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A Dual Vibration Absorber for Vibration Suppression in 

Harmonically Forced Systems 

 

Elie El Khoury 

 

ABSTRACT 

 

In this work, a dual absorber setup is proposed for the reduction of the 

harmonic response of single degree of freedom systems. The main system is a mass 

spring damper excited with a harmonic force. This dual absorber setup combines 

both the classical and platform absorbers. The primary system sits of the platform 

absorber and has the classical absorber attached to it. This yields a harmonically 

forced three degrees of freedom system. The objective is to reduce the maximum of 

the frequency response function of the primary system for all forcing frequencies. 

First, the objective function is defined and written in terms of dimensionless 

parameters. Then, a numerical technique based on both the genetic algorithm and the 

search simplex method is used to calculate the optimal system parameters. The 

problem is solved for a set of values of primary system damping and upper absorber 

mass. It is shown that the dual absorber performance increases with the increasing of 

the upper absorber mass for a given platform mass. And, as in the case of the 

platform absorber, an optimal absorber mass exists for the lower absorber. Finally, 

the performance of the dual absorber is compared to those of the classical and 

platform absorbers. It is shown that the dual absorber outperforms both the classical 

and platform absorbers.  
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Chapter One 

 

Introduction 

 

Moving parts in any machine result in harmonic forces which get transmitted to 

and excite other surrounding mechanical systems and put them to motion. This 

motion type, i.e. vibration, is unfavorable, as it can lead to a reduced efficiency, an 

increase in noise pollution, or sometimes even to a complete failure of the 

mechanical system. Therefore, many vibration suppression techniques have been 

developed throughout the years, with the aim to overcome this problem. These 

techniques can be classified into three categories, namely, passive, semi-active, or 

active. The most common passive type of such techniques is the vibration absorber, 

also known as the tuned mass damper. It is a device that will be attached to a 

vibrating structure or machine and tuned to reduce the primary system motion. This 

is achieved as the absorber applies mechanical forces to counteract the externally 

applied forces which are responsible for exciting the system and putting it to motion. 

In its most simplified form, it consists of a small mass attached to the vibrating 

machine using a resilient element, such as a mechanical spring or damper. Such a 

device was first patented by Frahm in 1911 (United States Patent No. 989958A, 

1911). 

 

Since the invention of the concept of the vibration absorber, extensive research 

work has been carried out in order to get better optimized designs. The first 

analytical study of the vibration absorber was conducted by (Ormondroyd & Den 
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Hartog, 1928). The optimal parameters for the vibration absorber coupled to an 

undamped system were obtained using the fixed points method. These are two points 

in the frequency response function that are independent of the absorber damping. It is 

first found that a trade-off exists between these points as the spring of the absorber is 

varied. Hence, the optimal stiffness is first obtained by putting the two points on the 

same level. The optimal absorber damping is calculated as the average of two values 

each corresponding to having the frequency response function pass horizontally 

through one of the fixed points (Den Hartog, Mechanical Vibrations, 1940). (Brock, 

1946) used a perturbation technique to determine the absorber damping analytically. 

This solution is an approximate analytical solution which was proven to be very 

accurate. 

 

This theory is well known and can be found in vibration textbooks such as (Den 

Hartog, Mechanical Vibrations, 1985) and (Rao, 2003). In a recent work (Nishihara 

& Asami, 2002), the exact analytical solution of the optimal absorber parameters is 

obtained by forcing the two peaks of the frequency response function to be at the 

same level while minimizing this dual peak. It is shown that the exact solution 

closely matches the approximate one. The approximate optimal parameters of a 

vibration absorber attached to the primary system using a rubberlike material was 

determined by (Snowdon, 1959). The fixed points method was generalized to a 

multi-degree of freedom system by (Ozer & Royston, 2005). 

