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Abstract 
This paper presents an extension of the reduced order finite element model to the case of 
circular elastohydrodynamic lubricated (EHL) contacts under isothermal Newtonian 
considerations. The line contact model was developed and validated in a previous work [14]. 
The model is based on a finite element discretization of the EHL equations: Reynolds, linear 
elasticity and load balance with a reduced order model for the linear elasticity part. All 
equations are solved simultaneously in a fully-coupled framework using a damped-Newton 
procedure allowing fast convergence rates for the global solution. This model combines fast 
convergence rates, reduced memory requirements and negligible model reduction errors 
compared to the full model which makes it an attractive tool for EHL contact performance 
prediction.   

Keywords: Model Reduction; Elastohydrodynamic Lubrication, Finite Elements; Circular Contacts 

1. Introduction 

The development of a fast, accurate and memory efficient elastohydrodynamic 
lubrication (EHL) solver has been an ongoing process in the Tribology community over the 
last five decades. The numerical modeling of an EHL contact is a challenging problem with 
many difficulties. These are mainly attributed to two features: first, a strong coupling 
between several physical problems: hydrodynamics, linear elasticity, heat dissipation and 
second, the extremely nonlinear nature of the problem related to the strong pressure-
temperature dependence of the transport properties of common lubricants. This has led to the 
development of several models over the years; each attempting to overcome these difficulties 
without compromising accuracy, robustness and performance.  

One of the first attempts to a comprehensive modelling of the isothermal EHL problem 
including the elastic deformation of the solid components along with the pressure dependence 
of the transport properties of the lubricant was presented in the pioneering work of Dowson 
and Higginson [1] later followed by a more comprehensive study by Hamrock and Dowson 
[2]. These works were based on a finite difference discretization of the EHL equations that 
were solved using a semi-system approach. That is, equations were solved separately and an 
iterative procedure was established between their respective solutions, leading to a slow 
convergence rate of the overall procedure due to the loss of information occurring in the 
weak coupling process. In addition, the use of finite differences restricted the approach to 
regular structured meshing, which led to unnecessarily large matrix systems. The elastic 
deformation of the solid components was computed using an integral approach assuming a 
half-space configuration. The latter was associated to a very large computational overhead as 
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the calculation of the elastic deformation at every discretization point involved a numerical 
integration over the entire computational domain. A major improvement came with the 
incorporation of multigrid techniques to these models by Lubrecht et al. [3]. This allowed a 
significant improvement in the convergence rates as well as the large computational times 
associated to regular structured grids. Another milestone in the improvement of these models 
came later with the application of multigrid techniques to the integral calculation of the 
elastic deformation of the solid components by Venner [4] who also introduced the line 
relaxation scheme which allowed an extension of the range of application of these models to 
include high loads with Hertzian pressures reaching up to several Gigapascals. 

Another approach that, by virtue of its nature, involves very fast convergence rates is 
the full-system approach in which all EHL equations are solved simultaneously preventing 
any loss of information in the coupling process. One of the first works to use such an 
approach is that of Rhode and Oh [5] [6] who solved the EHL problem as one integro-
differential equation using a finite element (FEM) discretization and a nonlinear Newton-like 
resolution. However, the integral part of the problem which connects every point of the 
discretization domain to all other points leads to a full Jacobian matrix which inversion 
requires a large computational overhead. A similar approach was later provided by Houpert 
and Hamrock [7] for the line contact case and extended to the case of elliptical contacts by 
Hsiao et al. [8]. Besides the difficulties associated to the inversion of a dense Jacobian matrix, 
all these models also involved difficulties in the implementation of the cavitation boundary 
condition at the exit of the contact because of the simultaneous solution of all pressure 
updates. In addition, the range of application was limited to light and moderately loaded 
contacts. More recently, Holmes et al. [9] introduced a new model using a full-system 
approach where the elastic part is based on the differential deflection method introduced 
earlier by Evans and Hughes [10]. This method consists in deriving a differential equation 
based on the half-space approximation in which the differential operator has a more localized 
nature. That is, every discretization point is only affected by its neighbouring points leading 
to a sparse Jacobian matrix. However, for the point contact case, the system matrix still had a 
large bandwidth, requiring a special iterative technique for an efficient resolution of the 
coupled equations. 

More recently, Habchi et al. [11] [12] introduced a finite element full-system approach 
for the solution of the EHL problem in which the elastic part of the problem is based on a 
classical linear elasticity approach. This model provided a remedy to the difficulties related to 
the full-system approach. In fact, the free boundary arising at the exit of the contact is treated 
in a straight forward manner by the use of the penalty method introduced by Wu [13]. The 
use of the finite element method in which every discretization point is only connected to 
neighbouring points belonging to the same element(s) led to a sparse Jacobian matrix. In 
addition, the meshing process was no longer restricted to regular and structured grids, which 
led to considerable reduction in the total number of unknowns and thus the overall size of the 
global matrix system. As for highly loaded contacts, the authors introduced special stabilized 
finite element formulations allowing an extension of the range of application of the method to 
include high loads with Hertzian pressures up to several Gigapascals. With all these 
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difficulties being overcome, this model profited from the fast convergence properties of a 
full-system approach combined with a Newton-like resolution. The model was validated 
against existing ones and its performance was shown to be at least similar to state-of-the-art 
models. Nevertheless, a major improvement was still possible. In fact, the linear elasticity 
equations employed in computing the elastic deformation of the solid components are not 
restricted to the surface of these solids but rather extend to the subsurface domains. However, 
for the solution of the EHL problem, only the surface deformations of the solids are required. 
Therefore, a large number of degrees of freedom (dofs) are computed in vain. In order to 
improve this part of the model, Habchi and Issa [14] introduced a novel EHL-oriented model 
order reduction technique for the computation of EHD elastic deformations and applied it to 
the solution of isothermal Newtonian line contacts. It consists in defining the elastic 
deformation of the solid components as a linear combination of carefully selected and pre-
computed EHL deformations called “basis functions”. With this new technique, the elastic 
deformation of the solid components is obtained using less than 30 degrees of freedom (dofs). 
Therefore, not only memory requirements of this newly developed “reduced model” were 
lighter but also an order of magnitude reduction in cpu times was obtained with respect to the 
“full model”. In addition, model reduction errors on central and minimum film thicknesses 
were shown to be of the order of only 1‰. 

The current paper offers an extension of the “reduced model” to the case of isothermal 
Newtonian circular contacts for which both cpu times and memory requirements are 
significantly larger than for line contacts. First, the different EHL equations are reminded in 
section 2. In section 3, the numerical model developed in this work is described in details. 
Section 4 provides an investigation of the numerical performance of the “reduced model” for 
the case of circular contacts. Finally, section 5 offers a conclusion to this work.                                    

