 + NpMX1 (4)

where the indices indicate the corresponding matrices' dimen-
1

sions and H = (HTH) 2. The ML detection corresponds to
deciding in the favor of the vector A verifying:

A =arg min X -HA2 (5)
AG CP

For M-PPM-M'-PAM, the coordinates of the PM-
dimensional information vector A in eq. (4) are not indepen-
dent. A is composed of P sub-vectors that are multiples of
the columns of the M x M identity matrix. Taking this fact
into consideration, the transmit antenna array can be seen as
composed of P sub-arrays each having M "virtual" antennas
from which only one antenna is active at a time. But because of
the co-channel interference and the frequency selectivity of the
UWB channels, each one ofthe PM data streams will interfere
with all the other streams.

Moreover, the PPAM constellations are sparse. In fact, the
generated lattice has a cardinality of (M' + i)PM since the
amplitude in each position can be equal to zero in addition
to the M' nonzero values. However, among these points only
(MM')P points are valid. Therefore, applying the sphere de-
coders without any modifications results in non-valid points.

III DECODING ALGORITHM

The Schnorr-Euchner (SE) enumeration strategy was first ap-
plied in [5] for searching for the closest lattice point. This
enumeration enhances the spanning of the admissible interval

(6)

where V = R-1 (implying that Vk,k = rk since R is up-
per triangular), Xk is the k-th component of the checked lattice
point and the squared Euclidean distance is given by:

p

d2 E2d = idk
k=l

(7)

where the interference of the levels k + 1, .... P on the k-th
level is eliminated recursively by applying a ZF-DFE. Suppose
that R has positive diagonal elements, d2 is a second degree
function of Xk. The integer that minimizes d2 is given by Xk
round(ek,k). The second closest lattice point is given by Xk + 1
(resp. Xk- 1) when ek,k > Xk (resp. ek,k < Xk). In other
words, spanning the interval corresponding to the values ofthe
k-th coordinate of the lattice point in the order of increasing
distance is equivalent to the following enumeration:

Xk,k1 Xk,k+P, Xk,kc-P, Xk,k+ 2p, Xk,k- 2p, (8)

where p = sign(ek,k -Xk) (since Vk,k > 0 for k = 1, .... P).
For finite constellations, this spanning can be readily mod-

ified in order not to check lattice points that are outside the
boundaries of the transmitted constellation. The Schnorr-
Euchner enumeration with a 4-PAM constellation is repre-
sented schematically in Fig. 1 where the black points corre-
spond to the 4-PAM amplitude levels ({±1,±I3}) while the
gray points correspond to the infinite extension of 4-PAM. The
plotted parabola corresponds to the squared Euclidean distance
between the received point and the checked lattice point. The
enumeration is the same as in eq. (8) but now p is replaced
by 2p. Moreover, ip, for a certain integer i, is replaced by
-(i + l)p each time one of the upper or lower boundaries is
exceeded. The first time when both ip and -(i + l)p exceed
the constellation's boundaries, the search process is terminated
and the resulting point (±(M' -1) for M'-PAM) corresponds
to the point that has the largest distance from the received point.

Consider the case of multi-dimensional PPM or PPM-PAM
constellations. The received vector of length PM is now seen
as composed of P layers. However, in this case, each layer is
composed of a hypercube of dimension M rather than a finite
interval of points (of dimension 1) as with PAM constellations.
The M components of each hypercube can not span different
intervals independently because only one component can have
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closest lattice point received point

Figure 1: The Schnorr-Euchner enumeration with a 1-
dimensional 4-PAM constellation.

a nonzero value. Suppose that, for a given layer (composed
of M dimensions), we can efficiently order all the valid M-
dimensional sub-vectors of the PPM or PPM-PAM constella-
tion as a function of their increasing distances from a certain
received point. In this case, the sphere decoder based on the
Schnorr-Euchner enumeration can be readily modified to de-
code these constellations.

Unfortunately, ordering the MM' elements of a M-PPM-
M'-PAM constellation is not a simple task and the complex-
ity of this ordering might increase with the value of M'. In
what follows, we present a modified algorithm that performs a
'joint" M-dimensional span. It is not necessary to sort all the
valid MM' elements, it is sufficient to develop an efficient way
that permits to generate the M-dimensional vectors, at each
layer, in a recursive manner (just like the Schnorr-Euchner enu-
meration). In this case, the recursion is stopped ifthe point falls
outside the current sphere. The complexity of the proposed so-
lution does not increase with M'. As all the other decoders, the
complexity increases with M because this results in increasing
the dimensionality of the signal subspace.