 

When damping is present in the primary system, the frequency response function 

will no longer exhibit fixed points independent of absorber damping, and hence, the 

fixed points method is no longer applicable. Moreover, the complexity of the 
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objective function of such a system with primary system damping prevents the 

determination of an analytical exact optimal solution of the said function, except 

when hysterical damping is found in both the absorber and the primary system 

(Asami & Nishihara, Closed-Form Exact Solution to H∞ Optimization of Dynamic 

Vibration Absorbers (Application to Different Transfer Functions and Damping 

Systems), 2003). A perturbation method was used to find an approximate analytical 

solution for a viscously damped primary structure (Asami, Nishihara, & Baz, 

Analytical Soluations to H∞ and H2 Optimization of Dynamic Vibration Absorbers 

Attached to Damped Linear Systems, 2002). As for a system with a Lanchester 

damper, the closed form optimal parameters were found (Bapat & Kumaraswamy, 

1979). In other studies, the optimal absorber designs for systems with viscoelastic 

vibration absorbers were proposed (de Espíndola, Cruz, de Oliveira Lopes, & 

Bavastri , 2008) (Doubrawa Filho, Luersen, & Bavastri, 2011). Nonlinear vibration 

absorbers were studied by (Oueini & Nayfeh, 2000) and (Ashour & Nayfeh, 2003). 

As for the other cases of damping, numerous studies used numerical methods to 

calculate the optimal parameters for the system within a range of mass and damping 

ratios, and then a graphical presentation of the findings were given (Thompson, 

1981) (Randall, Halsted, & Taylor, 1981) (Soom & Lee, 1983) (Pennestri, 1998). 

Absorbers with multiple degrees of freedom were proposed and investigated (Febbo 

& Vera, Optimization of a Two Degree of Freedom System Acting as a Dynamic 

Vibration Absorber, 2008) (Febbo, Optimal Parameters and Characteristics of a 

Three Degree of Freedom Dynamic Vibration Absorber, 2012). 

 

In 2011, a new vibration absorber setup was proposed, wherein the primary 

system and the absorber’s positions are interchanged, and was used for ground 
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isolation (Issa, Ground Motion Isolation Using a Newly Designed Vibration 

Absorber, 2011). The absorber now is in the form a platform connected to the ground 

by a resilient element and the primary system sits on the latter. It is shown that in this 

case, the absorber reaches its utmost performance at a given mass ratio, unlike the 

classical setup where the absorber performance increases with the increasing of the 

absorber mass. Hence, an optimal mass ratio exists for this newly proposed 

configuration. This setup is optimized to reduce the vibrations in: harmonically 

forced undamped primary systems (Issa, Optimal Design of a Damped Single Degree 

of Freedom Platform for Vibration Suppression in Harmonically Forced Undamped 

Systems, 2013) and damped systems (Harik & Issa, 2015). When the system is 

subjected to random white noise excitation, the optimal parameters were obtained 

numerically except for the utmost optimal solution which was obtained analytically 

(Issa, Reduction of the Transient Vibration of Systems Using the Classical and 

Modified Vibration Absorber Setup, 2014). 

The classical vibration absorber setup is shown in Figure 1–1(a), while the 

platform vibration absorber setup is shown in Figure 1–1(b). In this work, both 

setups are combined as shown in Figure 1–1(c), the primary system is now sitting on 

the platform and has a classical absorber attached to it. All resilient connections 

between the masses are assumed to be linear and consist of a linear spring and 

damper in parallel. This new design will be referred to as the dual vibration absorber. 

