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1. Introduction

Let A be a nonempty and closed subset of R™ and let S C R"™ be a set containing
A. The set A is said to be S-convez if and only if no two normal segments to A (at
two distinct points) contained in S, intersect in S. By normal segment, we mean a
closed segment of the form [a,a + t(] where t > 0, a belongs to the boundary of A,
and ( is a nonzero proximal normal vector to A at a. We recall that for a € A a
boundary point and ¢ € R™\ {0}, ¢ is a prozimal normal vector to A at a if there

exists r > 0 such that
)
B(a+r—;r NA=0,
<1l

where B(z; p) denotes the open ball of radius p centered at z. In this case, we say
that ( is realized by an r-sphere.

The S-convexity is introduced, apparently for the first time, in Nour, Saoud and
Takche [11] where inner regularization of closed subsets of R™ is studied. More
precisely, under the assumption that S contains an S-convex subset A, the authors
proved that S can be approximated, from inside, by sets satisfying an interior sphere
condition. This result is generalized in Nour and Takche [19] to cover more sets S.

The S-convexity is studied in depth in Nour and Takche [18]. In fact, it was shown
in this latter that for suitable choices of S, the S-convexity class covers several
known regularity properties, including po-convezity, 0y-exterior sphere condition and
Yo-union of closed balls property. As a consequence, the authors provided a new
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2 C. Nour, J. Takche / S-Convexity: The Variable Radius Case

sufficient condition for the equivalence between ¢y-convexity and the 6y-exterior
sphere condition, an equivalence already established under different conditions in
Nour, Stern and Takche [12].

Let us recall the definitions of yg-convexity, p-exterior sphere condition and -
union of closed balls property. For A C R™ a nonempty and closed set:

» We say that A is ¢g-convex (for ¢ > 0) if and only if for any boundary point
a of A and for all nonzero proximal normal vector ¢ to A at a, ( is realized by
a ﬁ-sphere. We refer the reader to Canino [1], Clarke, Stern and Wolenski [6],
Federer [9], Colombo and Marigonda [7], Colombo, Marigonda and Wolenski [8],
Poliquin and Rockafellar [21], Poliquin, Rockafellar and Thibault [22], and Shapiro
[25], for investigations and applications of ¢g-convexity and related properties such

as positive reach, p-convexity, proz-reqularity and proximal smoothness.

» We say that A satisfies the 6y-exterior sphere condition (for 6, > 0) if and only if
for any boundary point a of A there exists a nonzero proximal normal vector { to A
at a such that ( is realized by a ﬁ—sphere. The 6y-exterior sphere condition when
applied to the closure of the complement of A, is a well-known condition in control
theory, called the 6y-interior sphere condition. In fact, this condition is important
in deriving regularity properties for the minimal time function, see Cannarsa and
Frankowska [2] and Cannarsa and Sinestrari [3, 4].

» We say that A is the ¢y-union of closed balls (for vy > 0) if and only if A
can be written as the union of closed balls of radius ﬁ The equivalence between
the Op-interior sphere condition and the y-union of closed balls property was a
conjecture introduced by Nour, Stern and Takche in [12, 13], and proved by the
same authors in [15]. In fact, the authors proved in [15] that if A is a closed set
satisfying the fp-interior sphere condition then A is 26p-union of closed balls (the

converse is straightforward and holds for 6y = 1)y).

A more general form of the above three regularity properties is obtained when the
radius of the balls, used in their definitions, is taken to be continuously variable.
This corresponds with the replacement of the constant functions g, 6y and ¥y by
continuous functions. Thus, a natural question arises: Can the main results of
[18] be generalized to the variable radius case. A positive answer to this question
shall be provided in this paper. More precisely, the three equivalence results of
[18, Theorem 3.7] will be generalized to the variable radius case. Furthermore,
we provide using S-convexity, new additional characterizations of the above three
regularity properties, namely ¢-convexity, 6-exterior sphere condition, and -union
of closed balls property. Note that even in the constant radius case, these additional
characterizations are new.

The layout of the paper is as follows. Notations and some definitions from non-
smooth analysis will be given in the next section. Section 3 is devoted to the
generalization to the variable radius case of the main results of [18], and to our new
characterizations of p-convexity, #-exterior sphere condition, and -union of closed
balls property.
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2. Preliminaries

We denote by || - ||, (,), B and B, the Euclidean norm, the usual inner product, the
open unit ball and the closed unit ball, respectively. For p > 0 and = € R", we
set B(x;p) := x + pB and B(x;p) := z + pB. For a set A C R", A° int A, bdry A
and cl A are the complement (with respect to R"), the interior, the boundary and
the closure of A, respectively. We also denote by A’ the complement of the interior
of A, that is, A" := (int A)°. The closed segment (resp. open segment) joining
two points x and y in R" is denoted by [z,y] (resp. (z,y)). On the other hand,
for A C R and x € R", [A, z] denotes the union of all segments [a, x| such that
a € A. The distance from a point = to a set A is denoted by da(x). We also denote
by proj a(x) the set of closest points in A to z, that is, the set of points a in A
satisfying da(z) = ||la — z||. For z € R™ and ¢ € R"™ a unit vector, the directional
distance from x to a closed set A in the direction ¢, denoted by da(z, (), is defined
by da(z,¢) := min{t > 0: x+t( € A}, where the minimum of an empty set is taken
to be oo.

Now we provide certain geometric definitions from proximal analysis. Our general
reference for these constructs is Clarke, Ledyaev, Stern and Wolenski [5]; see also
Mordukhovich [10], Penot [20], and Rockafellar and Wets [24]. Let A be a nonempty
and closed subset of R". For x € A, a vector ( € R” is said to be proximal normal
to A at x provided that there exists o = o(z, ) > 0 such that

(¢a—2) <olla—z|?, Vae A (1)

The relation (1) is commonly referred to as the prozimal normal inequality. No
nonzero ¢ satisfying (1) exists if = € int A, but this may also occur for x € bdry A.
For such points, the only proximal normal is ¢ = 0. In view of (1), the set of all
proximal normals to A at x is a convex cone, and we denote it by N4 (z). Now let
x € bdry A, and suppose that 0 # ( € R™ and r > 0 are such that

B(x—i—rg';r)ﬂ/l:@. (2)
Then ( is a proximal normal to A at  and we say that ( is realized by an r-sphere.
Note that ¢ is then also realized by an r’-sphere for any " € (0,r|. One can show
that ¢ being realized by an r-sphere is equivalent to the proximal normal inequality
holding with o = 2—1r, that is,

¢ 1 2
- q— < —|la — M A. 3
(fa=v) < gpla-al vae ®)
In that case, we have
proju(y) = {z} forally € [x,x + rg), and x € proj, <a: + r”§”> (4)
On the other hand, for y & A, x € proj,(y) and ¢, := ﬁ, we have (, € N¥(x),

and (, is realized by a ||y — x[[-sphere.

We proceed to define the p-convexity property. A detailed analysis of this property
can be found in Canino [1] under the same p-convexity. See also Colombo and
Marigonda [7] and Nour, Stern and Takche [14].
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Definition 2.1. Let A C R" be a nonempty and closed set. We say that A is
p-conver if there exists a continuous function ¢: bdry A — [0, 00) such that

L_< — xll?
(o) < ela-al?

forall z € bdry A, a € Aand 0 # ¢ € N¥(z). By pp-convexity we mean p-convexity
with ¢ = ¢ a constant.