2. EHL Theory and Equations 

In this section the different equations needed to describe the EHL problem are 
reminded. In this work, isothermal conditions are assumed and the lubricant is considered to 
behave as a Newtonian fluid, that is, its viscosity is shear-independent. The geometry of a 
circular contact can be reduced to that of a contact between a ball and a flat plane with the 
ball having an equivalent radius of curvature R as shown in Figure 1. The surfaces of the two 
solids are considered to be perfectly smooth and a full lubricant film is assumed. That is, the 
surfaces are fully separated by the lubricant and no solid-solid contact is taking place. The 
surface velocities of the two solids are assumed unidirectional in the x-direction and the 
solids are pushed towards each other by an external applied force F. 

The EHL problem is governed by three main equations: the Reynolds [15] equation 
describing the hydrodynamics of the lubricant flow inside the contact, the linear elasticity 
equations describing the deformation of the contacting solids and the load balance equation 
used to ensure the correct external force is applied to the contact. All equations are written in 
dimensionless form using the Hertzian dry contact parameters [16] (i.e. Hertzian contact 
pressure ph and Hertzian contact radius a). First, the two-dimensional Reynolds equation 
describing the distribution of dimensionless pressure P over the contact surface Ωc in a 
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circular EHL contact under isothermal Newtonian considerations with unidirectional surface 
velocities 1u  and 2u  reads: 

( ) ( ) 0
H

P
X
ρ

ε
∂

∇ ⋅ ∇ − =
∂

  (1) 

Where: 
23

m R 1 2
m3

h

12,      and   =
2

u R u uH u
a p
µρε λ

µλ
+

= =  

H corresponds to the dimensionless lubricant film thickness and Rµ  is the lubricant’s 

viscosity at a reference pressure R 0p = . This equation is derived from the Navier-Stokes 
equations by applying the simplifying thin-film assumptions. The dimensionless density ρ  
and viscosity µ  vary with pressure throughout the contact domain Ωc (see Figure 2) leading 
to the highly nonlinear character of Reynolds equation, which makes its solution particularly 
difficult to attain. 

 
Figure 1: Geometry of a circular EHL contact 

The lubricant’s density is assumed to vary with pressure p according to the Dowson and 
Higginson [17] equation: 

( )
9

R 9
0.6 101

1 1.7 10
pp

p
ρ ρ

−

−

 ×
= + + × 

  (2) 

Where Rρ  is the lubricant’s density at the reference pressure Rp . As for the 
dependence of the lubricant’s viscosity on pressure, it is described by the modified WLF 
model proposed by Yasutomi et al. [18]: 

( )
( )( ) ( )
( )( ) ( )

1 0 g

2 0 g

g 10
C T T p F p

C T T p F ppµ µ

− ⋅ − ⋅

+ − ⋅= ×   (3) 

( ) ( ) ( ) ( ) ( )g g 1 2 1 2with:   0 ln 1       and       1 ln 1T p T A A p F p B B p= + + = − +   

Where 0T  is the ambient temperature taken to be 25oC all throughout this work. As for 
the dimensionless film thickness H it is defined as: 
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( ) ( )
2 2

0, ,
2

X YH X Y H X Yδ+
= + +   (4) 

It is composed of three parts: the rigid body separation 0H , the undeformed shape of 
the contact gap and the combined elastic deformation δ  of the contacting solids.  

 
Figure 2: Computational domain of the circular contact problem 

The combined elastic deformation δ  of the ball and plane is obtained by applying the 
classical linear elasticity equations to an equivalent three dimensional solid domain 
approximating a half-space configuration. These equations are written as a function of the 
displacement vector { }, ,U u v w=  where u, v and w are the x, y and z components of the 

elastic deflection of the solids: 

( ) ( )s0div with C Uσ σ ε= =  (5) 

Where σ is the stress tensor, C the compliance matrix and εs the strain tensor as defined 
in classic linear elasticity theory. The combined elastic deformation δ  of the two contacting 
solids in the two dimensional contact domain Ωc is taken to be: 

( ) ( ), ,X Y w X Yδ =   (6) 

Note that the linear elasticity equations are applied to the three dimensional domain Ω 
defined by the cube shown in Figure 2. In [11], Habchi et al. showed that a cube of side 
length 60a is sufficient to approximate a half-space configuration. Note that the combined 
elastic deflection of the two solids is computed over one geometrical domain by assuming 
that one of the solids is rigid while the other is elastic and accommodates the entire elastic 
deformation of the two bodies. In [12], it was shown that the elastic body should have the 
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following equivalent Young’s modulus eqE  and Poisson’s ratio eqυ  as a function of the 

respective elastic properties of the two bodies:  

( ) ( )
( ) ( )

( ) ( )
( ) ( )

2 22 2
1 2 2 2 1 1 1 2 2 2 1 1

eq eq2
1 2 2 11 2 2 1

1 1 1 1
   and   

1 11 1

E E E E E E
E

E EE E

υ υ υ υ υ υ
υ

υ υυ υ

+ + + + + +
= =

+ + + + + + 
 (7) 

The above expressions are obtained by applying Hertzian contact theory to an 
equivalent half-space that accommodates the total elastic deflection of the two contacting 
solids as detailed in the appendix of [12].  In addition, by multiplying the equivalent Young’s 
modulus by ( )ha R p×  and replacing it in equation (5), the solution of the latter would 

directly provide the dimensionless displacement vector { }2 2 2, ,uR a vR a wR a  by imposing 

the dimensionless pressure distribution hP p p=  as a pressure load in the contact area. For 
more details the reader is referred to [12]. Hence, the equivalent material properties become: 

( ) ( )
( ) ( )

( ) ( )
( ) ( )

2 22 2
1 2 2 2 1 1 1 2 2 2 1 1

eq eq2
h 1 2 2 11 2 2 1

1 1 1 1
   and   

1 11 1

E E E E E EaE
R p E EE E

υ υ υ υ υ υ
υ

υ υυ υ

+ + + + + +
= × =

+ + + + + + 
 (8) 

Also note that, since the problem is symmetric about the xz plane, both the Reynolds 
and linear elasticity equations are applied only over half the geometrical domain, which leads 
to a considerable reduction in the size of the discrete problem. Hence, the surface Ωc and the 
volume Ω correspond to half the contact surface and solid domain respectively. Finally, since 
the symmetry of the problem is taken into consideration, the load balance equation is given 
by: 

( ),
3

c

P X Y dXdY π

Ω

=∫   (9) 

This equation ensures that the correct external load F is applied to the contact by 
monitoring the value of the rigid body separation term 0H . Finally, to complete the 
description of the EHL problem, boundary conditions need to be specified for both the 
hydrodynamic and elastic equations. Let cs c s∂Ω = Ω ∩∂Ω  be the symmetry part of c∂Ω  (the  

boundary of the two-dimensional contact area cΩ ). For Reynolds equation, the boundary 
conditions are the following: 

c cs

cs

0 on 
0 on  (Symmetry)