This work aims to find the optimal parameters for the dual vibration absorber when 

the primary system is harmonically forced. 
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In 0, the case of the classical vibration absorber setup is reconsidered, and the 

optimal parameters are obtained numerically. The numerical optimization method is 

based on the genetic algorithm and another numerical search technique based on the 

simplex method. In 0, the platform vibration absorber setup is considered and its 

optimal parameters are obtained using the same techniques used in case of the 

classical absorber setup. The dual absorber is considered in 0. The objective function, 

which is the amplitude of the steady state response function, is first obtained. Then 

the optimal absorber parameters are calculated numerically using the same numerical 

approach as in the previous cases.  In 0, comparison between the different setups is 

given. Finally, concluding remarks and directions for potential additional research 

are given in 0. 
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Figure 1–1. (a) Classical Vibration Absorber Setup, (b) Platform Vibration 

Absorber Setup, and (c) Dual Vibration Absorber Setup 
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Chapter Two 

Classical Vibration Absorber 

2-1. Equation of Motion

The classical linear vibration absorber is a linear single degree of freedom 

dynamic system. It comprises of a lumped mass with a linear spring and damper. In 

this study, the primary system is a linear damped single degree of freedom system. 

The classical setup is shown in Figure 2–1, and the primary system is subjected to a 

harmonic force. The equations of motion of this system are given as: 

𝑚1𝑥̈1 +  𝑐1𝑥̇1 + 𝑐2(𝑥̇1 − 𝑥̇2) + 𝑘1𝑥1 +  𝑘2(𝑥1 − 𝑥2) = 𝑓0 𝑠𝑖𝑛(𝜔𝑡)

𝑚2𝑥̈2 +  𝑐2(𝑥̇2 − 𝑥̇1) +  𝑘2(𝑥2 − 𝑥1) = 0
(1) 

Where ( ̇ ) and ( ̈ ) denote, respectively, the first and second derivatives of 

( ) with respect to time. 

Figure 2–1. The Classical Vibration Absorber Setup 
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2-2. Frequency Response Function

The steady state complex frequency response functions of both the primary 

system and the absorber are determined and take the forms: 

𝑋1 =  −
𝑓0(𝑘2 − 𝑚2𝜔2 + 𝐢𝑐2𝜔)

𝛼𝑇𝑀𝐷

𝑋2 = −
𝑓0(𝑘2 + 𝐢𝑐2𝜔)

𝛼𝑇𝑀𝐷

(2) 

Where 

𝛼𝑇𝑀𝐷 =  (𝑘2 + 𝐢𝑐2𝜔)2 − (𝑘2 − 𝑚2𝜔2 + 𝐢𝑐2𝜔)(𝑘2 + 𝑘1 − 𝑚2𝜔2 + 𝐢𝜔(𝑐1 + 𝑐2))

and 𝐢 denotes the imaginary unit number. Each dimensionless parameter introduced 

in the List of Symbols is chosen in a way that it only depends on one variable. This 

way, a change in one of the dimensionless parameters is directly linked to one of the 

decision variables instead a combination of two or more. For instance, an increase in 

the absorber damping ratio 𝜁2 is directly linked to an increase in viscous-damping

coefficient of the absorber 𝑐2. In dimensionless form, the steady state system

displacements given in Eq.(2) can now be written as:  

𝑘1𝑋1

𝑓0
=  

𝜆2  −  𝑟2µ2 +  2𝐢𝑟𝜁2

𝛽𝑇𝑀𝐷

𝑘1𝑋2

𝑓0
=  

𝜆2 +  2𝐢𝑟𝜁2

𝛽𝑇𝑀𝐷

(3) 

Where  

𝛽𝑇𝑀𝐷 =  𝜆2 − 𝑟2(4𝜁2𝜁1 + 𝜆2 + µ2 + 𝜆2µ2) + 𝑟4µ2 + 2𝐢𝑟(𝜁2 + 𝜁1𝜆2)

− 2𝐢𝑟3(𝜁2 + (𝜁2 + 𝜁1)µ2)
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The dimensionless steady state amplitudes of the primary system and 

absorber are norms of those given in Eq.(3) and take the forms below: 

𝐴X1
= √

𝑎3
2 + 𝑎4

2

𝑎1
2 + 𝑎2

2
𝐴𝑋2

= √
𝑎5

2 + 𝑎6
2

𝑎1
2 + 𝑎2

2 (4) 