An important consequence of p-convexity is that N (z) # {0} for all z € bdry A.
On the other hand, clearly if A is compact and ¢-convex then it is pg-convex.
Indeed, it is sufficient to take ¢ to be the maximum of ¢ over bdry A. Now using
the equivalence between (2) and (3), we can easily see that A is p-convex if and
only if there exists a continuous function ¢: bdry A — [0, 00) such that for all
x € bdry A and for all 0 # ¢, € N (x) we have:

e (, is realized by a ﬁ(x)—sphere, if p(z) #0,

e (, is realized by an r-sphere for all » > 0, if ¢(x) = 0.

Next, we introduce the f-exterior sphere condition. We also discuss the equivalence
between this property and the op-convexity proved in Nour, Stern and Takche [12]
for constant 6 and ¢, and generalized to the variable radius case by the same authors
in [14].

Definition 2.2. Let A C R" be a nonempty closed set. We say that A satisfies the
0-exterior sphere condition if there exists a continuous function 6: bdry A — [0, 00)
such that for all x € bdry A, one can find 0 # ¢ € N (z) such that

<@w“_$>§9@HM—xW,VaeA

By the fy-exterior sphere condition we mean the f-exterior sphere condition with
0 = 6y, a constant. On the other hand, we say that A satisfies the 0-interior sphere
condition if and only if A’ satisfies the f-exterior sphere condition.

Clearly if A is compact and satisfies the #-exterior sphere condition, then it satisfies
the Oy-exterior sphere condition. On the other hand, as in the ¢-convexity case,
the equivalence between (2) and (3) implies that the f-exterior sphere condition
coincides with the existence of continuous function #: bdry A — [0, c0) such that
for all x € bdry A one can find vector (, # 0 satisfying

e (. is realized by a #(m)—sphere, if 0(x) # 0,

e (. is realized by an r-sphere for all r > 0, if 6(z) = 0.

The equivalence between g-convexity and the fy-exterior sphere condition is stud-
ied, apparently for the first time, in Nour, Stern and Takche [12]. After proving, via
counterexamples, that the two properties are different, the authors established the
equivalence between these two properties under the epi-Lipschitzness of the set A
and the compactness of bdry A. Recall that a closed set A C R" is said to be epi-
Lipschitz if for any point € A, the set A can be viewed near z, after application of
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an orthogonal matrix, as the epigraph of a Lipschitz continuous function. This geo-
metric definition was introduced by Rockafellar in [23]. The epi-Lipschitz property
is also characterizable in terms of the nonemptiness of the topological interior of the
Clarke tangent cone which is also equivalent to the pointedness of the Clarke normal
cone; see the monographs [5] and [24]. The equivalence result of [12] is generalized
to the variable radius case by the same authors in [14], see also [16]. In fact, in [14]
the authors provided, under the epi-Lipschitzness of A, an analytic relation between
@ and ¢, and as a consequence, they obtained under the compactness of bdry A, an
analytic relation between ¢y and 6y, a relation not given in [12].

We terminate this section by introducing the -union of closed balls property.

Definition 2.3. A nonempty and closed set A C R" is said to be the ¥-union of
closed balls if and only if there exists a function 1: A — [0, 00) such that:

(i) % is upper semicontinuous on A and continuous on bdry A.

(ii)) For all x € A, there exists y, € A such that:
(1) z € B(yz; #()) C A if () > 0,
(2) z € B(x + t(y, — x);t) C Aforallt >0, if Y(z) = 0.

Note that if ¢ = 1)y is a positive constant, then the 1g-union of closed balls prop-

erty coincides with A being the union of closed balls of radius ﬁ The following

analytical characterization of this property is given in Nour and Takche [17].

Proposition 2.4. [17, Proposition 2.1] A nonempty and closed set A C R™ is the
w-union of closed balls if and only if there exists a function v¥: A — [0,00) such
that:

(i) @ is upper semicontinuous on A and continuous on bdry A.

(ii) For allz € A, one can find a unit vector (, satisfying:
(1) Jte|o, %] (G2 — TG < Y(x)||z—x+1C 2 Vee Al if (z) > 0,
(2) ((oyz—1x) <0, Vze A, if ¢(x) = 0.

Remark 2.5. From the proof of [17, Proposition 2.1], we deduce that Definition
2.3(ii)(1) and Definition 2.3(ii)(2) are equivalent to Proposition 2.4(ii)(1) and Propo-
sition 2.4(ii)(2), respectively.

One can easily see that if A is the v-union of closed balls, then it satisfies the 6-
interior sphere condition for § := ). The converse implication, known as the variable
radius form of the union of uniform closed balls conjecture, is proved to be valid
in Nour, Stern and Takche [15] and Nour and Takche [17], with a specific relation
relating ¢ to 6.

3. Main results

We begin by recalling the definition of S-convexity introduced in [11], and studied
in [18].

Definition 3.1. Let A be a closed and nonempty subset of R™ and let S be a
set containing A. We say that A is S-conver if and only if for all s € SN A° and
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a # a' € bdry A satisfying

Ss—a

Is —a

we have (s —a) € N{(a) or (s—a') g N{(da).

s—a
||8 - CLH < dbdryS(a> ) and ||8 - CL/|| < dbdryS(a/7 —>7 (5)

ls —a’l|

Note that the two conditions of (5) are equivalent to [a,s] C S and [d/,s] C S,
respectively. Hence if for a € bdry A, ¢ € N¥(a) and t > 0, the segment [a, a + (]
is called normal segment to A at a, then the S-convexity of A means that no two
normal segments to A, at two distinct points, contained in S, intersect in S (see
Figure 3.1).

A is Si-convex A is not Ss-convex

Figure 3.1: S-convexity

The following elementary properties of S-convexity are provided in Nour and Takche
[18].

Proposition 3.2. [18, Proposition 3.3] Let A and S be two nonempty sets in R™
such that A is closed and A C S. Then we have the following:

(i) A is convex if and only if A is R"-conver.

(i) If Ais S-convex and A C S; C S then A is Sy-convex.

(iii) If A is S-convexr and s € S with [projs(s),s] C S, then s has a unique
projection on A.

Remark 3.3. It is shown in [18, Example 3.4] that the converse of Propostion
3.2(iii) is not necessarly true. More precisely, the authors provided a closed set
A C R? and a set S D A such that any point in S has a unique projection on A,
but A fails to be S-convex.

In this section, we generalize the main results of [18] to the variable radius case.
More precisely, for given nonempty and closed set A C R™ and for suitable choices
of S, we prove that the three regularity properties of A: p-convex, f-exterior sphere
condition, and -union of closed balls, coincide with S-convexity. This generalizes
the equivalences (i), (ii) and (iii) of [18, Theorem 3.7] to the case in which the
constant % is replaced by the functions ¢, 8 and 1. We also provide new additional
characterizations of these three regularity properties.

Before proceeding with our results, we introduce the following notations. For A C R"
a nonempty and closed set, a € bdry A, ¢ € N{(a) unit, and f: bdry A — [0, c0)
a continuous function, we define:
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» r(a,() := max{r : ( is realized by an r-sphere}.

» 7(a,(, f):=max{r:2rf(a) <1and (is realized by an r-sphere}.

> AUP = {x & A:projs(z) ={a} and ||z —af| < T(CL, ﬁ)}

One can easily verify that

r(a,(, f) =r(a, () € (0,00], if f(a) =0,

,¢) € (0, d
r(a,¢) € (0,00} an (¢ ) =min (0,0 i b € (0.585], i fl@)#0.

In the sequel, the following lemma will be used in different places.