P
P n
= ∂Ω −∂Ω

∇ ⋅ = ∂Ω


 (10) 

Where n  is the standard outward normal unit vector. As for the cavitation free 
boundary arising at the exit of the contact, it is treated by the complementary condition: 

c0   on    and   0  on the cavitation boundarycP P P n≥ Ω = ∇ ⋅ =
  (11) 
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Where cn  is the outward normal vector to the outlet boundary of the contact. As for the 
linear elasticity equations, the boundary conditions are the following: 

b

n c

s

n

0                     on 
      on 

0 on  (Symmetry)
0                    elsewhere

U
n P

U n v
σ σ

σ

= ∂Ω
 = ⋅ = − Ω
 ⋅ = = ∂Ω
 =





  (12) 

Equations (1)-(12) fully describe the EHL circular contact problem under isothermal 
Newtonian considerations assuming Dowson and Higginson and WLF dependencies of the 
lubricant’s respective density and viscosity on pressure. Next, the numerical model employed 
in this work is described in details.  

3. Model Description 

The starting point for the reduced-order finite element model developed in this work for 
isothermal Newtonian EHD circular contacts is the full model described in details in [12]. 
Next, the main features of the latter are briefly reminded.  

3.1. Full Model 

The full model for the isothermal Newtonian EHD circular contact was introduced in 
[12]. It consists of applying the linear elasticity equations (5) to the 3D geometrical domain Ω 
and the Reynolds equation (1) to the 2D contact domain Ωc. The load balance equation (9) on 
the other hand, is an ordinary integral equation that is directly added to the system of 
equations formed by the linear elasticity and the Reynolds equations along with the 
introduction of the rigid body separation term 0H  as an additional unknown. The latter 
allows monitoring of the external load applied to the contact. The free boundary arising at the 
exit of the contact domain is handled by a penalty method as proposed by Wu [13]. It consists 
of adding a penalty term to the Reynolds equation which forces the negative pressures arising 
at the outlet of the contact to zero. Adding the penalty term, the Reynolds equation becomes: 

( ) ( )
penalty term

0
H

P P
X
ρ

ε ξ −∂
∇ ⋅ ∇ − − ⋅ =

∂ 

 (13) 

Where ξ  is an arbitrary large positive number and ( )min ,0P P− =  corresponds to the 

negative part of the pressure distribution. Note that the additional penalty term only acts in 
the regions of negative pressure where; provided ξ  is sufficiently large; this term will 
dominate Reynolds equation and force its pressure solution towards zero. In positive pressure 
regions, the penalty term is nil and does not affect the solution of the Reynolds equation. For 
highly loaded contacts an additional term is added to Reynolds equation preventing any 
spurious behaviour in the pressure distribution [12]. The additional term is a combination of 
Streamline Upwind Petrov Galerkin (SUPG) [19] and Isotropic Diffusion (ID) [20] terms. 
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The discrete finite element formulation of the system of equations formed by the linear 
elasticity, Reynolds (including penalty, SUPG and ID terms) and load balance equations is: 

( ) ( )
( ) ( )

( )

0

h h
c

h h h
c c c

h h h h h h h h
0 U P U P H U P

h h h h
s s U U

h
h h h hP

P P

h
h P

h

Find , , S  such that , , S ,  one has:

0

Penalty term

SUPG term

U P H S R W W W S R

C U W d P n W d

WP W d H d P W d
X

WR P H
P X

ε ε

ε ρ ξ

ρτ

Ω Ω

−

Ω Ω Ω

∈ × × ∀ ∈ × ×

− ⋅ Ω+ − ⋅ Ω =

∂
− ∇ ⋅∇ Ω+ Ω− ⋅ Ω

∂

 ∂∂
−  ∂ ∂ 

∫ ∫

∫ ∫ ∫





 

ce

ce

0 0
h
c

h he
id P

1

h
H H

0
2

0
3

n

e
ID term

hH P W d
P l

P W d W

ρρ

π

= Ω

Ω








  

  ∂ + ∇ ⋅∇ Ω = ∂ 
   


 Ω− =


∑ ∫

∫



 

(14) 

( ) ( ) ( ){ }
( ){ }

h 1 1 1 h h
U b s

h 1 h
P c c cs

Where:          / 0 on & 0 on

                     / 0 on

S U H H H U v

S P H P

= ∈ Ω × Ω × Ω = ∂Ω = ∂Ω

= ∈ Ω = ∂Ω −∂Ω
 

The superscript h is used to denote discrete variables as defined on their corresponding 
discretized geometrical domains. Rh is the residual of the hydrodynamic problem (Reynolds 
equation). The tuning parameter idρ  of the ID term is a constant between zero and unity used 
to control the amount of Isotropic Diffusion added to Reynolds equation. In this work, a 
value of id 0.5ρ =  is used. As for the tuning parameter τ  of the SUPG term, it is defined as: 

( )

( ) ( )x e

y

2

1with: ,    and  coth
20

eh Pe
l

hH
Pe Pe PeP

l Pe

τ ξ
β

ρβ β
β ξ

β ε

=

∂    = = = = −∂   
    

 (15) 

Where eh  and Pe  are the characteristic length and the local Peclet number of element e 
respectively. l is the polynomial order of the finite element Lagrange shape functions. In this 
work, second-order Lagrange elements (l = 2) are employed for both the elastic and 
hydrodynamic problems. The Newton-like resolution of the nonlinear system of equations 
(14) leads to the following linearized matrix system to solve at every Newton iteration i:  
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3D 2D

i-1 i i-1

ee eh e3D

he hh hl h2D

lh 0 l

3 1

3

1

N N

K K U RN

K K K P RN

K H R

δ

δ

δ

×

     
     ∅×      
     
     

=    
    
    
    
    ∅ ∅     

 

 (16) 

The subscripts e, h and l stand for “elastic”, “hydrodynamic” and “load balance” 
respectively.  The matrix on the left-hand-side is the Jacobian matrix whereas the right-hand-
side vector is formed by the residual vectors of the elastic, hydrodynamic and load balance 
equations (Re, Rh and R l respectively). Uδ , Pδ  and 0Hδ  are the increments of U, P and H0 
respectively at every Newton iteration. N3D is the number of nodes in the 3D mesh associated 
to the elastic problem whereas N2D is the number of nodes in the 2D mesh associated to the 
hydrodynamic problem. Hence, the total number of unknowns or degrees of freedom (dofs) 
of the elastic problem is 3D3 N×  since 3 dofs are associated to every node. These are uδ , vδ  
and wδ ; the increments of the elastic deflections in the x, y and z directions respectively. On 
the other hand, the total number of unknowns of the hydrodynamic problem is 2DN  since 1 
dof ( Pδ ) is associated to each node. 