Where 

𝑎1 = 𝑟4𝜇2 − 𝑟2(4ζ1ζ2 + λ2μ2 + λ2 + μ2) + λ2

𝑎2 = −2𝑟 (ζ2((μ2 + 1)𝑟2 − 1) + ζ1(𝑟2μ2 − λ2))

𝑎3 = λ2 − 𝑟2μ2

𝑎4 = 2𝑟ζ2

𝑎5 = λ2

𝑎6 = 2𝑟ζ2

In this system, the mass 𝑚1, spring stiffness 𝑘1, and viscous-damping 

coefficient 𝑐1 of the primary system are known, thus the primary system damping 

ratio ζ1 is known. The optimization problem is solved as follows: for a given 

absorber mass 𝑚2, its optimal viscous-damping coefficient 𝑐2, and spring stiffness 

𝑘2 are calculated in order to minimize the maximum of the primary system’s 

frequency response function. In other words, for a given ζ1 and μ2, the optimal 

damping ratio ζ2 and stiffness ratio λ2 are calculated to minimize the maximum of 

𝐴X1
 for all 𝑟. The frequency response function 𝐴X1

is shown in Figure 2–2 for μ2 = 

0.05 and ζ1 = 0.1. Three different cases are shown corresponding to three different 

sets  of   ζ2  and λ2.  As  expected, Figure 2–2 shows that the 𝐴X1 exhibits  two  peaks
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with all curves passing through 1 for zero frequency. In these problems, it is 

imperative that the behavior of the objective function is well understood in order to 

be able to simplify the optimization problem. In the following section, the 

optimization procedure used to calculate the optimal system parameters is 

introduced. 

Figure 2–2. Plots of 𝐴X1
for µ2 = 0.05 and 𝜁1 = 0.1

2-3. Optimization Procedure

The objective is to find the optimal dimensionless absorber parameters, namely 

the optimal stiffness ratio λ2opt
 and the optimal damping ratio ζ2opt

, that minimize 

the maximum of the steady state frequency response function of the primary system 

𝐴X1
 at all forcing frequencies 𝜔. In this problem, all the primary system parameters
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are known and the latter is solved for a given absorber mass, hence μ2 and ζ1 are

known variables. This is a minimax problem where the maximum of a function is to 

be minimized. The objective function can now be written as 𝐺(μ2,ζ1) =  max
𝑟

𝐴X1
.

Finally, the decision variables are λ2 and ζ2 and hence the optimization problem

reads: find (λ2, ζ2)  that will minimize 𝐺(μ2,ζ1).

This problem cannot be solved analytically except in the case of the undamped 

primary system. However, this is not the aim here and the analytical solution is well-

know. The problem is solved numerically using a combination of genetic algorithms 

and a numerical search technique based on the simplex method. The genetic 

algorithm method is an optimization method used to solve a constrained or 

unconstrained problem by a process similar to biological evolution. In fact, it starts 

from a generation, which is a set of possible solutions, and evaluates the objective 

function at each possible solution. After that, it deletes from this pool, i.e. generation, 

a percentage of the solutions that result in high values of the objective function. The 

remaining potential solutions, those with low values of the objective function, are 

complemented using newly generated potential solutions in order to replace the 

deleted ones. This procedure is repeated until the newly generated solutions are no 

longer yielding better results. This optimization method is well known, and it has 

been programmed and introduced as a function in numerous computer software. 