Lemma 3.4. Let A C R" be a nonempty and closed set. Then A is (AUAYT)-convex
and

A = (g atr(a,0)) (6)

a€bdry A
CENT (a) unit

Proof. The equality (6) follows directly from the definition of AY" and using (4).
Now we prove that A is (AU AYF)-convex. If it is not true, then there exist z € AYY
and two normal segments to A (at two distinct points) such that the two normal
segments are in A U AU and intersect at z. By (6), there exists a € bdry A,
¢ € N¥(a) unit such that = € (a,a + r(a,¢)¢). This gives that

proju(z) = {a}, (=( = , and [a,z] C AU AYT,

T —a
T

I = all

Since x belongs to two normal segments to A (at two distinct points) that are in
AU AU there exist a’ € bdry A and ¢’ € N (d) unit such that

a #a, xe{d+t:t>0}, and [d/,2] Cc AU A",
We consider the following two cases.
Case 1: r(d/,{") = 00, or r(d’, (") < oo and z € [/, d' + r(d’, {){].
Then o' € proj4(z) = {a} which contradicts a’ # a.
!/

Case 2: r(d,(") < oo and z & [d,d' + r(d, (")
Let 2’ :=a' +r(d',{"){’. We have 2’ € A° and a’ € proj,(z’). Moreover,

v/ €ld,2') Cld,x] C AU A"
Hence 2/ € AYP. Then by (6), there exist a” € bdry A and ¢” € N¥(a”) unit, such that
x/ E (a//7 a// _|_ /r(a//7 C//)C//). (7)

This yields that proj,(2’) = {a”}, and hence o’ = a”. Therefore,

' —a
(=" ==

= e ) =l ) = ! o]

Thus, by (7), 2’ € (¢/,2'), a contradiction. O



8 C. Nour, J. Takche / S-Convexity: The Variable Radius Case

3.1. The yp-convexity case

Let A C R” be a nonempty and closed set, and let ¢: bdry A — [0,00) be a
continuous function. We define the two sets A, and A¥ as the following:

» A, :={z € R": there exists a € proj,(z) satisfying 2¢(a)|z —a|| < 1}.
> A¥:=A,U A",
Remark 3.5. If ¢ = ¢ is a positive constant, then A, = A + ﬁB. Note that

even in this case, the set A?0 does not coincide with A,,. Indeed, for A := B and
¢ := 1 constant, we have A,, =B + B = B(0;2), but A* =R".

Proposition 3.6. Let A C R™ be a nonempty closed set and ¢:bdry A — [0, 00)
a continuous function. Then we have:

0 A=Au | [lwatr(aéeo) U U [wat (el
a€bdry A, CEN{{XD (a) unit a€bdry A, CEN{IL‘D (a) unit
r(a,{)=00 or 2¢(a)r(a,()>1 r(a,()<oo and 2¢(a)r(a,l)<1
(i) A% =AU U [ea+r@Q)u U le,a+r(a,¢).
a€bdry A, CENE(@) unit a€bdry A, CENf(a) unit
r(a,{)=o00 or 2p(a)r(a,l)>1 r(a,{)<oo and 2¢(a)r(a,l)<1

Proof. (i): Let x € A,. Then there exists a € proj,(z) such that 2¢(a)||xr —al| < 1.
If v = a then # € A C RHS(i) (the right hand side of (i)). Now we assume that
x # a. Let (, := ==%. Since 2p(a)||z — al| < 1, we have that r(a, (4, ¢) > ||z — al|.

N
We consider the following three cases.
Case 1: r(a,(,) = oc.
Then, if p(a) = 0, we deduce that r(a, (s, ¢) = r(a, (,) = co. Otherwise, if p(a) > 0,

we deduce that r(a, (,, p) = #(a), and hence, ||z —al < ﬁ@) =r(a, (4, ). In both

cases, we have x € [a,a + r(a, (4, ¢)(,) which yields that x € RHS(i).
Case 2: r(a,(,) < oo and 2¢p(a)r(a,(,) > 1.
Then ¢(a) > 0 and r(a, (4, ) = min {r(a, Ca)s %} = #@)' Hence,

o — afl < ﬁ) = r(a,Cor ).

This gives that x € [a,a + r(a, (4, ¢)(,) which yields that x € RHS(i).

Case 3: r(a,(,) < oo and 2p(a)r(a,(,) < 1.
Then [}z — al] < r(a, &) = (0, Car9) < 00. Thus, & € [a,a + (e, Cay 9)Ga] which
yields that

S U [a,a+1(a,, ¢)¢] € RHS(I).
a€bdry A, (ENY (a) unit
r(a,{)<oco and 2¢(a)r(a,)<1

Therefore, the first inclusion holds. We proceed to prove the second inclusion. Let
x € RHS(i). We consider the following three cases.
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Case 1: z € A.
Then = € proj,(z) and 2¢(z)||z — z|| = 0 < 1. This gives that x € A,,.

Case 2: 1 € U [a,a+1(a,,¢)]).
a€bdry A, (ENY (a) unit
r(a,{)=o00 or 2p(a)r(a,l)>1

Then there exist a € bdry A and ¢ € N¥(a) unit, such that we have r(a, () = oo or
2¢p(a)r(a,¢) > 1, and x € [a,a + 1(a,(,¢)(). From the latter inclusion, we deduce
that ||z — a|| < r(a,(,») <7(a,(), and hence proj,(z) = {a}.

Case 2.1: ¢(a) =0.

Then 2¢(a)||z — a|| < 1 which yields that z € A,,.

Case 2.2: ¢(a) > 0.

Then, since r(a,(,p) = min {r(a, <), #@}, and r(a,() = oo or 2p(a)r(a,() > 1,

L Hence,

we deduce that r(a,(, @) = Ok

2¢p(a)llz — all < 2¢(a)r(a, ¢, ¢) = 1.
This gives that z € A,.

Case 3: z € U la,a+7(a, ¢, ¢)C].

a€bdry A,CENE(@) unit
r(a,{)<oo and 2¢(a)r(a,)<1

Then there exist a € bdry A and ¢ € N¥(a) unit, such that

r(a,() < 00, 2¢(a)r(a,() < land z € [a,a+ r(a,(, )]
Hence 20(a)||z — al| < 2p(a)r(a,(,p) < 2¢(a)r(a,) < 1.
Therefore, z € A,. This terminates the proof of (i).
(ii): Let z € A®?. Then z € A, or z € AV".

Case 1: x € A",
Then by Lemma 3.4, we get that x € RHS(ii).

Case 2: z € A,.
Then there exists a € proj,(z) such that 2p(a)||x —a|| < 1. If z € A, then clearly
we have z € RHS(ii). If not, then z # a, and hence for ¢, := =4, we have

lz—al|’
[z = all < 7(a, Ca)-
Case 2.1: ||z —al| < 7r(a, ).
Then z € [a,a + 1r(a,(,)(,) C RHS(ii).
Case 2.2: ||z —a| =7(a, ().
Then r(a,(,) < oo and 2¢(a)r(a,(,) = 2¢(a)||x — al| < 1. Hence

T € U [a,a + r(a,()¢] € RHS(i).

a€bdry A, (ENY (a) unit
r(a,{)<oo and 2¢(a)r(a,()<1

This terminates the proof of the first inclusion. For the second one, let € RHS(ii).
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Case 1: z € A.
Then v € A, C A®.

Case 2: z ¢ Aand z € U la,a+ 7(a,)]).

a€bdry A, (€N (a) unit
r(a,{)=00 or 2¢(a)r(a,()>1

Then there exists a € bdry A and ¢ € N (a) unit, such that x € (a,a + r(a, ¢)().
From the latter inclusion and using Lemma 3.4, we obtain that x € AYF C A%.

