
   Lebanese American University Repository (LAUR) 

Post‐print version/Author Accepted Manuscript 

Publication metadata  

Title: Stabilized fully‐coupled finite elements for elastohydrodynamic lubrication problems. 

Author(s): W.Habchi, D.Eyheramendy, P.Vergne, G.Morales‐Espejel 

Journal:    Advances in Engineering Software

DOI/Link:  https://doi.org/10.1016/j.advengsoft.2010.09.010 

How to cite this post‐print from LAUR: 

Habchi, W., Eyheramendy, D., Vergne, P., & Morales‐Espejel, G. (2012). Stabilized fully‐coupled finite 

elements for elastohydrodynamic lubrication problems. Advances in Engineering Software, Doi: 10.1016/

j.advengsoft.2010.09.010, URI: http://hdl.handle.net/10725/2182

 Year 2012 

This Open Access post‐print is licensed under a Creative Commons Attribution‐Non Commercial‐No Derivatives 

(CC‐BY‐NC‐ND 4.0) 

This paper is posted at LAU Repository 

For more information, please contact: archives@lau.edu.lb 



 1 

Stabilized fully-coupled finite elements for 
elastohydrodynamic lubrication problems 

 
W. Habchi1, D. Eyheramendy2, P. Vergne3 and G. Morales-Espejel4 

 

1 Lebanese American University (LAU), Department of Industrial and Mechanical 
Engineering, Byblos, Lebanon 

2 LMA, Ecole Centrale Marseille, CNRS UPR7051, 13451 Marseille Cedex 20, France 

3 Université de lyon, CNRS INSA-Lyon, LaMCoS, UMR 5259, F-69621, Villeurbanne, 
France 

4 SKF Engineering and Research Center, Nieuwegein, The Netherlands 
 
Abstract: 

 
This work presents a model for Elastohydrodynamic (EHD) lubrication problems. A finite 

element full-system approach is employed. The hydrodynamic and elastic problems are 
solved simultaneously which leads to fast convergence rates. The free boundary problem at 
the contact's exit is handled by a penalty method. For highly loaded contacts, the standard 
Galerkin solution of Reynolds equation exhibits an oscillatory behaviour. The use of artificial 
diffusion techniques is proposed to stabilize the solution. This approach is then extended to 
account for non-Newtonian lubricant behaviour and thermal effects. Artificial diffusion 
procedures are also introduced to stabilize the solution at high loads. 

 
Keywords: Finite elements, Elastohydrodynamic lubrication, artificial diffusion, full-system approach. 
 
1. Introduction 

 
Nowadays, rolling element bearings are essential components in any mechanical system 

that includes rotating parts. This is because the direct contact between the rotating parts may 
damage them and lead to system failure. Moreover, direct contact leads to high frictional 
losses and a significant increase in the energy consumption of the system. Thus, bearings are 
introduced to prevent large surface metal-to-metal contact. In order to further improve the 
functioning of these components, they are lubricated. In other words, a lubricant (oil, grease, 
etc) is introduced between the contacting surfaces (rolling element and inner / outer raceway). 
It is therefore important for the good functioning of a bearing to have a reliable tool to 
estimate film thicknesses and frictional losses in the contact.  

 
In this work, we are mainly interested in a particular lubrication regime known as 

Elastohydrodynamic (EHD). In this regime, the contacting bodies are separated by a full 
lubricant film. The pressure generated in the contact is high enough to induce a significant 
elastic deformation of the contacting bodies. Therefore, hydrodynamic and elastic effects are 
strongly coupled. When studying these contacts, it is not necessary to consider the often rather 
complex geometry of the contacting machine elements. Since the film thickness and contact 
width are generally small compared to the local radius of curvature of the running surfaces, 
the surface geometry in the contact area can be accurately approximated by paraboloids. This 



 2 

approximation allows a simplification of the contact geometry. The latter can be reduced to 
the contact between a paraboloid and a flat surface. Two types of contacts may be 
distinguished: line contacts (See Figure 1) where the contacting elements are assumed to be 
infinitely long in one of the principal directions (e.g.: cylindrical roller bearings) or point 
contacts (See Figure 2) which occur between two parabolically shaped surfaces with local 
radii of curvature R1x and R2x in the x-direction and R1y and R2y in the y-direction. A special 
case of a point contact is the circular contact which occurs if the radii of curvature of the 
contacting elements in both principal directions are equal. This paper is mainly focused on the 
circular contact configuration. However, where needed, some line contact results are shown 
for demonstrative purposes. 

 

 
Figure 1: EHL line contact and the equivalent reduced geometry 

  

 
Figure 2: EHL point contact and the equivalent reduced geometry 

 
 In the past few decades, a large number of numerical solutions of the isothermal 
elastohydrodynamic lubrication (EHL) problem emerged. Most of these studies used a weak 
coupling resolution of the Reynolds (Hydrodynamic) and elasticity equations. The two 
equations were solved separately and an iterative procedure was applied between their 
corresponding solutions. A direct consequence of the weak coupling resolution is in general, a 
slow convergence rate of the global system. This can be partially explained by the use of 
underrelaxation techniques that are often necessary as a compensation to the loss of 
information that occurs during the iterative coupling process. Very few authors attempted to 
solve the fully coupled problem. Among them, we cite Oh and Rohde [1] who tried to solve 
the problem as one integro-differential equation using Newton’s method, or also Holmes et al. 
[2] who used the differential deflection method to compute the elastic deformation of the 
contacting bodies. Although these attempts succeeded in finding a solution of the EHD 
problem with outstanding convergence rates (a few iterations were enough to obtain a 
converged solution), they suffered from three major drawbacks. First, because of the 
simultaneous solution of all pressure updates, the implementation of the cavitation condition 
at the outlet of the contact was rather tedious and second, the elastic deformation calculation 
was based on a half-space approach (Boussinesq solution). In this approach, the deformation 
at each point is related to pressure at all discretization points of the computational domain. 
This leads to a full Jacobian matrix. Despite some attempts to reduce the size of this matrix by 
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neglecting the smallest terms (e.g. see [2]), the computational effort and memory storage were 
still heavy. Finally, the Jacobian matrix was nearly singular for heavily loaded contacts which 
made the resolution process under such conditions particularly difficult. This is probably why 
this approach did not have as much success as the weakly coupled one, mostly based on a 
finite difference discretization of the corresponding equations and for which several efficient 
techniques were developed such as Multigrid techniques that were introduced to lubrication 
problems by Lubrecht [3] and further improved by Venner [4] who extended the solution to 
highly loaded contacts. 
 
 In an earlier work [5], the authors had already introduced a finite element approach to 
isothermal Newtonian EHL problems. The hydrodynamic and elastic problems were fully-
coupled whereas an iterative procedure was established to ensure the load balance. The free 
boundary problem arising at the contact’s exit was handled by a heavyside function. Later on, 
the authors extended this approach to account for non-Newtonian lubricant behaviour and 
thermal effects in lightly loaded contacts [6]. In this paper, a finite element fully-coupled 
resolution procedure is introduced. The load balance equation is integrated directly into the 
matrix system, providing thus a full-coupling of the three EHL equations (hydrodynamic, 
elastic and load balance equations). A penalty method is introduced to handle the free 
boundary problem in a straightforward manner. Appropriate stabilization techniques are 
applied to the Reynolds equation in order to extend the solution to highly loaded contacts. 
This approach has the advantage of providing a sparse Jacobian matrix, giving thus an 
efficient resolution of the fully-coupled problem with fast convergence rates. Then, this 
approach is extended to, first, non-Newtonian lubricants and second, thermal effects under 
light and heavy loads. In both cases, generalized forms of the Reynolds equation are 
considered. 
 
2. Isothermal Newtonian approach 
 
 In this section, the lubricant is assumed to behave as a Newtonian fluid and thermal 
effects are neglected in the contact (temperature throughout the lubricant film is considered 
constant and equal to the ambient temperature T0). The contacting surfaces are submitted to a 
prescribed external load F and have constant unidirectional surface velocities in the x-
direction. 
 