The main difference between the Schnorr-Euchner enumer-
ation for PAM constellations and the proposed enumeration
strategy for PPM-PAM constellations is as follows. For the
enumeration with finite PAM constellations, falling outside the
boundaries of the constellation can be simply remedied by per-
forming a jump in the opposite sense. This is possible because
we are sure that this double jump results in an increase in the
Euclidean distance as shown in Fig. 1. For PPM-PAM, we
must be sure that the next candidate node is a valid node before
passing to this node. In fact, the relative increase in the mini-
mum distance resulting from this jump (at a certain component
of a given layer) must be compared with the increase induced
by passing to a next candidate node at the other components of
the same layer.

To be more explicit, we further highlight this point by an
example. Consider a 2-PPM-4-PAM constellation given by:

{(-3,0), (-1, ), (1,0), (3,0 ), (0, -3), (0, -1), (0, 1), (0, 3)}
(9)

and represented in Fig. 2. In this example, the closet lattice
point to the received point is given by (3, 0). Applying the SE
enumeration on the x-axis, the next lattice node in the sense of
increasing the minimum distance is the point (1, 0). Continu-

ing the SE enumeration on this axis, the next candidate node
is (5, 0). This is not a valid 4-PAM point and the SE enu-
meration will pass to the point (-1, 0). Denote by dA,B the
relative increase in the minimum distance when passing from
point A to point B. While d(1,o,(5,o) < d(1,o>,(O,i), we have
d(1,o)_(-1,o) > d(1,o),(o,1) and therefore, unlike the SE, the
next node is (0, 1) rather than the node obtained by performing
a double SE jump from (1, 0) (the point (- 1, 0)). Therefore,
a joint 2-dimensional enumeration is needed and the values of
dA,B at the two different levels ofthe same layer must be only
evaluated (and compared) for valid points A and B. An exam-
ple of a 2-dimensional span is shown in Fig. 2. In general, a
M-dimensional span must be applied and a new decoding al-
gorithm for PPM-PAM is needed.
We first give the pseudo code of the function "decide" that

will be used in the decoding algorithm. Denote by e(k) the
M-dimensional vector obtained by applying ZF on the levels
1,...,k-1,k+,...,PandDFEonthelevelsk+1,...,P.
Consider the m-th component of the k-th layer with m C
{1,. .., M} and k C {1,..., P}. If them-th coordinate ofthe
M-dimensional sub-vector at the k-th layer is given by xQk,
then the influence of the k-th layer on the squared Euclidean
distance is given by:

/
k k k

2 k)_X(k)R(k) 2
d= R(k) (Ae(k)-c1)I:,m) A E(k) m)Rm

= (E(k) ) TE(k)- 2x) (R(kQ)TE(k) + (Xv(k) )2 (RkQ)TR(
A(E(k) )TE(k) + D(k) (10)

Therefore, when the m-th level of the k-th layer is consid-
ered alone (the levels 1, . . . , m -1, m + 1, . . . ,M have zero
values and the m-th level is considered as a PAM constella-
tion), this level can be spanned in the following way:

(k) (k)+2P (k) X(k) (k) X+4k (k) 4X(k) (k)m: m P2m: m P2m: m 4Pm: m 4Pm:
(1w1)

where:

(12)x(mk) (R km)TEfk)
m zR(kk))TR(k)

4(k) FX(k) I (k)
m - m ; Pm

At the k-th layer, the input of the function "decide" consists
of R(k) and E(k). The outputs consists of the M-dimensional
vectors D(k), X(k) and X(k) whose m-th components are given
in eq. (10), eq. (12) and eq. (13) respectively. X(k) contains
the coordinates of the first node to be visited at the M levels
of the k-th layer (if these layers are consider separately). D(k)
stores the distances corresponding to these nodes while X(k) is
used to determine the SE span at the M levels. At this stage,
we know simply the starting point of each one of the M levels
as well as their corresponding SE enumerations without taking
into account the possibility ofpassing from one level to another
during the joint M-dimensional span (for example, in Fig. 2,
when passing from (2) -> (3), (5) -> (6) and (6) -> (7)).

In addition to D (k), X(k) and X(k) , the function "decide"
returns the scalars pos and amp that correspond to the position

(13)sign X(k) X(k)m m
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levels of the k-th layer are spanned when flag:,k has all of its
components equal to 1. The pseudo code of the sphere decoder
with M-PPM-M'-PAM constellations is given by:

Decoding algorithm (Input: [z, R, P, M, M', C]. Output: a)
received point

Step 1: Set k
bestdist

closest lattice point

Figure 2: The enumeration with a 2-dimensional 2-PPM-4-
PAM constellation.

and the amplitude of the closest lattice point respectively. The
pseudo code of the function "decide" is given by:

decide (Input: [Y, R, M']. Output: [pos, amp, x, X, D])

RTY ; Y =diag(Y1)

Diag (RTR) Y2 = diag (Y2)

X = Diag (Y (Y2) 1) = Xj

x = max( -M', x) ; x = min(M' 1,x)

P + 1, dist(k) = O, V = R-1, p = (
C (sphere squared radius). Let Co >> 1.