Case 3: ¢ Aand x € U la,a+ r(a,()(].

a€bdry A, CENE(@) unit
r(a,{)<oo and 2¢(a)r(a,l)<1

Then there exist a € bdry A and ¢ € N¥(a) unit, such that
Hence, a € proj,(z) and 2p(a)||lx — al < 2¢(a)r(a,) < 1.

Therefore, x € A, C A%. O

The following theorem is the main result of this subsection. It contains a generaliza-
tion, to the variable radius case, of [18, Theorem 3.7(i)] as we prove in the Corollary
3.8 below.

Theorem 3.7. Let A C R" be a nonempty closed set, and let p: bdry A — [0, 00)
be a continuous function. Then the following assertions are equivalent:

(i) A is p-conver.

(ii) A is A®-conver.

(ili) A is A,-conver and A, is open.

Proof. (i)==(ii): Assume that A is p-convex. For a € bdry A and ¢ € N¥(a) unit,

we have the following:

° If p(a) # 0, then ( is realized by a #@—sphere. This gives that r(a, () >
and hence 2¢(a)r(a, () > 1.

o If ¢(a) = 0 then ( is realized by an r-sphere for all » > 0. This gives that
r(a, () = oo.

1
2¢(a)’

Hence, by Proposition 3.6(ii) and Lemma 3.4, we obtain that

A=Au ) laatr(@)) =AuA”

a€bdry A
CEN}:(a) unit

Now using Lemma 3.4 again, we deduce that A is A¥-convex.

(il)==-(iii): We assume that A is A¥-convex. Since A, C A% we get that A is A,-
convex. We proceed to prove that A, is open. If not, then there exists a sequence
(n)n>1 such that

x, € A, for alln, and z, — x¢ € A.
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Let a,, € proj,(z,) C bdry A. Clearly the sequence (a,), is bounded and hence
it admits a subsequence, we do not relabel, that converges to ag € bdry A. Using
the closedness of the projection map proj,(+), we obtain that ay € proj (o). Since
xn, € Ay, we obtain

2¢(an)[|zn — an > 1.

Taking n — oo in the previous inequality, we get that

2¢(ao)||To — aol| > 1. (8)

Since A is A%-convex, xy € A, C A¥, and

; To—a
[proja(wo), zo] = U {a, a+ ||zo — a||0—}
a€proj 4 (zo) on B CLH
To—a
= {mpu U [a’“ o —GHO—) (9)
a€proj 4 (zo) HQJO o a’”
C {zo}U U [a,a—l—r(a, :Jco—a) xo—a)CAw7
a€proj 4 (xo) |zo — all / ||zo — a

we have, by Proposition 3.2(iii), that proj,(x¢) is a singleton. This yields that
proj4(zo) = {ap}. Combining this latter with the definition of A,, we conclude that
2¢(ag)||ro — apl| < 1, which contradicts (8).

(ili)==(i): We assume that A is A,-convex and that A, is open. If A is not ¢-
convex, then there exist a € bdry A and ¢, € N%(a) unit such that:

e (, is not realized by a #@—sphere, if p(a) # 0.

e (, is not realized by an r,-sphere for some r, > 0, if p(a) = 0.
In both cases we have r(a,(,) < oo and 2¢(a)r(a,(,) < 1.

Let 2, := a +71(a,(,)C. For all z € [a,z,], we have a € proj,(z) and
2p(a)lle — al < 2¢(a)|lza — all = 2¢(a)r(a, ) < 1.

Hence, [a,7,] C A,. Since A, is open and z, € A, there exists p > 0 such that

B(zq,p) C Ay We consider @, := 14 +t(,, t € R. Clearly, for all ¢ € [0, p] we have
x; € B(xo; p) C A,. Therefore,

la,z,] = [a,2,] U [x,,x,] C A,. (10)

Since z, € Ay, there exists a, € proj,(z,) such that 2¢(a,)||z, — a,|| < 1. Note
that a, # a since ||z, — al| = p+1r(a, () > r(a, ). Now since a, € proj,(z,), we
have for all z € [a,, z,| that a, € proj,(z) and

2p(ap)llx — ap|l < 2p(ap)|lz, —a,|| < 1.

This gives that [a,,z,] C A,. Combining this latter with (10), we obtain that the
two normal segments to A, [a,, z,| and [a, z,], intersect at z, € A,. This contradicts
the A,-convexity of A. ]
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Corollary 3.8. [18, Theorem 3.7(i)] Let A C R™ be a nonempty and closed set,
and let r > 0. Then A is %-convez if and only if A is (A + rB)-convez.

Proof. It is sufficient to consider ¢ the constant function %, apply the equivalence
between (i) and (iii) of Theorem 3.7, and use that A, coincides with the open set
A+ rB (see Remark 3.3). O

In Theorem 3.7, we cannot eliminate the assumption “A, is open” from (iii), as we
prove in the following example.

Example 3.9. In R?  we consider A := {(z,y):y < 0ory >4}, and

We have A, = {(z,y) : y < 1 and y > 2} is not open, A is A,-convex, but A is not
p-convex, see Figure 3.2.

ifreRandy =0,
ifre Randy = 4.

'y

Figure 3.2: Example 3.9

Remark 3.10. From (9), we deduce that if A is A¥-convex, then each point in
A? has a unique projection on A. Note that this is not necessarily true for the
A, -convexity as one can easily see in Example 3.9.

In the following example, we show that under the (p-convexity of A, the set A% is
not necessarily open.

Example 3.11. In Figure 3.3, A is the closed region below the black curve. The
portion of the black curve to the left of the blue line, consists of arcs of circles of
radius 1 centered at the points C,. The portion to the right is a horizontal line. In
Figure 3.3a and for ¢ := % a constant function, the set A¥ is the set of all points in
R? except the centers C,, and the red semi-lines above them (the blue semi-line is
in A,). We have A is p-convex (and then A¥-convex), but A% is not open. Indeed,
the sequence (C,,), is outside A¥ with C,, — C' € A?®. Note that in this example,

A, is the region below the red curve in Figure 3.3b which is open.

3.2. The f-exterior sphere condition case

Let A C R™ be a nonempty and closed set, and let 6: bdry A — [0,00) be a
continuous function. We denote by bdryygA the set of boundary point a € bdry A
such that 6(a) = 0 and there exists ¢ € N¥(a) unit with r(a,{) = oo, or 6(a) > 0
and there exists ¢ € N (a) unit and realized by a #@—sphere.
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(a) A¥ is not open (b) A, is open

Figure 3.3: Example 3.11

Thus, we have

bdrygA := {a € bdry A : (a) = 0 and 3¢ € N¥(a) unit with r(a,() = co}U
{a € bdry A : 0(a) > 0and 3¢ € N¥(a) unit with 26(a)r(a,¢) > 1}.

One can easily verify that bdrysA can be written as follows:

bdrygA = {a € bdry A : 8(a) = 0 and 3¢ € N¥(a) unit with r(a,,0) = co}U

1
{a € bdry A : 6(a) > 0 and 3¢ € N} (a) unit with r(a,(,6) = 26(a) }

The following lemma will play a crucial role in the proof of the main result of this
subsection.

Lemma 3.12. bdryyA is closed.

Proof. Let (a,), be a sequence such that a, € bdryysA and a, — ag € bdry A.

Case 1: (a,), has a subsequence, we do not relabel, such that 6(a,) = 0 for all n.

For each n, there exists ¢, € N¥(a,) unit such that r(a,, (,) = co. By the proximal
normal inequality, we have

(Cnya—ay) <0, Vae A (11)

Since (,, are unit vectors, we can assume that ¢, — (p, where (; is unit. Taking
n — oo in (11) and using the continuity of 6, we get that 6(ay) = 0, and

(Co,a —ap) <0, Va € A.