Mathematical model 
 

This section presents the mathematical model used to describe the behaviour of EHD 
contacts under isothermal Newtonian regime. This model is the basis of the EHL solver 
presented in this work, from which, an extension to a more physical modelling can be carried 
out. 
 

 EHL theory and equations 
 
 Three main equations define an EHL problem: the Reynolds equation which describes the 
pressure distribution p in the contact area, the linear elasticity equations which determine the 
elastic deformation of the contacting elements and the load balance equation which ensures 
that the correct load F is applied. All equations are written in dimensionless form using the 
Hertzian dry contact parameters [7] (i.e. Hertzian contact pressure ph and Hertzian contact 
radius a). The Reynolds [8] equation describing the dimensionless pressure distribution P for 
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a steady state circular contact problem with unidirectional surface velocities u1 and u2 in the 
X-direction is given by: 
 

 ( ) ( ) 0
H

P
X
ρ

ε
∂

∇ ⋅ ∇ − =
∂

 (1) 

 

Where: 
23

1 2 1 2
3

1 2

12,      ,   =    and   
2

m R
m

h

u R u u R RH u R
a p R R
µρε λ

µλ
+

= = =
+

 

 
 This equation stems from the Navier-Stokes equations to which the thin film simplifying 
assumptions are applied. H is the film thickness. The dimensionless viscosity µ  and density 
ρ  vary with pressure throughout the contact domain cΩ  (See Figure 3) making the problem 
highly nonlinear. The different laws of these transport properties that are used in this work are 
provided in Appendix A.  
 
 Neglecting body loads, the linear elasticity equations consist in finding the displacement 
vector { }, ,U u v w=  over the computational domain Ω  such that: 
 
 ( ) ( )0 sdiv with C Uσ σ ε= =  (2) 
 
 Where σ is the stress tensor, εs the strain tensor and C the compliance matrix. The film 
thickness H contains three contributions: the separation of the solid bodies H0, the original 
undeformed geometry and the elastic deflection of the components δ : 
 

 ( ) ( ) ( ) ( )
2 2

0, ,    with   , ,
2

X YH X Y H X Y X Y w X Yδ δ+
= + + =  (3) 

   
Finally, the load balance equation is written in dimensionless form as follows: 
 

 ( ) 2,
3

c

P X Y d π

Ω

Ω =∫  (4) 

 
Where 2 3π  corresponds to the dimensionless external load. This equation ensures that 

the correct external load is applied. The latter is controlled by the value of the film thickness 
constant 0H . 

 
 Boundary conditions 

 
Starting with Reynolds equation, it is admitted that p equals the ambient pressure at the 

boundary of the contact domain cΩ . In practice, it is defined as zero and thus, the pressure 
solved for corresponds to the pressure rise above the ambient level value: 
 
 0    on  cp = ∂Ω  (5) 
 

Moreover, since the lubricant is assumed to be at liquid state inside the film, pressures 
lower than the vapour pressure are physically impossible. The fluid will cavitate and the 
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pressure will remain constant and equal to the vapour pressure. Since in most situations the 
vapour pressure of the lubricant is of the same order of magnitude as the ambient pressure 
which is very small compared to the contact pressure, the Reynolds’ [8] cavitation boundary 
condition requires that:  
  
 0   on    and   0  on the cavitation boundaryc cp p p n≥ Ω = ∇ ⋅ =

  (6) 
 

Where cn  is the outward normal vector to the outlet boundary of the contact also called 
cavitation boundary. It is clear that determining the exact location of this boundary (specified 
by the appearance of negative pressures in the solution of Reynolds’ equation) is a free 
boundary problem since the pressure distribution is not known “a priori”. It is important to 
note that the first part of eq. (6) ensures that the cavitation of the lubricant and the film break-
up at the outlet of the contact are taken into account, whereas the second part ensures the mass 
conservation of the lubricant flow.  

 
Finally, the boundary conditions of the elastic problem are defined as follows: 
 

 
0                     at the bottom boundary 

      at the contact area boundary 
0                    elsewhere

b

n c

n

U
n Pσ σ

σ

= ∂Ω
 = ⋅ = − Ω
 =

  (7) 

 
The boundary conditions defined in this section, associated to the different EHL equations 

provided in section 2.1.1 completely define the physical problem to be solved. 
 

 Geometrical and material considerations 
 

 A half-space configuration can be assumed because the size of the contact is very small 
compared to the size of the solids. In practice, the latter corresponds to a cube with large 
dimensions compared to the size of the contact. In a previous paper [5], the authors showed 
that the dimensions of the cube should be at least 60 times larger than the Hertzian contact 
radius so that it can be considered as a half-space. The contact domain cΩ  is located on the 
centre of the upper face of the cube and extends from X=-4.5 to 1.5 and Y=-3.0 to 3.0 (See 
Figure 3). Note that Reynolds equation is two-dimensional and is solved on cΩ  whereas the 
elasticity equations are three-dimensional and are solved on the entire cubic domain Ω . 
 
Remark: in the line contact case, the half-space structure is a square with large dimensions 
compared to the contact domain which this time is one-dimensional and is also located on the 
centre of the upper side of the square. In addition, a plane strain analysis is applied to the 
linear elasticity problem. 
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Figure 3: Geometry of the EHL problem 

 
In order to simplify the computational model, an equivalent problem is defined to replace 

the elastic deformation computation for both contacting bodies under the same pressure 
distribution. The equivalent model is defined by applying eq. (2) to a body that has the 
following material properties (See Appendix B): 
 

 ( ) ( )
( ) ( )

( ) ( )
( ) ( )

2 22 2
1 2 2 2 1 1 1 2 2 2 1 1

2
1 2 2 11 2 2 1

1 1 1 1
   and   

1 11 1
eq eq

E E E E E E
E

E EE E

υ υ υ υ υ υ
υ

υ υυ υ

+ + + + + +
= =

+ + + + + + 
 

 
Remark: For the particular case of the two contacting elements being made out of the same 
material ( ),E υ , the equivalent material properties are 2  and eq eqE E υ υ= = . Therefore, the 
total elastic deflection would be twice the elastic deflection of each body. 
 

Moreover, by multiplying the equivalent Young’s Modulus by a R  the dimensionless 
displacement vector is obtained directly and dividing it by hp  allows the use of the 
dimensionless pressure distribution P as a pressure load in the contact area. Hence, the 
equivalent material properties become: 
 

 ( ) ( )
( ) ( )

( ) ( )
( ) ( )

2 22 2
1 2 2 2 1 1 1 2 2 2 1 1

2
1 2 2 11 2 2 1

1 1 1 1
   and   

1 11 1
eq eq

h

E E E E E EaE
R p E EE E

υ υ υ υ υ υ
υ

υ υυ υ

+ + + + + +
= × =

+ + + + + + 
 (8) 

 
The previous simplification is equivalent to considering that one of the bodies is rigid 

while the other (that has the equivalent material properties defined in eq. (8)) accommodates 
the total elastic deflection of both surfaces. This avoids running a similar calculation twice 
(once for every solid body). 

 
Numerical model 

 
This section describes the numerical model used for the modelling of EHL contacts 

operating under an isothermal Newtonian regime. 

X   
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 The penalty method 

 
As pointed out previously, at the outlet of the contact a free boundary problem arises. It is 

treated by means of a penalty method. The latter was introduced to EHL problems by Wu 
[9]. This approach introduces an additional penalty term to the Reynolds equation (1) that 
becomes: 
 

 ( ) ( ) 0
H

P P
X
ρ

ε ξ −∂
∇ ⋅ ∇ − − ⋅ =

∂
 (9) 

 
Where ξ  is an arbitrary large positive number and ( )min ,0P P− =  corresponds to the 

negative part of the pressure distribution. Note that the penalty term ( Pξ −− ⋅ ) has no effect 
where 0P ≥  and the consistency of Reynolds’ equation is preserved. However, in the outlet 
region of the contact, where 0P < , the penalty term dominates eq. (9), provided that the 
arbitrary constant ξ  has a sufficiently large value. Hence, the negative pressures are forced 
towards zero by the presence of the penalty term and the physical constraint that 0P ≥  over 
the entire computational domain is automatically satisfied. Wu also showed that this approach 
satisfies the Reynolds’ boundary conditions and thus the mass flow rate conservation 
throughout the contact. In addition, this method is very straightforward and easy to 
implement. 
 