Remark: The elastic problem and the load balance equation being linear, their corresponding 
contributions to the Jacobian matrix Kee, Keh and Klh remain unchanged. Hence, these are 
only assembled once (at the 1st iteration of the nonlinear iterative procedure). 

The total number of unknowns is thus: 

dof 3D 2D3 1N N N= × + +   (17) 

The detailed form of the FEM matrix system (16) is provided in Appendix A. The 
damped Newton method [21] is employed to provide robust convergence of the nonlinear 
iterative procedure. The latter consists in adding a carefully determined fraction of the 
solution increment at a given iteration i to the solution of the previous iteration i-1 until 
convergence is attained. The damping factor, a parameter between zero and unity, is 
computed in such a way to minimize the solution error at every iteration. The linearized 
matrix system (16) arising at every iteration is solved using UMFPACK [22], an open source 
sparse direct linear matrix system solver.   

3.2. Reduced Model 

In the previously described “full model”, the elastic deformation of the contacting 
solids is computed over the entire 3D domain Ω. However, for the EHL solution, only the 
surface deformations in the 2D contact zone Ωc are needed and therefore, many degrees of 
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freedom are computed in vain. In [14], Habchi and Issa suggested the use of model order 
reduction techniques to reduce the size of the elastic problem. These consist in defining the 
elastic deformation of the contacting solids as a linear combination of well-defined pre-
computed so-called basis functions iϕ : 

( ) ( )m me ei h i,h
i i

1 1
    or    

N N

i i
U Uα ϕ α ϕ

= =

= =∑ ∑  (18) 

The parameters iα  are known as “Generalized Coordinates” and 
( )ei,hϕ , designated from 

this point on as “basis vector”, is the discrete equivalent (over element e) of the basis function 
iϕ . In [14] it was shown that classical model reduction techniques such as modal reduction 

[23] or Ritz-vector [24] methods are not suitable for the EHL problem as these require a large 
number of basis functions, leading to micro-oscillations in the elastic deformation field. For 
most linear elasticity problems these micro-oscillations are of negligible effect and are 
usually ignored. However, for the EHL problem, the elastic deformation of the solids is a 
significant component of the film thickness which is raised to the cubic power in Reynolds 
equation. Thus, these small oscillations are amplified and their effect on the solution of 
Reynolds equation is no longer negligible. Clearly, the choice of basis functions has to be 
custom-tailored for the EHL problem. This is why Habchi and Issa [14] suggested the use of 
EHL deformations as basis function. In the current work, the same strategy is adopted for 
circular contacts. The basis functions or vectors which are nothing else but EHL deformations 
are selected based on their Moes [25] parameters M and L values. From here on, the set of 
basis vectors is referred to as “EHL-basis”. Three separate categories of basis functions are 
defined for low M ( 0 20M< ≤ ), medium M ( 20 50M< ≤ ) and high M ( 50 1000M< ≤ ) 
regimes where 0 20L< ≤  for all regimes. The values of M and L for the different basis 
functions in each category are specified in Figure 3. Note that the number of basis functions 

30mN < in all three categories. In fact, for the low and medium M categories Nm=29 while 
for the high M category Nm=22.           

Figure 3: Composition of the EHL-basis for the Low (left), Medium (centre) and High M (right) regimes 

Note that the suggested choice of EHL-basis is not unique, however it was found to 
provide stable solutions over the corresponding range of M and L. The reduced system of 
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equations is obtained by replacing in the system of equations (14) hU  by its expression 
provided in equation (18). The linearized system of equations to solve at every Newton 
iteration i becomes: 

m 2D

i-1 i i-1

ee eh em

he hh hl h2D

lh 0 l

1

1

N N

K K RN

K K K P RN

K H R

δα

δ

δ

     
     ∅     
     
     

=    
    
    
    
    ∅ ∅     

 

  



 (19) 

Where: T T
ee ee eh eh he he, and  K K K K K K= Φ Φ = Φ = Φ   . T

e eR R= Φ ×  is the residual 

of the reduced elastic problem whereas Φ  is the 3D m3N N×  transformation matrix which 
columns correspond to the basis vectors. Note that for the elastic part, the unknowns are now 
the increments of the generalized coordinates δα which number is Nm. Therefore, the total 
number of degrees of freedom is reduced to:  

dof m 2D 1N N N= + +   (20) 

Note that m 3D3N N<< ×  and thus dof dofN N<<  leading to reduced cpu time and 
memory requirements for the reduced model compared to the full model. 

Remark: Note that for the reduced model, the reduced elastic problem remains linear and 
thus, its corresponding contributions to the reduced Jacobian matrix eeK  and ehK  remain 
unchanged throughout the nonlinear iterative process. Hence, these are only assembled at the 
first iteration.  

 

Figure 4: Dimensionless pressure P (left) and film thickness H (right) profiles for a Steel-Steel circular contact 
with M=17and L=8 (R=15mm, ph=0.31GPa) 
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Figure 5: Dimensionless pressure P (left) and film thickness H (right) profiles for a Steel-Steel circular contact 
with M=40 and L=12 (R=15mm, ph=0.63GPa) 

 

Figure 6: Dimensionless pressure P (left) and film thickness H (right) profiles for a Steel-Steel circular 
contact with M=375 and L=15 (R=15mm, ph=1.67 GPa) 

Figures 4, 5 and 6 show the dimensionless pressure P (left) and film thickness H (right) 
three-dimensional distributions for three typical test cases (one for each M regime: Low, 
Medium and High respectively) obtained using the reduced model. Note that the film 
thickness profiles are inverted for a clearer angle of view.  

4. Results 

In this section, the reduced model is validated by comparison to the full model which 
was thoroughly validated in previous works. In fact, in [26] the full model was validated 
against classical film thickness formulae and in [11] [12] it was validated against published 
numerical results from the literature. In addition, a performance comparison is also provided 
in terms of accuracy, cpu time and memory requirements. Three different lubricants are 
considered: a standard paraffinic mineral base oil (CPRI), a low viscosity low pressure-
viscosity mineral base oil (CPRP) and a synthetic hydrocarbon base lubricant of higher 
viscosity (PENNZ). The modified WLF constant parameters of these lubricants [27] [28] are 
listed in Table 1 in addition to their ambient pressure viscosity Rµ  and equivalent pressure-
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viscosity coefficient α* also known as the reciprocal asymptotic isoviscous pressure 
coefficient [29].  