Step 2: newdist = dist(k) + pTp,
if (newdist < bestdist)&(k :t 1) go to Step 3 else go to
Step 4 endif.

Step 3: if k = P + 1, 1:,k- = Vz else
fori 1,.. .,k -1, e(M = e(i)V-(ik)p endfor endif.:,k -1 :,k
k = k -1, dist(k) = newdist, E(k) R(k,k)e(k)
[pos(k), amp(k), X:,k, X:,k,kD:,k

decide(E (k), R(k,k), M')
X,k = amp(k)I,pos(k)
step:,k = OM,
steppos(k),k = 2sign (Xstep(k),k -Xstep(k),k)
flag:,k = OM, flagl:,k 1M
if [(Xpos(k),k + stePpos(k),k < 1-M) or

(xpOS(k),k + stePpos(k),k > M'l- 1)]
steppos(k),k = -2sign (StePpos(k)k,),
flaglpos(k),k = 0 endif

p = E(k)- amp(k)Rjj)(k) go to Step 2.

Step 4: if newdist < bestdist

D =-2Diag (Yidiag (x)) + Diag (Y2 (diag (X))2)

pos = arg min (D) ; amp = x (pos)

In what follows, the variables step, flagl and flag are

M x P matrices. At the k-th layer step:,k is a M-dimensional
vector that permits to determine, at each one of the M levels,
the difference between the next generated node and the current
node. Throughout the algorithm, step is permanently modi-
fied to assure that Xm,k + stepm,k (the next node) is always a

valid PAM symbol when Xm,k (the current node) is valid. This
constraint is added since, as explained earlier, only valid points
must be considered. Note that stepm,k can be equal to zero.

In this case, performing Xm,k + stepm,k permits to pass to the
m-th level (from anyone of the other M -1 levels). Once the
m-th component is allowed to have a nonzero value, stepm,k
is updated according to:

{2pm 4pm 6pm pm)2sign(ipm)) ... -2sign(ip ))}

(14)
where p (k) is defined in eq. (13). i is the integer for which

(k)
Xm,k + iPm falls outside the boundaries of the PAM con-

stellation for the first time. When this happens, flaglm,k is
set to zero. In this case, for testing the remaining nodes, we

fix stepm1,k = -2sign(ipm ) vWhen XSm,k + stepm,,k falls
outside the boundaries for the second times, the spanning is
stopped at the m-th level and we set flagm,k to one. All the

for i' Pi,... ,a(i) = X,j endfor,
bestdist rnewdist elseif k = P, terminate else
k = k + I endif.
if Hmm=1 fl agm,=k 1 go to Step 4 endif
generate the next node:

R = R(k,k)
:,pOS(k)

Dstep(k),k 2 kRTE(') (xPos(k),k + steppos(k),k)
+ (RTR.) (xpOS(k) ,k+StePpos(k) ,k)2 + Coflagpo0 (k) ,k

pos(k) = argminm=...M(Dm,k)
XpOS(k),k = Xpos(k),k + stePpos(k),k.
if steppos(k),k = 0

stePpos(k),k = 2sign (Xpos(k),k x-Xpos(k),k) else

stPpos(k) ,k = (_j)f1ag1p,,(k) :k ste-pos(k) ,k

-2flagIPOS(k),ksign (StePpos(k),k)
endif.
if [(Xpos(k),k + stePpos(k),k < 1 M') or

(xPOS(k),k + stePpos(k),k1c> M' 1)]
if flagIpOS(k),k 0 flaglpo5(k),k 0,
steppos(k),k =-2sign(stePpos(k),k)
else fl agpos (k),k 1 endif.
if [(Xpos(k),k + stePpos(k),k < 1 M') or

(xPOS(k),k + stePpos(k),k > M' 1)]
flagpos(k),k = 1 endif endif.
amp(k) Xpos(k),k X:.k amp(k)I:,pOs(k),
p = E(k)- amp(k)R(k)(k) go to Step 2.

Y1

Y2
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-6- 3x3,4-PPM-2-PAM
--3x3,4-PPM-4-PAM

-V6 6x6,4PPM-2-PAM 102
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.-... ...k.A..

-.. .0..

10O

SNR per bit (dB)

Figure 3: Convergence w.r.t. algorithm 2 in [9] as a function of
the SNR for 4-dimensional constellations.