 Finite element formulations 
 

The full-system approach used in this work consists in solving Reynolds equation, the 
linear elasticity equations and the load balance equation simultaneously. In the Reynolds’ 
equation, the dimensionless film thickness H is replaced by its expression given in eq. (3)
whereas the dimensionless viscosity µ  and density ρ  are replaced by one of the expressions 
provided in Appendix A. The Reynolds’ and linear elasticity equations are partial differential 
equations whereas the load balance equation is an ordinary integral equation that is added 
directly to the system along with the introduction of an additional unknown 0H . Hence, the 
unknowns of this model are the pressure distribution P, the elastic deformation of the 
contacting elements { }, ,U u v w=  and the film thickness constant 0H . 

 
• Galerkin formulation 

 
A standard Galerkin formulation is applied to the Reynolds’ and linear elasticity 

equations. The latter is obtained by multiplying each equation by a given weighting function, 
WP and WU respectively, and integrating it over the corresponding domain of application. 
Finally, integration by parts is applied to the equations revealing thus the boundary terms. For 
the sake of simplicity, the zero boundary terms are omitted. The load balance equation is 
weighted by 

0HW . The resultant system of equations becomes: 
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( ) ( )

( ) ( )

0

0 0

0Find , ,  such that , , ,  one has:

0

0

2 0
3

c c c

c

c

P U P U H P U

P
P P

s s U U

H H

P U H S S R W W W S S R

WP W d H d P W d
X

C U W d P n W d

PW d W

ε ρ ξ

ε ε

π

−

Ω Ω Ω

Ω Ω

Ω

∈ × × ∀ ∈ × ×


∂ − ∇ ⋅∇ Ω+ Ω− ⋅ Ω =

 ∂
 − ⋅ Ω + − ⋅ Ω =


 Ω− =


∫ ∫ ∫

∫ ∫

∫



 (10) 

 
Where: ( ){ } ( ){ }1 1/ 0 on    and   / 0 onP c c U bS P H P S U H U= ∈ Ω = ∂Ω = ∈ Ω = ∂Ω  

 
Note that Reynolds’ equation is solved on the two-dimensional contact domain cΩ  

whereas the linear elasticity equations are solved on the three-dimensional domain Ω . 
 

• Approximated formulation 
 

Let us now write the discrete form of the previous system of equations. Consider 
{ }1, ... ,

e

h
nΩ = Ω Ω  a finite element partition of Ω  such that: 1

en
e e=Ω = ∪ Ω , Ω = Ω∪∂Ω ,  

e e eΩ = Ω ∪∂Ω  and φ=Ω∩Ω 'ee  if 'ee ≠ . en  denotes the total number of elements in the 
partition while ∂Ω  and e∂Ω  denote respectively the boundaries of the domain Ω  and the 
element eΩ . Let ceΩ  be the set of elements defined by { }/ce e c ceΩ = Ω ∩Ω Ω ≠∅  and let cen  

be the total number of elements belonging to ceΩ . Let P
h
P SS ⊂  and U

h
U SS ⊂ . The discrete 

functions hP  and hU  defining these spaces have the same characteristics as their analytical 
equivalents P  and U  defined in the previous section. Moreover, lh LP ∈  and 

'lh LU ∈  
where lL  and 

'lL  are the sets of piecewise polynomials of degrees equal to l  and 'l  
respectively defined within each element eΩ . The approximate functions 

( ) ( )

 and 
e eh hP U  

(within an element e) of P and U respectively, are given by: 
 

 
( ) ( )( ) ( )

1 1
   and    

UPe e
nn

h e h e
i Pi i Ui

i i
P P N U U N

= =

= =∑ ∑  (11) 

 
Where ( ) ( ) and e e

i iP U  are the nodal values of P and U respectively, associated to the 
interpolation functions PiN  and UiN  within the element e (  and P Un n  being their respective 
numbers). The weighting functions  and P UW W  are approximated in a similar way by 

( ) ( )

 and 
e eh h

P UW W respectively: 
 

 
( ) ( )( ) ( )

1 1
   and   

UPe e
nn

h e h e
P Pi Pi U Ui Ui

i i
W W N W W N

= =

= =∑ ∑  (12) 
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Where ( ) ( )
, , and We e

P i U iW  are the nodal values of the weight functions  and P UW W  within the 
element e respectively. The discrete form of the system of equations (10) is obtained by 
replacing the field variables P and U by their discrete equivalents  and h hP U  respectively and 
the weighting functions  and P UW W  by  and h h

P UW W  respectively: 
 

 

( ) ( )

( ) ( )

0

0 0

0Find , ,  such that , , ,  one has:

0

0

2 0
3

h h h
c c c

h h
c

h
c

h h h h h h h h
P U P U H P U

h
h h h hP

P P

h h h h
s s U U

h
H H

P U H S S R W W W S S R

WP W d H d P W d
X

C U W d P n W d

P W d W

ε ρ ξ

ε ε

π

−

Ω Ω Ω

Ω Ω

Ω

∈ × × ∀ ∈ × ×


∂ − ∇ ⋅∇ Ω+ Ω− ⋅ Ω = ∂


 − ⋅ Ω + − ⋅ Ω =


 Ω− =


∫ ∫ ∫

∫ ∫

∫



 (13) 

 
Again, for the sake of simplicity, the zero boundary integrals have been omitted. The 

unknowns of the discrete system of equations (13) are the nodal values of P and U and the 
value of the film thickness constant parameter 0H . 

 
Remark: The circular contact problem is symmetric with respect to the ZX-plane. This 
symmetry is taken into account in order to reduce its size. Hence, the linear elasticity problem 
requires a symmetry boundary condition on the symmetry plane ZX 
( 0 0 on sU n v⋅ = ⇔ = ∂Ω

 ). Similarly, Reynolds’ equation requires an additional symmetry 
boundary condition ( 0 0 on csP n P Y∇ ⋅ = ⇔ ∂ ∂ = ∂Ω

 ) and the computed dimensionless load 
should equal 3π  instead of 2 3π . 

 
 Stability issues 

 
The solution of Reynolds equation is known to be unstable in the central contact area 

(high pressure region) for highly loaded contacts [10-14]. In this section, we provide a method 
to cure these instabilities that lead to an oscillatory behaviour of the solution. The line contact 
case is also treated for demonstrative purposes. In fact, let us rewrite the Reynolds equation in 
a different way: 
 

 ( ) ( ) 0P HR P P H
P X X
ρε ρ∂ ∂ ∂

= −∇⋅ ∇ + + =
∂ ∂ ∂

 (14) 

 
Let Xβ β=  in the line contact case or { },X Yβ β β=  in the circular contact case with 

P
HX ∂
∂

=
ρβ  and 0Yβ = . Finally,  let 

X
HQ
∂
∂

−= ρ , then eq. (14) can be written: 

 
 ( ) ( ) 0R P P P Qε β= −∇⋅ ∇ + ⋅∇ − =  (15) 
 
 

      «Diffusion »    «Convection »  « Source » 
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The penalty term is not mentioned for the sake of simplicity and because it is nil in the 
region of interest of this section (high pressure region). But keep in mind that this term should 
be added to eq. (15) during the resolution process. Note that eq. (15) is the Reynolds’ equation 
in compact notation for both line and circular contacts. For the line contact case, the 
differential operators are unidirectional in the X-direction whereas in the circular contact case 
they are bidirectional (in the X and Y-directions). 
 