This gives that (s € N¥(ag) and r(ag, {y) = oo. Therefore, ay € bdrygA.

Case 2: There exists N such that 6(a,) > 0 for all n > N.
For each n > N, we have the existence of ¢, € N¥(a,) such that

20(an)r(an, Gn) > 1.

Hence, by the proximal normal inequality, we have for all a € A, that

1
<Cn, a— an) < m”a - an||2 < G(an)Ha - an||2.
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Taking n — oo and using the continuity of 8, we obtain that
(Co,a — ag) < B(ap)||a — aol|®, Va € A. (12)

Thus, ¢, € N (ag). Now, if 6(ag) = 0, then (12) yields that r(ao,Co) = 00, and
hence, ag € bdrygA. If 6(ag) > 0, then (12) yields that r(ag, (o) > 29( 5 and hence,

ag € bdryyA. Therefore, ag € bdrygA. O
We proceed to define the two sets Ay and A? as follows:
> Ap:=AUAypp U{x & A:proj,(z) ¢ bdryyA}, where
: r—a
Aup) = {x & A:projy(z) ={a} and ||z — af| < r(a, M,Q)}.
> A% = AUAP U{x ¢ A:proj,(z) ¢ bdrysA}.

Since 7(a, ¢, 0) < r(a,¢) for all a € bdry A and ¢ € N} (a) unit, we have Ag C A,
In fact, we have A? = Ay U AYP. Furthermore, we have the following.

Proposition 3.13. Let A C R" be a nonempty closed set and 6:bdry A — [0, 00)
a continuous function. Then we have:

(i) Ag=AU U la,a+r(a,(,0)¢) U U la,a+r(a,(,8)C].

a€bdryg A a€(bdry A)N(bdrygA)°
CENZE (a) unit QEN}:(a) unit
() =40 | watr@o)u | lwatr(@od
acbdryp A a€(bdry A)N(bdrygA)©
CENZE (a) unit (EN}:(a) unit

Proof. (i): Let x € Ag. If v € A then x € RHS(i). We consider the following two
cases.
Case 1: x € {z & A:proju(x) ¢ bdrygA}.

Let a € proj,(x) such that a € bdryyA. Then, for (, := we have

o=l
[0(a) =0 and r(a,(,) < o] or [#(a) > 0 and 20(a)r(a,(,) < 1].

Hence, 7(a, (,,0) < oo and 20(a)r(a, ., 0) < 1. This gives that r(a, (4, 0) = r(a, (,).
Then ||z — a|| < r(a,{) = r(a,(,,0). Therefore,

r e U la.a+r(a,¢.0)¢) C RHS().

a€(bdry A)N(bdrygA)©
CENE (a) unit

Case 2: = € Aypy).
Then proj,(z) = {a} and ||z — al| <r(a, (4, 0), where ¢, := p7=¢r. This yields that

x € a,a+r(a,,,0)¢,) C RHS(i). Therefore, the first inclusion hold§. We proceed
to prove the second inclusion. Let x € RHS(i). If z € A then z € 4y. We assume
that a € A and we consider the following two cases.

Case 1: x € (a,a+r(a,¢,0)C) for some a € bdry A and ¢ € N{(a) unit.
Then proj,(z) = {a} and ||z — a|] < r(a,(,0) = r( @, T3 ”,6>. This gives that

x AUP(Q) C Ap.
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Case 2: z=a+7(a,(, 0)C for some a € (bdry A) N (bdrygA)¢ and ¢ € N (a) unit.
Then a € proj,(z), which gives that proj,(z) ¢ A. Thus, z € Ay.

(ii): Follows using arguments similar to those employed in the proof of (i). O

Remark 3.14. In this remark, we prove that Ag C Ag and A% C A?. For the first
inclusion, let x € Ay. We have the following:

° If z € A then x € Ap.

3 If x € [a,a + r(a,(,0)¢) with a € bdrysA and ¢ € N (a) unit, then using
Proposition 3.6(i) and the fact that [a,a+ ((a,(,0)C) C [a,a+ ((a,(,0)(], we
obtain that z € Ay.

o If v € [a,a +r(a,¢,0)¢] with a € (bdry A) N (bdrygA)¢ and ¢ € N¥(a) unit,
then

[0(a) = 0and r(a,() < oo] or [#(a) > 0 and 20(a)r(a, () < 1].

In both cases, we have r(a,() < oo and 20(a)r(a,() < 1, which gives, using
Proposition 3.6(i), that z € Aj.

Therefore, Ag C Ag. For the second inclusion, it is sufficient to remark that
A% = Ay U AP c A% U AYE = A,

The following theorem is the main result of this subsection. It contains a gener-
alization of the equivalence statement [18, Theorem 3.7(ii)] to the variable radius
case, see Corollary 3.16 below. Before presenting our main result, we introduce the
condition (UP)y as follows:

(UP)y Vo € Ag [z € bdry Ay = proj,(z) is a singleton].

Theorem 3.15. Let A C R" be a nonempty closed set, and let 6: bdry A — [0, 00)
be a continuous function. Then the following assertions are equivalent:

(i) A satisfies the 0-exterior sphere condition.

(ii) A is A%-convex.

(iii) A is Ag-convex and (UP)y is satisfied.

Proof. (i)=(ii): Assume that A satisfies the #-exterior sphere condition. We claim
that bdry A = bdryyA. Indeed, for a € bdry A, we have

o If f(a) = 0, then there exists ¢, € N¥(a) unit and realized by an r-sphere for
all » > 0. This gives that r(a,(,) = 0o, and hence a € bdryyA.
o If 0(a) # 0, then there exists ¢, € N¥(a) unit and realized by a #@—Sphere.
This gives that 26(a)r(a,() > 1, and hence a € bdry,A.
Therefore bdry A = bdrygA. This yields, using Proposition 3.13(ii) and Lemma 3.4,
that
A’ =AU U [a,a+7(a,()) = AU AYF,

a€bdry A
CENE (a) unit

Now Lemma 3.4 gives that A is A%-convex.
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(ii)==(iii): Since Ay C A% we get that A is Ap-convex. Now assume that (UP),
is not satisfied. Then there exists zq € Ay N bdry Ay such that proj 4(xp) is not a
singleton. Let {a,as} C proj,(wo) such that ay # a;. Since zq € Ay C A? and
|xo — ail| < r(a;, ¢;) where ; := 22=%- i = 1,2, we get by Proposition 3.13(ii) that

~ lwo—asll?

la;, xo] = {xo} Ulai, a; + ||zo — ail|G) C {zo} U as, a; + (@i, ¢)G) C A% i=1,2.

Therefore, the two normal segments to A, [a1,zo] and [ag, x| are inside A? and
intersects at xo. This contradicts the A%-convexity of A.

(iii)==(i): Assume that A is Ap-convex and (UP), holds. If A does not satisfy the
f-exterior sphere condition, then there exists a € bdry A such that for all { € N (a)
unit, we have:

o If 6(a) = 0, then one can find r > 0 such that B(a +r(;r) N A # (. This gives
that r(a, () < 0o, and hence a & bdryyA. Thus, [a,a + r(a,(,0)(] C As.

. If(a) # 0, thenIB%(a—k#m)C; T@)ﬂfl # (). This gives that r(a, () < ﬁw), and

hence 260(a)r(a,() < 1. Then a ¢ bdryyA, and thus, [a,a + 7(a,(,0)¢] C A,.