Lines 11 -14 of Step 3 as well as lines 17 -24 of Step 4
assure that the next node does not fall outside the boundaries of
the PAM constellation. This is why Dp,,(k),k can be evaluated
at the eighth and ninth lines of Step 4. At these lines, having
fl1agp,,(k),k equal to 1 avoids spanning the level pos(k) of the
k-th layer. Updating StePpos(k),k as in lines 14 -15 of Step 4
permits to generate the enumeration given in eq. (14).

IV SIMULATIONS AND RESULTS

Simulations show the performance over the IEEE 802.1 5.3a
channel model recommendation CM2 that corresponds to non-

line-of-sight propagation [10]. The antennas of the transmit
and the receive arrays are supposed to be sufficiently spaced so
that each one of the PQ sub-channels can be generated inde-
pendently from the other sub-channels. The second derivative
of the Gaussian pulse with a duration of 0.5 ns is used. The
modulation delay is chosen to verify 6 T,.

In Fig. 3, we compare the convergence times of the proposed
algorithm and [9] as a function of the SNR with 4-dimensional
constellations. Simulations are performed with P x P uncoded
systems and a 1-finger Rake. The initial sphere radius is set to
infinity in both cases. The ordinate corresponds to the factor by
which the relative convergence time (with respect to algorithm
2 in [9]) is reduced. A similar comparison is performed in Fig.
4 for different hybrid constellation sizes with P x P multi-
antenna UWB systems with a 1-finger Rake for P =2, 4. The
SNR is fixed at 15 dB and the initial sphere radius is set to
infinity. The superiority of the proposed solution is evident.
Moreover, results show that the gap between the proposed so-
lution and algorithm 2 in [9] increases with the dimensionality
of the constellation.

V CONCLUSION

-e 2 x2 =2
-U- 2x2 M =4
-0- 4x4, M =2
-CA- 4x4, M =4

10 15 20 25 30
M: number of modulation positions

Figure 4: Convergence w.r.t. algorithm 2 in [9] at a SNR of 15
dB with M-PPM-M'-PAM for M' =2,~4.

posed a solution that enhances the span of each one of the M-
dimensional subspaces in which the transmitted symbols are
distributed. Because of this enhanced span that is adapted to
the PPM and PPAM constellations, the proposed algorithm out-
performs previously announced solutions of this problem.

REFERENCES

[1] 5. M. Alamouti, "A simple transmit diversity technique for wireless com-

munications," IEEE J Select. Areas Commun., vol. 16, pp. 1451 1458,
October 1998.

[2] F. Oggier, G. Rekaya, J.-C. Belfiore, and E. Viterbo, "Perfect space time
block codes," IEEE Trans. Inform. Theory, vol. 52, no. 9, pp. 3885-
3902, September 2006.

[3] E. Viterbo and J. Boutros, "A universal lattice code decoder for fading
channels," IEEE Trans. Inform. Theory, vol. 45, pp. 1639 1642, July
1999.

[4] M. 0. Damen, H. E. Gamal, and G. Caire, "On maximum-likelihood
detection and the search for the closest lattice point," IEEE Trans. Inform.
Theory, vol. 49, pp. 2389-2402, October 2003.

[5] E. Agrell, T. Eriksson, A. Vardy, and K. Zeger, "Closest point search in
lattices," IEEE Trans. Inform. Theory, vol. 48, pp. 2201 2214, August
2002.

[6] Z. Guo and P. Nilsson, "Reduced complexity schnorr-euchner decoding
algorithms for mimo systems," IEEE Commun. Lett., vol. 8, pp. 286-288,
May 2004.

[7] C. Abou-Rjeily, N. Daniele, and J.-C. Belfiore, "Space time coding
for multiuser ultra-wideband communications," IEEE Trans. Commun.,
vol. 54, pp. 1960 1972, November 2006.

[8] H. Zhang, W. Li, and T. A. Gulliver, "Pulse position amplitude modu-
lation for time-hopping multiple-access UWB communications," IEEE
Trans. Commun., vol. 53, pp. 1269 1273, August 2005.

[9] C. Abou-Rjeily, N. Daniele, and J.-C. Belfiore, "MIMO UWB communi-
cations using modified Hermite pulses," in Proceedings IEEE Int. Conf
on Personal, Indoor and Mobile Radio Commun., September 2006.

[10] J. Foerster, "Channel modeling sub-committee Report Final," Technical
report IEEE 802.15-02/490, IEEE 802. 15.3a Wireless Personal Area Net-
works, 2002.

We proposed a ML decoding algorithm for M-dimensional
PPM and PPAM constellations (M> 2). Inspired from the one
dimensional Schnorr-Euchner enumeration strategy, we pro-
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