Equation (15) has the form of the classical Diffusion-Convection equation (applied to P) 
with a source term Q. We can clearly identify the diffusion term (left) with a diffusion 
coefficient ε  and the convection term (centre) with a convection operator β ⋅∇ . For highly 
loaded contacts, ε  becomes very small. In fact, ρ  exhibits a slight increase while µ  is 
increased by several orders of magnitude and H becomes smaller. Therefore, the convection-
like term in eq. (15) becomes dominant. It is well known that the standard Galerkin 
formulation, associated with the finite element method works well only when the diffusion 
term is dominant [15-18]. In fact, the central differencing property of the Galerkin method is 
well suited only for elliptic problems (dominated by diffusion). When convection becomes 
dominant, the Galerkin formulation is no longer appropriate and gives rise to spurious 
oscillations in the solution. One way to get rid of these oscillations is obtained by using 
special stabilized formulations. A various number of these techniques can be found in the 
literature such as “artificial diffusion” [15, 17, 19] or “Discontinuous Galerkin” methods [20, 
21]. In the following, we propose the use of “artificial diffusion” techniques to cure the 
spurious oscillations of the solution for highly loaded contacts. 

 
• Line contact 

 
As mentioned earlier, in the case of a highly loaded contact, Reynolds equation becomes 

convection-dominated. The solution exhibits an oscillatory behaviour (See Figure 4, Left). In 
order to overcome such a problem Brooks and Hughes [15] introduced the so called 
Streamline Upwind Petrov Galerkin (SUPG) method. The discrete weak variational form for 
the SUPG method applied to Reynolds equation (15) is given by: 
 

 ( )

( ) ( )
1

Find  such that ,  one has:

0

h h
c c

ce

ce

h h h h
P P P

h h h h
P P

n
h h

P
e

P S W S

P W d P Q W d

R P W d

ε β

τ β

Ω Ω

= Ω

∈ ∀ ∈

∇ ⋅∇ Ω+ ⋅∇ − Ω

+ ⋅∇ Ω =

∫ ∫

∑ ∫

 (16) 

 
The first two terms represent the standard Galerkin method applied to Reynolds equation 

while the last term represents the additional stabilizing term that is added to the interior ceΩ  
of each discretization element.  
 
 Another interesting technique was proposed by Hughes et al. [17] based on the fact that 
stabilization terms may be obtained by minimizing the square of the equation’s residual. It is 
called the Galerkin Least Squares (GLS) method. The discrete weak variational form for this 
method is given by: 
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 ( )

( ) ( )( )
1

Find  such that ,  one has:

0

h h
c c

ce

ce

h h h h
P P P

h h h h
P P

n
h h h

P P
e

P S W S

P W d P Q W d

R P W W d

ε β

τ β ε

Ω Ω

= Ω

∈ ∀ ∈

∇ ⋅∇ Ω+ ⋅∇ − Ω

+ ⋅∇ −∇⋅ ∇ Ω =

∫ ∫

∑ ∫

 (17) 

 
Once again, we can identify the standard Galerkin formulation in the first two terms and 

the additional stabilizing term in the last part. The most important feature of SUPG and GLS 
is that both are residual based techniques. In other words, they do not affect the solution of the 
original problem. Actually, the additional terms vanish at the converged solution ( 0R ≈ ) and 
therefore the consistency of Reynolds equation is preserved. 

 
The definition of the tuning parameter τ  remained “intuitive” for a long time. An 

example of a theoretical formulation was introduced by Hughes [18] in the mid 90’s. Since, 
several formulations have been proposed by various authors. In this work we shall adopt the 
definition given by Galeão et al. [16] who provided an extension of this parameter to high 
order approximations: 
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e
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e
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Where eh  and eP  are respectively the characteristic length and the local Peclet number of 

the element e. eP  defines the convection-to-diffusion ratio inside an element e. Whenever 
1eP > , convection becomes dominant and stability problems mentioned earlier are likely to 

occur. 
 

 
Figure 4: Heavily loaded line contact problem and the effect of stabilization. Left: Standard Galerkin, Centre: 

SUPG, Right: GLS (ph=3 GPa, μR=0.012 Pa.s, α*=23 GPa-1, u1=u2= 1m/s, R=15 mm, A1=19.17 °C, 
A2=4.07x10-3 MPa-1, B1=0.23, B2=0.0249 MPa-1, C1=16.04, C2=18.18 °C, Tg(0)=-73.86 °C, µg=1012 Pa.s and 

T=40 °C)  

Figure 4 shows a typical case of a heavily loaded steel-steel line contact. Lagrange quintic 
elements are used for the hydrodynamic problem and quadratic elements for the elastic part, 
with a mesh density of 400 elements in the Hertzian contact region ( 11 ≤≤− X ).  The total 
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number of dofs is 23000 where only 2000 dofs are dedicated to the hydrodynamic part and the 
rest to the elastic calculation. This is to be expected since the former is one dimensional while 
the latter is two dimensional. The Dowson & Higginson [22] formula and the WLF [23] 
model (See Appendix A) are used as density-pressure and viscosity-pressure relationships 
respectively. The solution exhibits an oscillatory behaviour when a Standard Galerkin 
formulation is used. On the other hand, the use of SUPG or GLS formulations completely 
smoothes out this spurious behaviour. 

 
Remark: Using high order elements for the hydrodynamic problem, as an alternative to 
refining the mesh, allows having a good precision for its solution without inducing any 
unnecessary increase in the number of dofs of the two-dimensional (line contact case) or 
three-dimensional (circular contact case) elastic problem. 

 
• Circular contact 

 
In the case of a heavily loaded circular contact problem, the same behaviour is observed 

for a standard Galerkin formulation and the solution exhibits serious oscillations in the central 
area of the contact as can be seen in Figure 5 (Left). The SUPG and GLS formulations are the 
same as those given in eqs. (16) and (17) respectively. But in this case, both methods only 
succeed in reducing the amplitude of the oscillations without completely smoothing them out 
as can be seen in Figure 5 (Centre). In the two dimensional case of the convection-diffusion 
equation, it is of common use to add additional terms to the stabilized SUPG or GLS 
formulations such as “Isotropic Diffusion (ID)” terms [24]. The latter succeed in smoothing 
out the remaining oscillations without a significant perturbation in the solution of the original 
problem. These terms are defined as: 
 

 
1 2

ce

ce

n
e h h

id P
e

h
ID P W d

l
β

ρ
= Ω

= ∇ ⋅∇ Ω∑ ∫  (19) 

 
The coefficient idρ  represents the relative amount of “Isotropic Diffusion” with respect to 

the original method. The terms in eq. (19) are added to the stabilized SUPG or GLS 
formulations given in eqs. (16) and (17) respectively. 
 

Figure 5 shows the case of a heavily loaded steel-steel point contact. The same lubricant is 
used as in the line contact case with the same viscosity-pressure and density-pressure 
relationships (See previous section). This case corresponds to a severe EHL contact that can 
rarely be found in real life contacts. Therefore, it has no important physical relevance, but it is 
used here in the only purpose of demonstrating the stability of the current model. Lagrange 
quintic elements are used for the hydrodynamic problem and quadratic elements for the elastic 
part. The total number of dofs is 75000 where 35000 dofs are dedicated to the hydrodynamic 
part and the rest to the elastic calculation. The solution exhibits an oscillatory behaviour when 
a Standard Galerkin formulation is used. The use of SUPG or GLS formulations reduces these 
oscillations without completely smoothing them out. And finally, the addition of “Isotropic 
Diffusion” terms eliminates the remaining oscillations in the solution ( idρ  is set to 0.5). 
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Figure 5: Heavily loaded circular contact problem and the effect of stabilization. Left: Standard Galerkin, 

Centre: SUPG/GLS, Right: SUPG/GLS+ID (ph=3 GPa, μR=0.012 Pa.s, α*=23 GPa-1, u1=u2= 1m/s, R=12.7 mm, 
A1=19.17 °C, A2=4.07x10-3 MPa-1, B1=0.23, B2=0.0249 MPa-1, C1=16.04, C2=18.18 °C, Tg(0)=-73.86 °C, 

µg=1012 Pa.s and T=40 °C) 

It is important to note that the ID terms are non-residual based and therefore the 
consistency of the Reynolds equation is lost. But, fortunately, the addition of these terms to 
the stabilized formulations does not significantly affect the solution of the original problem as 
can be seen in Figure 6. In order to evaluate the effect of these terms on the solution of the 
circular contact problem, a test case was carried out under the same conditions mentioned 
earlier with the only difference that the Hertzian pressure is taken to be 0.68 GPa. This allows 
getting the standard Galerkin solution (the contact is not heavily loaded) in order to compare 
it to the stabilized GLS formulation with / without addition of “Isotropic Diffusion”.      
 