Therefore, there exists a € bdry A N (bdry,A)¢ such that for all ¢ € N{(a) unit,
we have r(a, () < oo, 20(a)r(a,¢) < 1 and [a,a + r(a,(,0)¢] C Ag. Since the set
of points x € bdry A for which N¥(x) # {0} is dense in bdry A, see [6, Corollary
1.6.2], and bdrygA is closed by Lemma 3.12, we can assume that N4 (a) # {0}. We
fix ¢, € N¥(a) unit, and we denote by x, := a + r(a, 4, 0),. We have

r(a,C) < oo, 20(a)r(a,() <1, [a,z4) C Ay, and a € proj(z,).

Case 1: There exists ¢ > 0 such that [z,,z, + (] C Ay.

We consider z. := z, + €(,, where ¢ is taken small enough so that z. ¢ A. We have
la,z.] = [a,z,] U |24, x| C Ay. Since z. € Ay and using Proposition 3.13(i), there
exist a. € bdry A and ¢,, € N¥(a.) unit, such that

[z, ze) C [ac, ac +7(ac, Co.y 0)Ca.) C Ag.

Since ||z. —a|| = e +71(a, (4, 0) and ||z — ac|| < r(ae, (., 0), we deduce that a. # a.
Therefore, the two normal segments to A, [a,z.] and [a.,z.] are inside Ay and
intersects at .. This contradicts the Ag-convexity of A.

Case 2: There exists z,, of the form x, +t(,, t > 0: x, & Ay and x, — 7.
n—oo

Then z, € Ap N bdry Ay which yields by (UP)g that proj,(z,) = {a}. Now, let
a, € proj4(z,). Since x,, — x,, we have that (a,), is bounded. Hence, it admits a
subsequent, we do not relabel, that converges to a point ag. Having that the projec-
tion map proj4(+) is closed and that proj,(z,) = {a}, we deduce that ay = a, and
then a,, — a. Add to this that bdryyA is closed, we conclude that, for n sufficiently
large, a, € (bdrysA)c. This gives that, for n sufficiently large, proj,(z,) ¢ bdry,A.
Hence, using that z,, ¢ A (since x, &€ Ag and A C Ay), the definition of Ay yields
that, for n sufficiently large, x,, € Ay, a contradiction. O
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Corollary 3.16. [18, Theorem 3.7(ii)] Let A C R™ be a nonempty and closed set,
and let r > 0. Then A satisfies the %-ea:tem'or sphere condition if and only if A is
A 1 -Conver.

Proof. By Theorem 3.15, applied for § = - constant, it is sufficient to prove that if
Ais A 1 -convex, then (UP) L s satisfied. If not then there exists zy € A s Nbdry A 1

such that proj4(xg) is not a singleton. Let {ay,as} C proj,(zo) such that a; # as.

Since 7o € A 1 C As, we have that lzo — a1]| = ||xo — az2|| = da(zo) < r. Hence,
for (1 := II? Zil\ and Cg xo 32\\7 we obtain that

1
oo = aill < 7(a.Go5-) <7, i =12,
2r
This gives, using Proposition 3.13(i), that

lai; o] = {wo} Ulai, ai + [lzo — aif| )

C {0} U fasai+r(0, G )G) C Ay, i=12

Therefore, the two normal segments to A, [a;, ] and [ag, 7] are inside A1 and

2r

intersect at xg. This contradicts the fl%—convexity of A. ]

Remark 3.17. As in Remark 3.10, one can easily verify that if A is A%-convex,
then each point in A% has a unique projection on A. This does not necessarily hold
for Ag, and this explains the addition of the condition (UP)s in Theorem 3.15(iii).
Indeed, if we take A and the function § = ¢ as in Example 3.9, then we have that
Ap ={(z,y) : y < Land y > 2}, (UP)y is not satisfied, A is Ag-convex, but A does
not satisfy the f-exterior sphere condition. Note that (UP), is not satisfied since
the points (x,2) € Ag Nbdry Ay, x € R, have two projection points on A.

On the other hand, one can easily verify that if A, is open, then the condition (UP)g
is satisfied. Indeed, in that case we have Ay N bdry Ay = (. The following example
proves that the condition (UP)y cannot be replaced by Ay being open. In R3, we
consider the following:

> The points C,, := <*/7§,2%, }l—i> n € N.

> For each n, S, is the sphere of center ), and radius 1.

> A is the closed set lying below the spheres S,,, n € N, and between the planes
r=0,z= f y—Oandy— , see Figure 3.4.

For any boundary point a of A, there exists ¢, € N} (a) unit realized by a 1-sphere.

Indeed, it is sufficient to take (, as the following:

> (4 :=1 for a in the plane z = f

(, := —i for a in the plane z = 0.
(, := —j for a in the plane y = 0.
(, := j for a in the plane y = %

. _Cp—
(o= oA ZH for a € S,.

vVvyyvyy
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Figure 3.4: The set A of Remark 3.17

Hence, A satisfies the %—exterior sphere condition. By Theorem 3.15, we deduce
that A is fl%—convex, and hence, fl%—convex since f_l% C A2. We claim that f_l% is
not open. Indeed, let x, be the center of the circle intersection between .S,, and

the yz-plane. These circles have a radius of % We denote by a, the lowest point

Tp—0n
lzn—anl|

a %—ball. This yields that r(an,Can,%) = 1 and hence, z, ¢ fl%. The sequence

in these circles. The unit vector

is normal to A at a,, and is realized by
29

Ty — Ty = (0,0, %) On the other hand, since the vector k is normal to A at

the origin and is realized by an r-ball, for all r € [0, +00), we have r(0,k,3) = 1.
Hence, o € [(0,0,0),(0,0,1)) C fl%. Therefore, fl% is not open.

We terminate this subsection by the following corollary in which we provide two
new sufficient conditions for the equivalence between p-convexity and the #-exterior
sphere condition.

Corollary 3.18. Let A C R"™ be a nonempty and closed set satisfying the 0-exterior
sphere condition. We have the following:

(i)  If there exists ¢: bdry A — [0,00) such that ¢ is continuous, v > 0, and
A¥ = A%® then A is p-convex.

(ii)  If there exists ¢: bdry A — [0,00) such that ¢ is continuous, ¢ > 0, and
A, = A, is open, then A is -conve.

Proof. (i): Having that A satisfies the f-exterior sphere condition, we conclude
from Theorem 3.15 and its proof that A is A%convex, bdry A = bdrysA, and

A=au {J lnat oo (13)
a€bdry A
CENE (a) unit

Since ¢ > 0, we claim that bdryyA C bdry,A. Indeed, let a € bdryyA.
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Case 1: ¢(a) = 0.

Then 0(a) = 0. This gives, since a € bdryyA, the existence of ¢ € N¥(a) such that
r(a, () = oo. Thus, a € bdry,A.

Case 2: ¢(a) > 0.

If 0(a) = 0, then a € bdryyA gives the existence of ( € N¥(a) such that r(a,() = co.
Hence ¢(a)r(a,{) = oo > 1. Thus, a € bdry,A. Now we assume that 6(a) > 0.
Since a € bdrygA, there exists ¢ € N¥(a) such that 26(a)r(a,() > 1. Then,

2¢(a)r(a, ¢) > 20(a)r(a,¢) = 1.
Thus, a € bdry,A. The proof of the claim is terminated. Therefore,
bdry A = bdrysA C bdry,A.

This gives that bdry,A = bdry A. Hence, using (13), Propossition 3.13(ii), and the
equality A¥ = A¥, we get that

A = A9 = AU U [a,a +7(a,)¢) = A°.
a€bdry A
CENE(a)unit

Thus, A is A¥-convex, and hence by Theorem 3.7, A is p-convex.