 WLF constant parameters µR (Pa·s) α* (GPa-1) 
A1(oC) A2(MPa-1) B1   B2(MPa-1) C1 C2(oC) Tg(0) (oC) µg (Pa·s) 

CPRI 19.17 4.07x10-3 0.230 0.0249 16.04 18.18 -73.86 1012 0.02828 23.6 
CPRP 22.47 4.22x10-3 0.222 0.0349 15.87 10.22 -113.79 1012 0.00165 12.5 

PENNZ 69.81 1.68x10-3 0.213 0.0118 11.84 60.59 -87.46 107 0.20209 18.05 
Table 1: Viscosity data for CPRI, CPRP and PENNZ lubricants from [27] [28] 

In the following, all numerical test cases are for Steel-Steel circular contacts with a ball 
radius R=15mm. The considered steel has a Young’s modulus E=210GPa and a Poisson ratio 
υ=0.3. Next, the meshing properties are discussed and an appropriate mesh is selected for the 
remainder of this work. 

4.1. Mesh Selection 

The main advantage of using the finite element method for EHL applications is that it 
enables the use of non-regular non-structured meshing. Therefore, tetrahedral meshing is 
used for the 3D domain Ω of the elastic problem and the 2D triangular projections of these 
elements on the contact domain Ωc (when applicable) are used for the hydrodynamic 
problem. In all mesh cases considered in this section, the mesh size has been carefully 
adapted towards the EHL application. That is, the size of the 3D tetrahedral elements is 
gradually reduced as the contact zone is approached in order to accurately capture the greater 
variations of the elastic deformation profile on the contact surface. Similarly, for the 2D 
contact zone, the size of the triangular elements in the inlet and outlet areas of the contact is 
gradually reduced as the central area of the contact is approached in order to capture the more 
important variations in pressure and film thickness in the central part of the contact. Five 
mesh cases are considered in this section: “Extra Coarse”, “Coarse”, “Normal”, “Fine” and 
“Extra Fine”. The “Extra Coarse”, “Normal” and “Extra Fine” mesh cases are shown in 
Figure 7.       

 
Figure 7: “Extra Coarse” (left), “Normal” (centre) and “Extra Fine” (right) mesh cases 
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The properties of the considered mesh cases are listed in Table 2 in terms of node 
numbers in the 3D domain Ω and 2D domain Ωc ( 3DN  and 2DN  respectively) and 
corresponding number of degrees of freedom for each mesh case for both the full and reduced 
models ( dofN  and dofN  respectively). Note the significant reduction in the number of degrees 
of freedom for the reduced model compared to the full model for all mesh cases considered. 
In fact, the total number of degrees of freedom for the reduced model is roughly 10 times 
smaller than that of the full model for any given mesh case. This significant reduction in the 
number of degrees of freedom, and thus in the size of the linearized matrix system to solve at 
every Newton iteration leads to an important reduction in both cpu time and memory 
requirements of the reduced model compared to the full model as discussed in the next 
section.     

Mesh Case N3D N2D Ndof 
Ñdof 

Low / Medium M High M 
Extra Coarse 6984 2561 23514 2591 2584 

Coarse 13582 5500 46247 5530 5523 
Normal 33527 12122 112704 12152 12145 

Fine 67475 21598 224024 21628 21621 
Extra Fine 102380 33193 340334 33223 33216 

Table 2: Properties of the different mesh cases considered 

In order to select an adequate mesh case for the numerical tests of this section, a 
dimensionless film thickness mesh sensitivity analysis is carried out. For this, the 
dimensionless central and minimum film thicknesses are computed for two typical test cases 
using all five mesh cases discussed above. The first test case corresponds to a lightly loaded 
one (M=30, L=5, ph=0.24GPa) while the second is a highly loaded one (M=500, L=10, 
ph=1.23GPa). For both cases, CPRI is used as lubricant. The results are reported in Figure 8.  

 

Figure 8: Dimensionless central and minimum film thickness mesh sensitivity analysis for two typical test 
cases: M=30, L=5, ph=0.24GPa (left) and M=500, L=10, ph=1.23GPa (right) 

Figure 8 suggests that for the lightly loaded case (M=30, L=5) the “Coarse” mesh is 
sufficient to attain converged dimensionless central and minimum film thicknesses while for 
the highly loaded case (M=500, L=10) the “Fine” mesh is required. This is not surprising as 
highly loaded contacts are known to be more numerically sensitive than lightly loaded ones. 
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Therefore, for the remainder of this work the “Fine” mesh case is employed in all numerical 
tests to guarantee mesh independence.   

4.2. Full vs. Reduced Model 

In this section, the performance of the reduced model is compared to that of the full 
model in terms of solution accuracy, cpu time and memory requirements. All numerical tests 
are run on a personal laptop using a single Intel Xeon 2.5 GHz processor. Figure 9 shows the 
dimensionless pressure P and film thickness H profiles along the centerline of the contact in 
the x-direction for the three cases considered in Figures 4, 5 and 6. Note that, overall there is 
a very good agreement between the dimensionless pressure profiles obtained using the 
reduced and full models. As for the dimensionless film thickness the agreement is perfect.  

 
Figure 9: Comparison of dimensionless pressure and film thickness profiles along the centerline of the 

contact in the x-direction obtained using the full and reduced models. Left: M=17, L=8, ph=0.31GPa 
(Low M), Centre: M=40, L=12, ph=0.63GPa (Medium M), Right: M=375, L=15, ph=1.67GPa (High M)  

The error distributions over the contact zone Ωc for the three considered cases are 
reported in figures 10, 11 and 12. On the left, the absolute dimensionless pressure deviations 
between the full and reduced models are reported, while on the right the relative 
dimensionless film thickness deviations are shown. For the pressure, the absolute deviations 
are shown since a relative deviation cannot be properly defined in zero pressure regions. 

 

Figure 10: Solution deviation between the reduced and full models for the case M=17, L=8. Left: Absolute 
dimensionless pressure deviation. Right: Relative dimensionless film thickness deviation. 
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Figure 11: Solution deviation between the reduced and full models for the case M=40, L=12. Left: Absolute 
dimensionless pressure deviation. Right: Relative dimensionless film thickness deviation. 

 

 
Figure 12: Solution deviation between the reduced and full models for the case M=375, L=15. Left: Absolute 

dimensionless pressure deviation. Right: Relative dimensionless film thickness deviation. 

Note that for all considered cases the absolute deviations in pressure and relative 
deviations in film thickness are relatively small and that they are almost nil in the inlet and 
outlet regions of the contact. Also note that the maximum errors are localized in the vicinity 
of the pressure spike or side lobes region. 