 
Figure 6: Effect of « Isotropic Diffusion » on the dimensionless pressure solution of Reynolds’ equation in 

the case of a circular contact (ph=0.68 GPa, μR=0.012 Pa.s, α*=23 GPa-1, u1=u2=1m/s, R=12.7 mm, A1=19.17 
°C, A2=4.07x10-3 MPa-1, B1=0.23, B2=0.0249 MPa-1, C1=16.04, C2=18.18 °C, Tg(0)=-73.86 °C, µg=1012 Pa.s 

and T=40 °C) 

Figure 6 shows the dimensionless pressure profile along the central line in the X-direction 
for the case mentioned earlier. Globally, the additional ID terms do not significantly affect the 
solution (Left). By zooming on the pressure spike’s region (Right) we can note that a slight 
difference can be observed in this region. Finally, note that the more “Isotropic Diffusion” is 
added, the more the pressure spike is affected. In fact, for 5.0=idρ , the pressure spike 
deviates from that of the standard Galerkin or GLS solutions more than for 25.0=idρ . The 
dimensionless central and minimum film thicknesses Hc and Hm along with their 
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corresponding relative deviations for the different formulations with respect to the standard 
Galerkin solution are reported in Table 1: 
 

 Hc Hm (ΔH/H)c (ΔH/H)m 
Standard Galerkin 0.137462 0.074807 - - 

GLS 0.136897 0.074519 0.41 % 0.38 % 
GLS+ID (ρ id=0.25) 0.136752 0.074469 0.52 % 0.45 % 
GLS+ID (ρ id=0.5) 0.136608 0.074419 0.62 % 0.52 % 

Table 1: Effect of « Isotropic Diffusion » on the dimensionless film thickness results in the case of a circular 
contact (ph=0.68 GPa, μR=0.012 Pa.s, α*=23 GPa-1, u1=u2=1m/s, R=12.7 mm, A1=19.17 °C, A2=4.07x10-3 MPa-

1, B1=0.23, B2=0.0249 MPa-1, C1=16.04, C2=18.18 °C, Tg(0)=-73.86 °C, µg=1012 Pa.s and T=40 °C) 

Table 1 clearly confirms that the effect of the additional ID terms on the film thickness 
results is also negligible and that, again, the more ID is added, the more the solution is 
affected. From here on, unless stated otherwise, whenever “Isotropic Diffusion” is employed, 
a value of 0.5idρ =  is considered. 

 
Remark: Note that, a single formulation can be used for both lightly and heavily loaded 
contacts, since the stabilized formulations introduced earlier do not affect the solution of the 
former.  
 
2.2.3 Newton-Raphson procedure 
 

A Newton (Newton-Raphson) procedure is applied to the non-linear system of equations 
formed by the stabilized Reynolds equation, the linear elasticity equations and the load 
balance equation. This system can be rewritten under the following matrix form: 
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 (20) 

 
Where ( )0, ,P U H  is the vector of the nodal values of P  and U , and the constant film 

thickness parameter H0. ( )0, ,stabR P U H  denotes the discrete form of the non-linear stabilized 

Reynolds equation. It is approximated by its linear part ( )
0, , 0, ,P U H stabL R P U Hδ δ δ  at 

( )0, ,P U H  obtained by a first order Taylor expansion: 
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The elasticity and load balance equations are already linear and therefore they are strictly 
equivalent to their linear part at ( )0, ,P U H . Starting with an initial guess ( )0 0 0

0, ,P U H  of the 
solution, the linearized system of equations to solve at the ith iteration of the Newton 
procedure is defined by: 

 

 ( )
( )

( ) ( )
( )

1 1 1
0

0, ,

1 1
0 21 22

1
31 3

, , 0

Find , , such that: 0

i i i
i i i
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i i i i i i i

i i
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δ δ δ

δ δ δ δ δ

δ

− − −

− −

−
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
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 (22) 

 
Where ( )0, ,i i iP U Hδ δ δ  is an increment vector. The Hertzian pressure and elastic 

deformation profiles or a previously stored solution are a good estimate for ( )00 ,UP . 
Replacing ( )1 1 1

0
0, ,

, ,i i i
i i i

stabP U H
L R P U Hδ δ δ− − −  by its expression provided in eq. (21), the system 

of equations (22) becomes: 
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ii i
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 (23) 

 
The matrix on the left hand side is the Jacobian matrix where we can identify the coupling 

terms J12, J13, J21 and J31. We remind the reader that in the present approach the Jacobian 
matrix is sparse (more than 99 % of the terms are zeros), and therefore the computational 
effort or memory usage required for inverting it are far less important than for a full matrix. 
The Newton procedure consists in solving the linearized system of eqs. (23) at every iteration 
i and adding the result ( )0, ,i i iP U Hδ δ δ  to the vector ( )1 1 1

0, ,i i iP U H− − −  obtained at the 
previous iteration: 
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U U U
H H H

δ
δ
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−
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 (24) 

 
This system is solved using a direct solver and the procedure is repeated until the 

convergence of the solution is reached i.e. until the Euclidian norm of the relative residual 
error vector falls below 10-6. 

 
2.3 Quantitative analysis 
 

In this section, a thorough quantitative analysis of the current model is described. First, the 
effect of the penalty term on the pressure and film thickness solutions is analyzed then, a 
comparative study with a finite difference based model (using multigrid techniques) is carried 
out for a typical circular contact case. The latter validates the current approach and proves its 
efficiency. 

 
2.3.1 Penalty term analysis 
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In section 2.2.1, it was pointed out that the free boundary problem that arises at the outlet 

of the contact is treated by applying a penalty method. In this section, the effect of the penalty 
term on the pressure and film thickness solutions is analyzed. For this purpose a typical steel-
steel ball on plane contact is considered. The lubricant is assumed to be compressible. Its 
density varies with pressure according to the Dowson & Higginson formula (See Appendix 
A). The Roelands [25] model is used for viscosity-pressure dependence. The parameter idρ  is 
taken to be 0.5. Lagrange quintic elements are used for the hydrodynamic problem and 
quadratic elements for the elastic part. The mesh size is approximately equal to 0.5 in the inlet 
and outlet regions of the contact and 0.05 in the central area. In practice, the penalty term’s 
parameter ξ  in eq. (9) is taken as: 

 
 2

0 ehξ ξ= ×   (25) 
 

Where 0ξ  is an arbitrary large positive number. The values of the central and minimum 
film thicknesses, the outlet absicca of the contact (location of the free boundary Xout) on the 
central line in the X-direction and the minimum pressure are listed in Table 2 as a function of 
the value of 0ξ .  
 

0ξ  Hc Hm Xout (Y=0) Min(P) 
102 0.082198 0.038382 0.9870 -3.0092. 10-2 
104 0.082214 0.039267 1.0403 -2.5630. 10-3 
106 0.082215 0.039298 1.0589 -9.5199. 10-5 
108 0.082215 0.039298 1.0602 -6.5941. 10-5 

Table 2: Effect of the penalty term on the pressure and film thickness solutions (F=100N, ph=1 GPa, 
u1=u2=0.8 m/s, R=16 mm, µR=0.04 Pa.s, α=22 GPa-1 and T=T0=TR=20 °C)   

It is clear that a minimum value of 0ξ  is required in order to get converged pressure and 
film thickness solutions. In fact, note that beyond 6

0 10ξ = , any increase of the value of this 
parameter is useless and does not lead to any significant changes in the solution. This is why 
this value has been employed throughout this work. The condition number of the linear 
system is of course influenced by the latter. As a direct linear system solver is used, it does 
not affect the solution. Finally, note that the larger this parameter is, the closer the negative 
pressures get to zero.  
 