(ii): Follows using arguments similar to those employed in the proof of (i). O

Remark 3.19. As we mentioned in Section 2, Nour and Takche proved in [14, The-
orem 7| that the equivalence between ¢-convexity and the #-exterior sphere condition
holds if A is epi-Lipschitz. Even if the sufficient conditions given in Corollary 3.18
are weaker than the epi-Lipschitzness of A, what is useful in [14, Theorem 7] is the
construction of ¢ from 6 and A, see [14, Remark 12].!

3.3. The y-union of closed balls property case

Let A C R be a nonempty closed set with A = cl (int A), and let ¢): A" — [0, 00)
be an upper semicontinuous function which is continuous on bdry A’ = bdry A. We
define the set A’() as follows:

x € E(yx; 2¢1(x)> Cc A, if (x) >0,

reAWW) < Iy, A i
r € B(x+t(y, —x);t) C A, V>0, ify(z)=0.

<= d(, € R" unit satisfying

Jt e [0, #(x)] Gz —x+tG) <Y(a)||z — o +tG])A Ve e A, ifyY(x) >0,
<<I7Z - l’> < 07 Vz € A7 1f¢(m) 0.

Note that the last equivalence is a direct consequence of Proposition 2.4 and Re-
mark 2.5. The following lemma will be essential for reaching the main result of this
subsection under minimal assumptions.

'In fact, one can easily prove that if A is epi-Lipschitz and satisfies the f-exterior sphere condition,
then the sufficient conditions of Corollary 3.18 are valid.
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Lemma 3.20. A'(y) is closed.

Proof. Let (a,), be a sequence such that a, € A'(¢) for all n, and a,, — ag € A'.
Denote by ¢ := limsup ¢(a,,). By the upper semicontinuity of ¢, we have 1)(ag) > /.

n—-oo

Case 1: (a,), has a subsequence, we do not relabel, such that ¥ (a,) = 0 for all n.

Then there exist unit vectors ¢, such that
(Crya—an) <0, Vae A (14)

Since the sequence ((,), is bounded, we can assume that ¢, — (p unit. Taking
n — oo in (14), we obtain that

(Co,a —ag) <0, Va € A.

If ¥(ag) = 0, then clearly we have ay € A’(¢). Now we assume that ¥ (ag) > 0.
Hence for t, := 0 € [0, m], (14) yields that
(Co,a — ao + tolo) < ¥(ag)lla — ag + tolol®, Va € A.

This gives that ag € A'(¥).
Case 2: There exists N such that ¢(a,) > 0 for all n > N.

Then for each n > N, we have

Jy, € A : anGI@(yn;Q 1

w(an)) c A (15)

This is equivalent to the existence, for each n > N, of (,, unit and ¢, € [O, m}
such that
(Cny 2 — ap +12Gn) < P(an) ||z — an + G|, Vz € A (16)

Case 2.1: ¢ =limsup(a,) > 0.

n—-aoo
Then ¢ (ag) > ¢ > 0, and the sequence (a,), admits a subsequence, we do not relabel,

such that ¢(a,) — ¢. Since ¢, € [0, m], we deduce that (t,), is bounded, and

hence it has a subsequence, we do not relabel, that converges to a ty € [0, m}
Moreover, having that ¢, are unit vectors, we can assume that ¢, — (o unit. Now

taking n — oo in (16), we obtain that for all z € A,

(Co, 2 — ag + toCo) < ||z — ag + tool|* < Wwlao)|lz — ao + tolol|*.

Therefore, ag € A'(¢).
Case 2.2: ¢ =limsup(a,) = 0.

n—-aoo
We claim that (||a, — yn||)n is an unbounded sequence. Indeed, if not, then (y,),
is bounded, and hence, we can assume that vy, — yo € A’. This gives, since

¥(a,) — 0 and IE%(yn; m) C A, that R® C A’. Thus, A = (), a contradiction.

Hence, we can assume that

|an — ynl| # 0 for all n, and ||a, — y,| — oo.
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By (15), we have for (, := 2= that

— gn—anl”
w : _ mf, .1 /
B (an + llun — @G 19— anll) © B 505 ) © A"
Hence, by the equivalence between (2) and (3), we deduce that
(Gt —a) < —=—lla—a,|’, Vae A

[yn — anl|

Taking n — oo and assuming that (,, — (o unit (which can be assumed since ¢,
are unit vectors), we obtain that

(Co,a —ag) <0, Va € A.
Proceeding as in the last part of Case 1 above, we conclude that ag € A’'(¢). O
Now we define the two sets /Lp and A¥ by:

> A, =AU U [a,a+71(a,(,¥)C) U U la,a+7(a,(,¥)C].

a€bdry A, (ENY (a) unit a€bdry A, (ENY (a) unit
[a,a+7(a,¢P)C]CA () [a,a+7(a,¢P)CIZA ()
> AV =AU U [a,a+7(a,{)C) U U la,a+ r(a,{)(].
a€bdry A, CENE(@) unit a€bdry A, CEN}L‘D (a) unit
[a,a+7(a,{)¢]CA’(¥) [a,a+7(a,)C]ZA’ ()

Proposition 3.21. Let A C R™ be a nonempty and closed set with A = cl (int A),
and let ¢ A — [0,00) be an upper semicontinuous function which is continuous

on bdry A’ = bdry A. Then we have:
(i) A, c A (i) A, C Ay, (iii) AY c AY.
Proof. (i): Let 2 € A;. We have the following;:
3 If 2 € A then z € AY.
. If x € [a,a + 7(a,,¥)¢) with a € bdry A and ¢ € N (a) unit, then z € AV

o If z=a+7(a,(,v)¢ with a €bdry A, ( € N¥(a) unit, and [a,a + r(a,(,¥)(] &
A'(v), then, since r(a,(, 1) < r(a, (), we get that

z € [a,a+r(a,¢)C] and [a,a+ r(a,()C] ¢ A'(Y).
Thus, by the definition of A%, we deduce that = € AY.
Therefore, z € AY.
(ii): Let x € A,. Using Proposition 3.13(i), we have the following:
o If:vEAthenfolw.
. If € [a,a + 7(a,,¥)¢) with a € bdry A and ¢ € N (a) unit, then z € flw.
e Ifz=a+r(a,( ¢)¢ witha € (bdry A)N(bdry,A)© and ¢ € N (a) unit, then:
e ¢Y(a) =0= [V¢' € N¥(a) unit, we have r(a,(’) < oo].
o Y(a) > 0= V¢ € N¥(a) unit, we have 2¢(a)r(a,¢’) < 1].

This yields that a ¢ A'(y), and hence [a,a + r(a,(,9)¢] ¢ A'(¥). Thus,
S Aw.
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Therefore, x € flw.

(iii): Follows using arguments similar to those employed in the proof of (ii). O

The following theorem is the main result of this subsection. A part of this theorem
generalizes the equivalence statement [18, Theorem 3.7(iii)] to the variable radius
case, as we will show in Corollary 3.24.

Theorem 3.22. Let A C R™ be a nonempty and closed set with A = cl(int A), and
let : A" — [0,00) be an upper semicontinuous function which is continuous on
bdry A’ = bdry A. Then the following assertions are equivalent:

(i) A’ is the ¢-union of closed balls
(i) A is AY-conver.
(iti) A is Ay-convex, (UP)y is satisfied, and (Ay N A°) C A'(¥).