 M L ph  Hc Hmin 
(GPa) Full Red. Err.(‰) Full Red. Err.(‰) 

CPRI 

17 8 0.31 0.45768257 0.45776490 0.180 0.31692374 0.31663920 0.898 
30 5 0.24 0.24728537 0.24732183 0.147 0.15795681 0.15799357 0.233 
40 12 0.63 0.30904503 0.30915724 0.363 0.19637552 0.19584210 2.716 

375 15 1.67 0.06892895 0.06905671 1.854 0.03125707 0.03123497 0.707 
600 18 2.34 0.05436172 0.05455327 3.524 0.02312251 0.02329247 7.350 

CPRP 

12 5 0.33 0.45719159 0.45697634 0.471 0.34004971 0.34003647 0.039 
22 9 0.74 0.39698394 0.39569228 3.254 0.27423945 0.27295255 4.693 
45 12 1.24 0.27921876 0.27943876 0.788 0.17793360 0.17817567 1.360 
90 10 1.31 0.15412967 0.15433997 1.364 0.08697700 0.08743200 5.231 

500 15 3.47 0.05563530 0.05606212 7.672 0.02381223 0.02395929 6.176 

PENNZ 

6 2 0.07 0.51804141 0.51862197 1.121 0.39418720 0.39421358 0.067 
18 10 0.53 0.48332630 0.48401802 1.431 0.33738453 0.33714284 0.716 
30 8 0.50 0.30329431 0.30307396 0.727 0.19588966 0.19551887 1.893 
40 2 0.14 0.13679641 0.13665296 1.049 0.08765275 0.08794212 3.301 

200 5 0.59 0.06016788 0.06028092 1.879 0.02799409 0.02808404 3.213 
Table 3: Model reduction relative errors on dimensionless central (Hc) and minimum (Hmin) film thicknesses  
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The relative errors in dimensionless central and minimum film thickness incurred by 
model reduction are reported in Table 3 for a variety of test cases. Note that the relative errors 
are in all cases less than 1% and sometimes even less than 1‰ for both dimensionless central 
and minimum film thicknesses. Also note that the choice of lubricant used in deriving the 
EHL-basis does not affect the accuracy of the solution. In fact, the EHL-basis used in this 
work was generated using CPRI lubricant, and clearly, even for test cases with CPRP or 
PENNZ as lubricants, relative errors in dimensionless central and minimum film thicknesses 
are of the same order as for the cases with CPRI lubricant even though the piezoviscous 
response of the three lubricants is significantly different.   

Remark: Note that, for a given solid materials combination, the EHL-basis is only computed 
once and the basis vectors are stored on data files. These are loaded from the data files during 
the preprocessing phase of a given computation. For different combinations of solid 
materials, a new EHL-basis would have to be derived and stored for each combination [14] 
but this has little importance as in practice, the number of solid materials combinations 
encountered in EHL applications is very limited (steel-steel, steel-glass or steel-sapphire in 
most cases).    

 M L ph  No of Iterations   cpu time (s) 
(GPa) Full Red. Full Red. 

CPRI 

17 8 0.31 10 11 3603 112 
30 5 0.24 9 10 3318 104 
40 12 0.63 18 18 6461 190 

375 15 1.67 39 43 14014 439 
600 18 2.34 44 43 15942 441 

CPRP 

12 5 0.33 8 11 3032 116 
22 9 0.74 13 11 4744 118 
45 12 1.24 34 31 12387 331 
90 10 1.31 11 12 4034 126 

500 15 3.47 18 25 6493 257 

PENNZ 

6 2 0.07 9 10 3362 108 
18 10 0.53 21 21 7593 215 
30 8 0.50 10 11 3660 115 
40 2 0.14 10 10 3729 107 

200 5 0.59 9 11 3259 111 
Table 4: Number of iterations for the nonlinear iterative process and cpu time comparison between the full and 

reduced models 

Finally, in Table 4, the performance of the reduced model is compared to that of the full 
model in terms of the number of iterations required for convergence of the nonlinear iterative 
process and cpu times for the same test cases considered in Table 3. Note that the number of 
iterations required for convergence is roughly the same for both the full and reduced models 
and is little affected by model reduction. Also note the fast convergence property of the 
nonlinear iterative process. Typically, less than 20 iterations are required for most cases. This 
is mainly due to first, the use of a Newton-like scheme which is known for its fast 
convergence properties and second, the use of a full-system approach which prevents any loss 
of information in the coupling process. The comparison of the cpu times reveals that the 
reduced model is almost 30 times faster than the full model. Remember that for the “Fine” 
mesh used in these test cases, the total number of degrees of freedom is 224024 for the full 
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model while it is 21628 for the reduced model. Not only does this provide 30 times faster cpu 
times, but also in terms of memory requirements a typical full model requires almost 7.0 GB 
of memory while the equivalent reduced model requires less than 0.1 GB.     

5. Conclusion 

This paper presents an extension of the reduced order finite element model to the case 
of isothermal Newtonian circular EHL contacts. The line contact model was developed and 
validated in a previous work [14]. This model is based on a full-system finite element 
Newton-like resolution of the EHL equations: Reynolds, linear elasticity and load balance. 
The simultaneous resolution of all three equations combined with a nonlinear Newton-like 
scheme provides fast and robust convergence properties. The size of the elastic part of the 
problem is reduced by means of an EHL-oriented model reduction technique. It consists in 
defining the elastic deformation of the contacting solids as a linear combination of carefully 
selected pre-computed EHL deformations. The derived reduced model succeeds in predicting 
dimensionless central and minimum film thicknesses with a negligible loss of accuracy 
compared to the full model. Relative errors are less than 1% for most cases and even less than 
1‰ in some cases. In addition, cpu times are almost 30 times faster and memory 
requirements are two orders of magnitude smaller for the considered test cases.        

Appendix: FEM Equations in Matrix Form 

This appendix provides the matrix form of the different FEM contributions to the 
Jacobian matrices ( eeK , ehK , heK , hhK , hlK  and lhK ) and right-hand side residuals ( eR , hR  

and lR ) in equations (16) and (19). It is assumed that the reader has a minimum knowledge of 

the FEM method. A given node i of the mesh ( 3D1 i N≤ ≤ ) has either 3 dofs numbered (i1, i2 
and i3) corresponding to the x, y and z components of the elastic deformation (u, v and w 
respectively) if cnode i∈Ω−Ω or it has 4 dofs if cnode i∈Ω . The additional dof (i4) 
corresponds to pressure at node i. For the sake of consistency with the format employed in 
equations (16) and (19), it is assumed that the first 3D3 N×  dofs are the linear elasticity dofs, 

that is 1 2 3 3D1 , , 3i i i N≤ ≤ × , while the following 2DN  dofs correspond to pressure dofs, that is 