2.3.2 Validation and comparison with FD multigrid based model 

 
A comparative study between the present finite element model and a semi-system finite 

difference (with multigrid techniques) model is established. For this purpose, a representative 
test case corresponding to a fairly loaded circular contact problem is taken from [26] in order 
to compare the results and efficiency of both models. The lubricant properties and operating 
conditions are the same as described in the previous section. The test is carried out for several 
mesh sizes and the results are reported in Table 3. In fact, for the finite difference based 
model, the mesh diameter he is constant throughout the contact domain and equal to 
0.046875, 0.0234375 and 0.01171875 for the three cases mentioned in Table 3 respectively 
whereas for the current model, eh  is variable (See Figure 7), and approximately equal to 0.5 in 
the inlet and outlet regions of the contact in the three test cases whereas in the central part of 
the contact it is approximately equal to 0.15, 0.075 and 0.05 respectively. 
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Figure 7: Meshing of the contact area Ωc 

Figure 7 shows a typical meshing of the contact area cΩ , delimited by its boundaries cΩ∂  
and csΩ∂ , for a circular contact problem. Note that the mesh is coarse in the inlet and outlet 
regions of the contact where the solution shows very small variations. On the other hand, a 
fine mesh is used in the central (Hertzian) contact area where the pressure gradients are more 
important. Finally, a finer mesh is used at the outlet of the central contact area where the 
pressure spike and film thickness constriction are generally observed. Thus a good capture of 
the severe pressure gradients that occur in this area is obtained. 
 

Venner & Lubrecht [26] Current model 
N° dofs Hc Hm Niter N° dofs Hc Hm Niter 

16 770 (128x128 mesh) 0.07887 0.03712 153 18 313 0.080950 0.038818 11 
66 306 (256x256 mesh) 0.08093 0.03848 107 39 836 0.081845 0.039165 13 

263 682 (512x512 mesh) 0.08144 0.03876 80 76 249 0.082215 0.039298 14 

Table 3: Comparison of the current model with the Venner & Lubrecht [26] model for a typical circular 
contact case (F=100N, ph=1 GPa, u1=u2=0.8 m/s, R=16 mm, µR=0.04 Pa.s, α=22 GPa-1 and T=T0=TR=20 °C) 

Table 3 gives the dimensionless central and minimum film thicknesses obtained by both 
the Venner & Lubrecht and the current models for the test case described earlier using 
different mesh densities. The number of iterations Niter required by each model to reach the 
converged solution is also reported. For the multigrid based model, Niter corresponds to the 
equivalent number of iterations that would be carried out over the finest mesh level given in 
the left column. The total number of dofs for the Venner & Lubrecht model is divided by 2 
with respect to the number given in [26] because this model does not take into account the 
symmetry of the problem (e.g.: 66306=(256+1)x(256/2+1)x2 ). Note that even for a total 
number of 18313 dofs, the solution given by the current model can be considered sufficiently 
accurate compared to the finest mesh case considered here. Also note, compared to the 
Venner & Lubrecht model, the much smaller number of iterations that is required to get a 
converged solution. This reveals the outstanding convergence rate mentioned earlier. 
 

The 3D dimensionless pressure profile for this case is given in Figure 8 (Left) and the 
corresponding plot of the dimensionless pressure and film thickness profiles along the central 
line in the X-direction are shown in Figure 8 (Right). 
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Figure 8: 3D dimensionless pressure profile (Left), dimensionless pressure and film thickness profiles along the 
central line in the X-direction (Right) (F=100N, ph=1 GPa, u1=u2=0.8 m/s, R=16 mm, µR=0.04 Pa.s, α=22 GPa-1 

and T=T0=TR=20 °C) 

This test allows the validation of the current model and shows that the size of the system 
of equations to solve can be reduced compared to finite difference based models. This is 
mainly due to the use of the finite element method which enables non-regular non-structured 
meshing. Therefore, fine meshing is used only where needed as can be seen in Figure 7. 
Moreover, in a previous work [5], the authors showed that both models have the same 
complexity and since much faster convergence rates are obtained, then memory storage and 
computational time are considerably reduced. In fact, a typical circular contact resolution 
takes, roughly speaking, between 1 and 3 minutes on a PC with a 2 GHz processor whereas a 
line contact solution is obtained in less than 10 seconds.  

   
3 Extension to a more physical modelling 
 

In this section, the previously described model is extended to a more physical modelling 
of the contact’s behaviour. First, non-Newtonian lubricants are considered and then thermal 
effects are taken into account. Both extensions introduce additional physics to the problem, 
making it more complex, both on the numerical and the physical level.  
 
3.1 Non-Newtonian effects 
 

The classical isothermal EHL theory presented in section 2 assumes that the lubricant 
behaves as a Newtonian fluid. However, when a non-Newtonian lubricant is used, its 
viscosity varies in the thickness of the film due to shear stress variations. In general, non-
Newtonian lubricants have a shear-thinning behaviour. In other words, their viscosity 
decreases with the increase of shear stress. In the current work, this behaviour is modelled 
using the modified version of the Carreau equation provided by Bair [27] (See Appendix A). 
The latter is a very powerful shear-thinning model that takes into account the second 
Newtonian plateau that can occur at very high shear rates (See figure 9). 

 

 P 

Y 

X 1 
-1 

1 

-1 

0 



 19 

 
Figure 9: Typical behaviour of a non-Newtonian lubricant modelled by the Carreau model 

 
In order to account for the viscosity variations in the film thickness, Najji [28] introduced 

a generalized Reynolds equation that can be written in the following dimensionless form: 
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Note that if the generalized Newtonian viscosity η  is replaced by the Newtonian one µ  

eq. (26) becomes the classical Reynolds equation. Finally, eq. (26) can be written in the 
following form: 
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Then eq. (27) becomes: 
 
 ( ) ( ) 0R P P P Qε β′ ′ ′ ′= −∇ ⋅ ∇ + ⋅∇ − =  (28) 
 

Hence, the generalized Reynolds’ equation also has the form of a classical Diffusion-
Convection equation (applied to P) with a source term Q′ . Again, thermal effects are 
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neglected and temperature is considered constant throughout the lubricant film and equal to 
the ambient temperature T0.  

 
3.1.1 Finite element procedure 

 
The system of EHL equations formed by the generalized Reynolds’ equation, the linear 

elasticity and the load balance equation is solved using a similar Newton Raphson approach 
as described earlier. The finite element formulations for this system are not reminded here. 
Those are similar to the ones provided in section 2 since the generalized Reynolds equation 
also has the form of a convection / diffusion equation. The free boundary problem is again 
treated by applying a penalty method and for heavy loads, the problem exhibits similar 
instability features as described in section 2.2.3. This can be seen in Figure 10 where a test 
case is carried out with a typical shear thinning lubricant for a steel-on-glass circular contact. 
Note that, in practice, this case can never be realized on an experimental apparatus because 
glass would not withstand such a load. The Tait-Doolittle [29-30] free volume model (See 
Appendix A) is used to express the density and viscosity dependence on pressure. The 
lubricant properties can be found in Table 4.  