Proof. (i)==(ii): Assume that A’is the y-union of closed balls. Then A'(¢)) = A,
and hence by the definition of A¥ and using Lemma 3.4,

AV = AU U la,a+1(a,)¢) = AU AP,

a€bdry A
CENE (a) unit

Now by Lemma 3.4, A is A¥-convex.

(ii)==(iii): Assume that A is A¥-convex. Since A, C A, we deduce that A is
Aw—convex. On the other hand, by Proposition 3.21, we have A¥ ¢ A¥. This gives
that A is A¥-convex, and hence by Theorem 3.15, (UP), is satisfied. We proceed
to prove that (A, N A°) C A'(¢). If not, then there exists zg € (A, N A°) such that
xog & A'(¢). Let ag € projy(xg). Since zo € A, we have that ag # xy. Moreover, for
Co == ﬁ, we have r(ag, (o) > ||zo — aol|. Then, xy € [ag, ap + r(ag, (o)o]- This

latter result, the fact that zy & A'(¢)), and the definition of A, yield that
(a0, ao + (a0, (o)¢o] C AY. (17)
Let 1o := ag + (ag, Co)Co- Since A is AY-convex, yo € A? (by (17)), and

. Yo — a
proja(w), v0] = {+ o — a||—]
U ||?J0 - a||

a€proj 4 (yo)

e T § R I ] (18)

: — al
a€proj 4 (yo)
C {w}tu U [aaa+7’<a7 yo_a) yo_a)Cz‘iw,
: lyo —all / lyo — all
a€proj 4 (yo)

we have, by Proposition 3.2(iii), that proj,(yo) is a singleton. This yields, since
ap € proj4(vo), that proj,(yo) = {ao}. For € > 0, we define y. and a. as follows:

Ye == ag + (€ + (a0, C))Co = Yo + o, and a. € proj,(y:).
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Taking e sufficiently small, we can assume that y. ¢ A. Moreover, by the definition
of r(ag, (o), and since ||y. — ap|| = € +r(ao, o) > r(ao, (o), we get that a. # ag. Now
for (. := ﬁ, we have

[aéaye) C [CLE,CLE + T<a5,Cg)C5) C A¢.

Since y. — yo as € — 0, proj,4(vo) = {ao}, and using the closedness of the
projection map proj,(-), we can assume that a. — ag as € — 0. Define

_ ||ya_x0|| _ Hys_x()” <1
lye — aoll  [lye — ol + llzo — aoll

Ze i= Aeae + (1 — A\)ye., where A, :

We have z. € [a.,y.], and ||z — zo|| = Acllac — agl|. Hence, since A’()) is closed
(by Lemma 3.20), and zo € (A'(¢))°, there exists g9 > 0 such that z. € (A'(¢)))€ for
all € € (0,e0]. This yields that [a.,y:] ¢ A'(¢) for all € € (0,&¢], and then by the

definition of AY,

Ye € lac, ac + r(az, ()¢] € AV for all € € (0, ).

Hence7 [aOJ yeo] = [0’07y0] U (y07 yeo] = [CLO?yO] U {yf} - Ad)
€€(0,e0]

Therefore, the two normal segments to A, [ac,,y-,] and [ag, ye,] are inside A? and
intersect at y.,. This contradicts the A¥-convexity of A.

(iii)==(i): Assume that A is Aw—coyvex, (AyNA°) C A'(9), and (UP)y, is satisfied.
By Proposition 3.21, we have that A, C A, and hence A is Ay-convex. This yields,
using Theorem 3.15, that A satisfies the ¥-exterior sphere condition, and hence

bdry,A = bdry A = bdry A" (19)

Now let x € int A" = A°.

Case 1: z € Ay.

Then z € (Ay N A°) C A'(¢).

Case 2: = & Ay.

Then 2¢(x)d4(x) > 1, which yields that ¢(x) > 0 and da(z) > ﬁ(w) Hence,

_ 1
]B%(x; —) C A’, and this gives that x € A'(v).
20@) )

Therefore, int A” C A’(¢)). Then, using (19), we obtain that
A" =bdry A’ Uint A" = bdry, AU int A" C A'(¢Y) U A'(¢) = A'(¢).

Thus, A" = A’(¢)), which yields that A’ is the t)-union of closed balls. ]

Remark 3.23. From (18), we deduce that if A is A?-convex, then each point in
A? has a unique projection on A.
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Corollary 3.24. [18, Theorem 3.7(iii)] Let A C R™ be a nonempty and closed set
with A = cl(int A), and let r > 0. Then A’ is the 5--union of closed balls if and
only if A is fl%-convex.

Proof. Applying Theorem 3.22 for ¢) = % constant, it is sufficient to prove that if
Ais fl%—convex, then (UP). is satisfied and (A% NA¢) C A'(5). Since fl% C fl%,
we deduce that A is A 1 -COnvex. This latter yields, via Corollary 3.16 and Theorem
3.15, that (UP)% is satisfied. Now we prove that (A% NA°) c A'(3-). We consider
x € (AQ% N A°) and a € proj,(z). We have = # a and da(z) = ||z —a| < r. If
x & A’(%), then for (, := =% we have r(a,(’a, 2—174) < r. Since (, is realized by a

~ lz—all

|z — al|-sphere and |z — a|| < r, we deduce that r(a, (s, 5-) > || — al|. Therefore,
da(z) = ||z —al| < r(a,Ca, 2%) <r.

Let y := a + r(a, (s, 5)C. We have a € proj,(y). Moreover, using the definition
A% and since [a,y] O = & A’(%), we obtain that

la,y] C 1212%. (20)
Add to this that A is A%—convex and that
: y—>b
[prOJA(y)ay} = U b7b+ Hy_bHHy_bH
bEproj 4 (y)
y—2>b
- wu U oo
bEproj 4 () y
y—b 1\ y—0> o
c {w}u {b,bw(b, ,—) )cA,
’ U |y —oll" 2r ) |ly — bl

a€proj, ()

we have, via Proposition 3.2(iii), that proj,(y) = {a}. For € > 0, we define y. and
a. as the following

1 .
Ye ‘= Q + <€ + r<a7Caa Z))Ca =Y + €<aa and Qe S prOJA(yE)'

Taking e sufficiently small, we can assume that y. ¢ A and that ¢ + r(a, Cas %) <r.
Hence, since ||y. — all = ¢ +7(a,(a, =) > 7(a, Coy o), We get that a. # a. Now for

G 1= ey, we have due to ly. — ac|| < lye — all = £ + (@, Gy &) < 7, that

T llye—acll?
[af?yf) C [asaas +r<aeags>%>CE) C AT/J‘

Since y. — y ase — 0, proj4(y) = {a}, and using the closedness of the projection
map proj,(-), we can assume that a. — a as ¢ — 0. Define

Clwe=wl_ we-al
v —all = Tye — 2l + Tz — ]

Ze i= Aeae + (1 — A\)y., where A, :
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We have z. € [a.,y.], and ||z. — z| = A\.||a- — a||. Hence, since A’(5:) is closed (by
Lemma 3.20), and = € (A’(%))C, there exists €9 > 0 such that z. € (A’(%))c for
all € € (0,£]. This yields that [a.,y.] ¢ A'(5-) for all € € (0,&0], and then by the

definition of A L,

Ye € [as,aE + r(ag,cg, %)Cg} C fl% for all € € (0, g¢].

Hence, using (20),

[av yso] = [aay] U (yayeo] = [a,y] U {yg} C A%

e€(0,e0]

Therefore, the two normal segments to A, [ac,, y=,] and [a,ys,] are inside A 2 and

intersect at y.,. This contradicts the fl%—convexity of A. [
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