3D 4 3D 2D3 1 3N i N N× + ≤ ≤ × + , and the last dof ( 3D 2D3 1N N× + + ) corresponds to the film 
thickness constant parameter H0. For both the hydrodynamic and elastic problems, second-
order Lagrange elements are used. That is, for the 3D elastic part, 10-node tetrahedral 
elements are used while for the 2D hydrodynamic part, 6-node triangular elements are used. 
First, for the elastic part, for a given tetrahedral element Ωe with a triangular face belonging 
to the contact zone Ωc for which the corresponding triangular element is denoted Ωce, the 
elementary matrix contributions e

eeK  and e
ehK  are given by: 

e ce

e T e T T
ee U U eh U P        and     K B D B d K G n G d

Ω Ω

= − Ω = − Ω∫ ∫   (A.1) 

Where:  
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P P1 P2 P6G N N N =    and x y zn n n n =    

Where NUi  is the 3D Lagrange shape function associated to node i of the tetrahedral 
element and NPi is the 2D Lagrange shape function associated to node i of the triangular 
element and nx, ny and nz are the x, y and z components respectively of the normal outward 
unit vector. Note that if an element Ωe does not have a face belonging to the contact zone Ωc, 
its contribution to e

ehK  would be nil. Finally, note that e
eeK  is a 30 30×  elementary matrix that 

can be viewed as a 10 10×  matrix where each element is itself a 3 3×  matrix. Thus, the 
submatrix at row i and column j is added to the global Jacobian matrix at rows i1 to i3 of 
columns j1 to j3. Similarly, e

ehK  is a 30 6× elementary matrix that can be viewed as a 10 6×  
matrix where each element is itself a 3 1×  matrix. Thus, the submatrix at row i and column j 
is added to the global Jacobian matrix at rows i1 to i3 of column j4.  

For the hydrodynamic part, the SUPG and ID contributions are omitted for the sake of 
simplicity and the expressions provided below correspond to those of a lightly loaded contact. 
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For heavily loaded contacts, the SUPG and ID contributions are added in a similar fashion. 
This being said, for a given triangular element Ωce, the elementary matrix contributions e

hhK , 
e
heK and e

hlK  are given by: 

( )
ce

ce

ce

e T T T T
hh P P P P P P P P

e T T
he P U P he U

e T T
hl P P hl

0

K B B B P G B G G G P d
P

K B P G B A G d
U

K B P B A d
H

εε β ξ θ

ε ρ

ε ρ

Ω

Ω

Ω

∂ = − − ∇ + − − Ω ∂ 

∂ = − ∇ − Ω ∂ 

 ∂
= − ∇ + Ω ∂ 

∫

∫

∫

 (A.2) 
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And θ  is the Heaviside function defined as: 

( ) 0 , 0
1 , 0

x
x

x
θ

<
=  ≥

   (A.3) 

Note that e
hhK  is a 6 6×  elementary matrix where the element at row i and column j is 

added to the global Jacobian matrix at row i4 of column j4. Similarly, e
heK  is a 6 30×

elementary matrix that can be viewed as a 6 10×  matrix where each element is itself a 1 3×  
matrix. Thus, the submatrix at row i and column j is added to the global Jacobian matrix at 
row i4 of columns j1 to j3. Finally, e

hlK  is a 6 1×  elementary matrix where the element at row 
i is added to the global Jacobian matrix at row i4 of the last column. 

For the load balance equation, for a given triangular element Ωce, the elementary matrix 
contribution e

lhK  is given by: 

ce

e
lh PK G d

Ω

= Ω∫   (A.4) 

Note that e
lhK  is a 1 6×  elementary matrix where the element at column j is added to the 

global Jacobian matrix at column j4 of the last row. Finally, the FEM matrix forms of the 
right-hand side residual terms Re and R l in equations (16) or (19) are given by: 
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e ee eh

l lh3

R K U K P

R K Pπ
= − −

= −
  (A.5) 

For a triangular element Ωce belonging to the contact zone Ωc, the elementary matrix 
contribution e

hR  to the right-hand side of equation (16) or (19) is given by: 

( )
ce

e T T T
h P P hl PR B P H B A P G dε ρ ξ −

Ω

= ∇ − + Ω∫  (A.6) 

Note that hR  is a 6 1×  elementary matrix where the element at row i is added to the 
global right hand side at row i4. For every Newton iteration, the quantities P, U, H, ρ  and ε  
or their derivatives in all of the above equations are computed using their previous iteration 
values. For the first iteration, the specified initial guess values are used. For P, a Hertzian 
pressure distribution is used as the initial guess and its corresponding elastic deformation is 
used as the initial guess for U. As for H0, a different initial value is adopted for every case 
depending on the operating conditions.    

Nomenclature 
A1, A2 : Modified WLF model constant parameters  
B1, B2 : Modified WLF model constant parameters 
C1, C2 : Modified WLF model constant parameters 
Ei : Young’s modulus of solid body i   
Eeq : Equivalent Young’s modulus  
F : External load 
H : Dimensionless film thickness 
H0 : Dimensionless film thickness constant parameter 
L : Dimensionless Moes material properties parameter  
M : Dimensionless Moes load parameter 
N2D : Number of dof in the 2D hydrodynamic problem 
N3D : Number of dof in the 3D linear elasticity problem 
Ndof : Total number of dof of the full model  

dofN  : Total number of dof of the reduced model 
Nm : Number of basis functions employed in the reduced model 
P : Dimensionless pressure 
Pe : Peclet number 
R : Cylindrical roller radius 
SP : Pressure solution space 
SU : Elastic deflection solution space 
T0 : Ambient temperature 
Tg(0) : Lubricant’s ambient pressure glass transition temperature 
U : Elastic displacement vector 
X,Y,Z : Dimensionless space coordinates 
a : Hertzian contact radius 
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p : Pressure 
ph : Hertzian pressure 
u,v,w : x, y and z components of the elastic displacement vector  
ui : Surface velocity of solid body i 
um : Mean entrainment speed 
α* : Equivalent pressure-viscosity coefficient 
μg : Lubricant’s viscosity at glass transition temperature  
μR : Lubricant’s reference viscosity 
µ  : Lubricant’s dimensionless viscosity 
νi : Poisson’s coefficient of solid body i 
νeq : Equivalent Poisson’s coefficient 

iϕ  : Basis function i 
ρ  : Lubricant’s dimensionless density 
ρR : Lubricant’s reference density 

Subscripts 
e : Elastic 
h : Hydrodynamic 
l : Load balance 
 
Dimensionless Parameters 

2
h R R

x y z p hRX Y Z P H
a a a p a

ρ µρ µ
ρ µ

= = = = = = =  

References 

[1] Dowson D. and Higginson G. R. - A numerical solution of the elastohydrodynamic 
problem, Journal of Mechanical Engineering Science, 1959; vol. 1 (1), pp. 6–15. 