 
Lubricant properties 

µ1,R=0.0705 Pa.s av=7.52x10-4 °C-1 
µ2,R=0.0157 Pa.s K’0R=11.29 

Gc=0.01 MPa β’K=0 K-1 
nc=0.8 K0R=8.375 GPa 
B=4.2 βK=0.006765 K-1 

R0=0.658 εc=-9.599x10-4 °C-1 
Table 4: Lubricant properties for the non-Newtonian test case 

 

 
Figure 10: Stabilization effects on circular EHD contacts lubricated with a non-Newtonian lubricant 

(F=1000 N, ph=1.66 GPa, α*=18.53 GPa-1, u1= u2=1 m/s, R=12.7 mm, T= T0 =TR=40 °C) 

The stabilized formulations will not be reminded in this section, these are the same as 
described in section 2. Again, it is clear that a standard Galerkin formulation leads to an 
oscillatory behaviour of the solution. Applying GLS or SUPG formulations reduces the 
amplitude of these oscillations without completely smoothing them out. And finally, adding 
the ID terms to the GLS or SUPG formulations completely smoothes out the remaining 
oscillations. 

 
3.1.2 Global numerical procedure 
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The same numerical procedure as described in section 2 is employed with only a few 
slight differences. At every Newton resolution, the integral terms in the generalized Reynolds 
equation are computed using the solution of the previous resolution. Thus an iterative 
linearization process is established as shown in the flow diagram of Figure 11. This iterative 
process is repeated until the convergence of the solution is obtained i.e. in this case, until the 
maximum absolute difference between the pressure solutions at two consecutive resolutions 
falls below 10-3. The initial values for the pressure profile P and the elastic deflection profile 
U correspond to those of a dry / Hertzian contact or a suitable previously stored solution. As 
for the initial value of τe, it is obtained by assuming the lubricant is Newtonian and using the 
initial values of P, U and H0. 
 

 
Figure 11: flow diagram for the numerical modelling of an isothermal EHL circular contact lubricated with 

a non-Newtonian lubricant 

It is clear that the global numerical procedure requires more computational efforts than the 
one for the Newtonian approach and consequently, more cpu time is required. This is due to, 
first the calculation of the integral terms that is required at every iteration of the global 
procedure and second, the inconsistent linearization of the formulation for these terms (the 
contribution of the integral terms to the Jacobian matrix is omitted). In fact, this inconsistent 
linearization process leads to an additional loop in the general procedure which requires in its 
turn 10 to 20 iterations. Roughly speaking, for a typical case, the calculations may take 
between 10 to 20 minutes on a personal computer with a 2 GHz processor.    

 
3.2 Thermal effects 
 

In this section, the temperature throughout the lubricant film is not considered constant 
anymore. In fact, two heat sources lead to the global increase of temperature: the 
compressibility of the lubricant and frictional shear. Hence, not only the viscosity of the 
lubricant varies in the film thickness, but also its density. Thus a new generalized Reynolds 
equation that takes into account these variations is introduced by Yang and Wen [31]. The 
latter can be written in the following dimensionless form: 
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Where:                
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Equation (29) is the most general form of Reynolds equation. It is valid for both 

Newtonian and non-Newtonian lubricants (for a Newtonian lubricant the generalized 
Newtonian viscosity η  is replaced by the Newtonian one µ ). It takes into account the 
variations of both viscosity and density across the film thickness. In fact, the changes in 
density are due to temperature variations across the lubricant film whereas the changes in 
viscosity stem from both temperature and (when a generalized Newtonian lubricant is 
considered) shear rate variations across the film. Moreover, both density and viscosity are 
allowed to vary with pressure and temperature throughout the contact domain according to the 
relationships presented in Appendix A. Note that if the temperature in the lubricant film is 
assumed to be constant and equal to the ambient temperature ( 0T T cst= = ) equation (29) 
reduces to the generalized Reynolds equation (26), and furthermore, if the generalized 
Newtonian viscosity η  is replaced by the Newtonian one µ , this equation reduces to the 
classical Reynolds equation (1). Finally, let ( )0 0,P T Tρ ρ= =  be the two dimensional 
function defined on the contact domain cΩ and describing the density variations over the 
latter with respect to pressure considering a constant temperature 0T T= . Equation (29) can be 
written in the following form: 
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 (30) 

 

Let:  00
0

0

,   =0   and   X Y

H
H Q

P X

ρ
ρρρβ β ρ

ρ

∗

∗

  
∂   

  ∂   ′′ ′′ ′′= = −  ∂ ∂ 
 

 
Then eq. (30) becomes: 
 
 ( ) ( ) 0R P P P Qε β′′ ′′ ′′ ′′= −∇ ⋅ ∇ + ⋅∇ − =  (31) 
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Hence, the generalized Reynolds equation with thermal effects also has the form of a 
classical Diffusion-Convection equation (applied to P) with a source term Q′′ . The thermal 
model for temperature variations in the lubricant film and the contacting elements will not be 
described here since this is not the main topic of this paper but all the details can be found in a 
previous work of the authors [6]. The latter is based on the resolution of the 3D energy 
equation in the lubricant film and the solid bodies.  

 
3.2.1 Finite element procedure 
 

The system of EHL equations formed by the generalized Reynolds equation with thermal 
effects, the linear elasticity equations and the load balance equation is solved using a similar 
Newton-Raphson approach as described in section 2. The finite element formulations for this 
system are not reminded here. Those are similar to the ones provided in section 2 since the 
generalized Reynolds equation with thermal effects also has the form of a convection / 
diffusion equation. The free boundary problem is treated by applying the penalty method and 
for heavy loads, the solution of the generalized Reynolds equation with thermal effects 
exhibits similar instability features as described previously. The same stabilization techniques 
are used to avoid them (based on a convection / diffusion form of Reynolds equation). This 
can be seen in Figure 12 where a test case with the same lubricant and operating conditions as 
in the previous section is carried out. Only this time, temperature is no longer considered as a 
constant throughout the lubricant film and solid bodies.  
 

 
Figure 12: Stabilization effects on circular thermal EHD contacts (F=1000 N, ph=1.66 GPa, α*=18.53 GPa-1, 

u1= u2=1 m/s, R=12.7 mm) 
 

The stabilized formulations will not be reminded in this section, these are the same as 
provided in section 2. Again, it is clear that a standard Galerkin formulation leads to an 
oscillatory behaviour of the solution. Applying GLS or SUPG formulations reduces the 
amplitude of these oscillations without completely smoothing them out. And finally, adding 
the ID terms to the GLS or SUPG formulations completely smoothes out the remaining 
oscillations. 
 
3.2.2 Global numerical procedure 

 
The global numerical procedure for thermal EHL (TEHL) modelling is much more 

complex than for the isothermal case. The starting point consists in defining initial values for 
P, U, H0, T and τe. The initial values for the pressure profile P and the elastic deflection 
profile U correspond to those of a dry / Hertzian contact or a suitable previously stored 
solution. As for the initial value of τe, it is obtained by assuming the lubricant is Newtonian 



 24 

and using the initial values of P, U, T and H0. The initial temperature field is taken to be 
constant and equal to the ambient temperature T0 throughout the contacting solids and the 
lubricant film. 

 

 
Figure 13: Flow diagram of the thermal EHL (TEHL) model 

After the initial values of the different variables are defined, the system formed by the 
generalized Reynolds equation with thermal effects, the linear elasticity and the load balance 
equations is solved using a Newton-Raphson procedure. At every Newton resolution, the 
integral terms in the generalized Reynolds’ equation with thermal effects are computed using 
the solution of the previous resolution. Thus an iterative procedure is introduced. It is repeated 
until the convergence of the solution is obtained i.e. in this case, until the maximum absolute 
difference between the pressure solutions at two consecutive resolutions falls below 10-3. 
 

Then the system formed by the energy equations of the contacting elements and the 
lubricant film is solved for a given pressure profile P and lubricant’s velocity field fU



. The 
latter is computed for a given viscosity distribution obtained using the last pressure and 
temperature solutions. The new temperature distribution is used to compute the new value of 
the lubricant’s velocity field. The latter is again injected in the energy equations for a new 
resolution. This is repeated until the convergence of the temperature solution is obtained i.e. 
in this case, until the maximum relative difference between the temperature solutions at two 
consecutive iterations falls below 10-3. 

 
Finally, since the temperature solution is obtained for a given pressure distribution and 

vice versa, a final test is realized to check that the effects of the variations of any of the two 
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solutions on the other one has become negligible i.e. to ensure the convergence of the global 
algorithm with respect to the coupling procedure. The same convergence criteria as listed 
above are employed. 

 
The global numerical procedure is described in the flow chart of Figure 13. More 

computational efforts and consequently cpu time are required than for an isothermal approach. 
In fact, in addition to the complementary operations that are required in the isothermal non-
Newtonian case, the solution of the thermal part comes as an additional computational task.   
Hence, for a typical case, the calculations may take “roughly” between 30 to 60 minutes on a 
personal computer with a 2 GHz processor. 

 
N.B.: The additional computational tasks required for the non-Newtonian and thermal cases 
are common features that are required in any EHL solver regardless of the employed 
approach. Hence, these cannot be considered as a drawback of the current model. In addition, 
since the core solver (i.e. Newton-Raphson part) of the current model has been proven to be 
more efficient than the state of the art existing ones (See section 2), the current EHL solver 
remains more efficient even in the non-Newtonian and thermal cases. 

 
4 Conclusion 
 

In this work, the authors introduced stabilized finite element formulations for 
elastohydrodynamic lubrication problems considering a Newtonian or non-Newtonian 
lubricant under isothermal or thermal regimes. In all cases, these formulations are based on 
“artificial diffusion” techniques such as SUPG, GLS or ID which are applied to the different 
Reynolds equations manipulated to have the form of a classical Diffusion-Convection 
equation with a source term. It is shown that in the one-dimensional case of Reynolds 
equation (i.e.: line contacts) the SUPG or GLS formulations are sufficient to remove the 
spurious behaviour of the solution which occurs at heavy loads when convection becomes 
dominant. However, for the two-dimensional case (i.e.: circular contacts), additional ID terms 
are required to completely smooth out the oscillations. Fortunately, although these additional 
terms are not residual based, they are shown to have a negligible effect on the solution.    
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Appendix A: density and viscosity variations with pressure, temperature and shear stress 
 
A.1- Density variations with pressure and temperature 
 

In this section the models used in this work for describing the density dependence on both 
pressure and temperature are described. The R index stands for the value of the corresponding 
parameter at a reference state (pR, TR) : 

 
A.1.1- Dowson & Higginson 
 

The mathematical expression of the Dowson & Higginson [22] model for density 
variations with pressure and temperature is given by: 
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A.1.2- Tait-equation of state 
 

The Tait [30] equation of state is written for the volume V relative to the volume at 
ambient pressure V0. The density data is obtained by simply inverting it: 
 

 ( )'
0'

0 0 0

11 ln 1 1
1

V p K
V K K

 
= − + + +  

  

 
The initial bulk modulus 0K  and the initial pressure rate of change of bulk modulus 0K ′  

are assumed to vary with temperature according to: 
 
 ( )0 0 0 0exp    and   exp( )R K R KK K T K K Tβ β′ ′ ′= − =   

 
The volume at ambient pressure V0 relative to the ambient pressure volume VR at the 

reference temperature RT  is assumed to depend on temperature according to: 
 

 ( )0 1 V R
R

V a T T
V

= + −   

 
The density relationship to pressure and temperature can be deduced from the previous 

equations by a simple manipulation: 
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0 0 0

1 1, R R
R R R

R

VV Vp T
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     
  

 
A.2- Viscosity variations 
 

In this section the models used in this work for describing the viscosity dependence on 
pressure and temperature are described. Moreover, if the lubricant is non-Newtonian, the 
shear stress dependence is also provided: 

  
A.2.1- Pressure and temperature dependence 
 

When the considered lubricant has a Newtonian behaviour (i.e.: the generalized 
Newtonian viscosity is equal to the Newtonian one η µ= ), its viscosity only depends on 
pressure and temperature.   
 
A.2.1.1- WLF 
 

The mathematical expression of the WLF [23] model describing the dependence of 
viscosity on both pressure and temperature is given by: 
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1 2 1 2 1 2, , , ,  and A A B B C C  are constants characterizing each fluid and gµ  is the viscosity at 

the glass transition temperature gT . The function ( )gT p  represents the variation of the glass 

transition temperature with respect to pressure based on experimental data whereas ( )F p  
represents the variation of the thermal expansion coefficient with pressure. 
 
A.2.1.2- Roelands 
 

The mathematical expression of the Roelands [25] model describing the dependence of 
viscosity on both pressure and temperature is given by: 
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A.2.1.3- Doolittle free volume model 
 

The Doolittle [29] model is based on the free volume principle and is defined by the 
following relationship: 
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The relative occupied volume with respect to the reference state is given by the following 

relationship: 
 

 ( )1 c R
R

V T T
V

ε∞

∞

= + −   

 
B and R0 are constants characterizing a given lubricant, whereas / RV V  is defined by a 

given equation of state. This model is often associated to the Tait equation of state. Together 
they are known as the Tait-Doolittle free volume density and viscosity model. 
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A.2.2- Shear stress dependence 
 

Finally, when the lubricant is non-Newtonian, its viscosity exhibits variations with respect 
to shear stress. In this work, the modified version of the Carreau model provided by Bair [27] 
is used to describe these variations. The latter is given by the following mathematical 
expression: 

 

( )1 2
2 1 1

      where      exp 0.657 0.585ln

1

c
c c

c c
n

e

c

n

G

β β

µ µη µ β

τ

−

−
 = + = − 

  
 +  
   

 

 
Where cG  is the liquid critical shear stress. This equation is a good approximation of the 

classical Carreau law for values of nc ranging from 0.3 to 0.8, which is the range of interest in 
EHL applications. 

 
Appendix B: Equivalent elastic problem 
 
In this appendix, the theory behind the equivalent elastic problem is described. This problem 
is introduced in order to avoid solving the elastic deflection problem twice, under the same 
loading conditions, on the same geometry, using the respective material properties of solids 1 
and 2. The equivalent material properties are obtained using the half space theory. The latter 
states that the displacement ( ), ,x y zδ  of a point ( ), ,x y z  produced by a concentrated point 
force F acting normally to the surface 0z =  at the origin (See Figure A.1) is given, according 
to Love [32], by: 
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2 1, ,
4 4

FF zx y z
r r

λ µ
δ

π µ π µ λ µ
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Where λ  and µ  are the Lamé constants and 2 2 2r x y z= + + . The Lamé constants are 
related to Young’s modulus E and Poisson’s coefficient υ  according to: 
 

 
( )( ) ( )

   and   
1 1 2 2 1

E Eυλ µ
υ υ υ

= =
+ − +

  

 

 
Figure B.1: Point loading of an elastic half space 
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Then, the equivalent displacement ( ), ,eq x y zδ  of the two solids 1 and 2 under the same 
concentrated point force F acting normally to the surface 0z =  at the origin is given by: 
 

( ) ( ) ( )zyxzyxzyxeq ,,,,,, 21 δδδ +=  
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2 2 2
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After simplification, the previous equation becomes: 
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 (B.1)  

 
Any couple of material properties ( ),eq eqµ υ  that satisfies the previous equation can be used to 
define the equivalent elastic problem. Here, we consider the particular case where: 
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eqµ µ µ
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Equation (B.1) becomes after simplification and replacing 1 eqµ by its expression given in 
(B.2) and the Lamé constant µ  by its expression as a function of E and υ: 
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Thus, solving the system of equations formed by (B.3) and (B.4), one gets the equivalent 
material properties  and eq eqE υ : 
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In order to validate the equivalent problem’s theory, a test case is carried out with a dry glass-
on-steel circular contact with a Hertzian pressure distribution applied in the contact region. 
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Figure B.2: Total elastic deflection of a dry glass-on-steel circular contact 

Figure B.2 shows the non-dimensional elastic deflection curves on the central line in the X-
direction obtained by both the equivalent problem defined in this section and the sum of the 
elastic displacements of the two contacting elements. It is clear that the two curves show a 
perfect match, revealing thus the equivalence between the two approaches.  
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