[2] Hamrock B.J. and Dowson D. - Isothermal elastohydrodynamic lubrication of point 
contacts. Part I – Theoretical formulation. ASME Journal of Lubrication Technology 
1976; vol. 98 (2), pp. 223–229. 

[3] Lubrecht A.A., Ten Napel W.E. and Bosma R. - Multigrid, an alternative method for 
calculating film thickness and pressure profiles in elastohydrodynamically lubricated 
line contacts. ASME Journal of Tribology, 1986, vol. 108, pp. 551–556. 

[4] Venner C. H. – Multilevel solution of the EHL line and point contact problems, PhD 
Thesis, University of Twente, Enschede, The Netherlands, 1991. 

[5] Rohde S. M. and Oh K. P. – A unified treatment of thick and thin film 
elastohydrodynamic problems by using higher order element methods, Proceedings of 
the Royal Society of London, 1975, Part A, vol. 343, pp. 315-331. 

[6] Oh K. P. and Rohde S. M. – Numerical solution of the point contact problem using the 
finite element method, International Journal of Numerical Methods in Engineering, 
1977, vol. 11, pp. 1507-1518. 



23 
 

[7] Houpert L. G. and Hamrock B. J. – Fast Approach for Calculating Film Thicknesses 
and Pressures in Elastohydrodynamically Lubricated Contacts at High Loads. ASME 
Journal of Tribology, 1986, vol. 108, pp. 411-420. 

[8] Hsiao H. S. S., Hamrock B. J. and Tripp J. H. – Finite Element System Approach to 
EHL of Elliptical Contacts: Part I – Isothermal Circular Non-Newtonian Formulation. 
ASME Journal of Tribology, 1998, vol. 120, pp. 695-704. 

[9] Holmes M. J. A., Evans H. P., Hughes T.G. and Snidle R. W. – Transient 
Elastohydrodynamic Point Contact Analysis using a New Coupled Differential 
Deflection Method. Part I: Theory and Validation. Proceedings of the Institution of 
Mechanical Engineers, Journal of Engineering Tribology, 2003, Part J, vol. 217, pp. 
289-303. 

[10] Evans H. P. and Hughes T. G. – Evaluation of Deflection in Semi-Infinite Bodies by a 
Differential Method. Proceedings of the Institution of Mechanical Engineers, Journal of 
Mechanical Engineering Science, 2000, Part C, vol. 214, pp. 563-584. 

[11] Habchi W., Eyheramendy D., Vergne P. and Morales-Espejel G. – A Full-System 
Approach of the Elastohydrodynamic Line/Point Contact Problem. ASME Journal of 
Tribology, 2008, vol. 130, 021501. 

[12] Habchi W., Eyheramendy D., Vergne P., Morales-Espejel G. - Stabilized fully-coupled 
finite elements for elastohydrodynamic lubrication problems, Advances in Engineering 
Software, 2012, vol. 46, pp. 4–18. 

[13] Wu S. R. - A penalty formulation and numerical approximation of the Reynolds-Hertz 
problem of elastohydrodynamic lubrication, International Journal of Engineering 
Science, 1986, vol. 24 (6), pp. 1001–1013. 

[14] Habchi W. and Issa J. – Fast and reduced full-system finite element solution of 
elastohydrodynamic lubrication problems: Line contacts, Advances in Engineering 
Software, 2013, vol. 56, pp. 51-62. 

[15] Reynolds O. - On the theory of the lubrication and its application to Mr. Beauchamp 
tower’s experiments, including an experimental determination of the viscosity of olive 
oil, Philosophical Transactions of the Royal Society, 1886, vol. 177, pp.157–234. 

[16] Hertz H - Uber die Berührung fester Elastischer Körper, Journal für die reine und 
angewandte Mathematik, 1881, vol. 92, pp. 156–171. 

[17] Dowson D. and Higginson G. R. – Elastohydrodynamic Lubrication. The Fundamental 
of Roller and Gear Lubrication, 1966, Oxford, Pergamon. 

[18] Yasutomi S., Bair S. and Winer W. O. - An Application of a Free-Volume Model to 
Lubricant Rheology, (1) Dependence of Viscosity on Temperature and Pressure. ASME 
Journal of Tribology, 1984, vol. 106, pp. 291-312. 

[19] Brooks AN and Hughes TJR. Streamline-Upwind/Petrov-Galerkin Formulations  for 
Convective Dominated Flows with Particular Emphasis on the Incompressible Navier-
Stokes Equations. Computer Methods in Applied Mechanics and Engineering, 1982, 
vol. 32, pp. 199-259. 

[20] Zienkiewicz OC and Taylor RL. The Finite Element Method, Volume 3, Fluid 
Dynamics, 5th edition. Butterworth & Heinmann, England, 2000. 

[21] Deuflhard P. – Newton Methods for Nonlinear Problems, Affine Invariance and 
Adaptive Algorithms. Springer, Germany, 2004. 



24 
 

[22] Davis T. A. and Duff I. S. - An Unsymmetric-Pattern Multifrontal Method for Sparse 
LU Factorization, SIAM Journal on Matrix Analysis and Applications, vol. 18, no. 1, 
pp. 140-158, 1997. 

[23] Qu Z.Q. – Model Order Reduction Techniques with Applications in Finite Element 
Analysis. Springer, UK, 2004. 

[24] Nour-Omid B. and Clough R. W. – Block Lanczos Method for Dynamic Analysis of 
Structures. Earthquake Engineering and Structural Dynamics, vol. 13, pp. 271-275, 
1985. 

[25] Moes H. – Optimum Similarity Analysis with Applications to Elastohydrodynamic 
Lubrication. Wear, vol. 159, pp. 57-66, 1992. 

[26] Habchi W., Demirci I., Eyheramendy D., Morales-Espejel G. and Vergne P. – A Finite 
Element Approach of Thin Film Lubrication in Circular EHD Contacts, Tribology 
International, vol. 40, pp. 1466-1473, 2007.  

[27] Molimard J., Querry M. and Vergne P. – Rhéologie du Lubrifiant en Conditions 
Réelles: Mesures et Confrontation à un Contact Bille-Plan. La Revue de Métallurgie, 
CIT/Science et Génie des Matériaux, pp. 141-148, February 2001. 

[28] Nélias D., Legrand E., Vergne P. and Mondier J. B. – Traction Behaviour of Some 
Lubricants Used for Rolling Bearings in Spacecraft Applications: Experiments and 
Thermal Model Based on Primary Laboratory Data. ASME Journal of Tribology, vol. 
124, pp. 72-81, 2002. 

[29] S. Bair – Reference Liquids for Quantitative Elastohydrodynamics: Selection and 
Rheological Characterization, Tribology letters, vol. 22, no 2, pp. 197-206, May 2006. 

    