In this case, for a given μ2 and ζ1, 𝐺(μ2,ζ1) is calculated at any given set of

possible solutions (λ2, ζ2). As previously defined, 𝐺(μ2,ζ1) is the maximum of 𝐴X1

and it is calculated numerically at each possible solution as follows: for a given set of 

(μ2, ζ1, λ2, ζ2), the maximum of 𝐴X1
 take place at frequency ratios calculated by
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setting the derivative of the frequency response function to zero 
𝜕𝐴X1

𝜕𝑟
= 0. Solving 

this equation yields a fifth order polynomial in 𝑟2:

𝑏5𝑟10 + 𝑏4𝑟8 + 𝑏3𝑟6 + 𝑏2𝑟4 + 𝑏1𝑟2 + 𝑏0 = 0 (5) 

Where 

𝑏0 = 2λ2
4(−2ζ1

2 + μ2 + 1)

𝑏1 = −2λ2
2(λ2μ2((λ2 + 2)(μ2 + 2) − 8ζ1

2) + 8ζ2
2(2ζ1

2 − μ2 − 1) + λ2
2)

𝑏2 = −8ζ2
2λ2(μ2(−8ζ1

2 + 3μ2 + 4) + 2λ2(μ2 + 1)2) + 32ζ2
4(−2ζ1

2 + μ2 + 1)

− 24ζ1ζ2λ2
2μ2

2 + 2λ2
2μ2(μ2(−12ζ1

2 + μ2 + 6) + λ2(μ2 + 1)(μ2 + 4))

𝑏3 = −4(−4ζ2
2μ2((1 − 2ζ1

2)μ2 + λ2(μ2 + 1)(μ2 + 2)) − 8ζ1ζ2λ2μ2
3

+ λ2μ2
2(2μ2(−2ζ1

2 + λ2 + 1) + 3λ2) + 8ζ2
4(μ2 + 1)2 + 16ζ1ζ2

3μ2
2)

𝑏4 = 2μ2
2(μ2(μ2(−2ζ1

2 + λ2 + 1) + 4λ2) − 2ζ2
2(μ2(μ2 + 2) + 4) − 4ζ1ζ2μ2

2)

𝑏5 = −2μ2
4

This polynomial is solved numerically and the real solutions of the frequency 

ratios 𝑟𝑖 will depict the position of maxima/minima. The optima ℎ𝑖 of the function is

then obtained by evaluating the objective function at all possible positions 𝑟𝑖,

including the solution at 𝑟 = 0, i.e. ℎ0 = 1.  The highest value out of all possible

solutions is kept as the maximum of the function, in other words, 𝐺(μ2,ζ1) =
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 max(ℎ0, ℎ𝑖). In this case the function can assume one maximum and one minimum, 

or two maxima and two minima.  

2-4. Optimal Results

Starting with a given set of (μ2, ζ1), the optimal solution is obtained numerically 

and, to save on time, a first optimal solution is calculated using the genetic algorithm 

technique which is set to make sure it converges to the global optimal solution in that 

case. This can be achieved by increasing the population number, the convergence 

tolerance, and the ranges of the decision variables which are here (λ2, ζ2). Then, the 

optimal solution associated with a small increment from the previous set (μ2, ζ1) is 

obtained using the search technique based on the simplex method, starting from the 

optimal solution calculated for the former (μ2, ζ1) set. The remaining solutions are 

obtained using the search technique based on the simplex method starting always 

from the previous optimal solution since it will be near the new optimal solution 

provided that small increments of the (μ2, ζ1) variables are used.

The optimal parameters are obtained for a range of (μ2, ζ1) sets and plotted in 

Figure 2–3. Three different values of ζ1 are chosen, namely, ζ1 = 0, 0.1, 0.2, and the 

mass ratio μ2 is varied from 0.01 to 0.5. The minimum mass ratio used is 1% since 0 

is not an option because some mass should be used otherwise a 0 mass means no 

absorber is attached. The 0.5 limit on the mass ratio is considered a reasonable 

number since the classical absorber mass should be a small fraction of the primary 

system  mass.  From  Figure 2–3, it  is deduced that both  λ2 and  ζ2  increase with the
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increasing of the mass ratio μ2. In other words, the increase of the absorber mass m2,

increases the optimal spring stiffness and damping constant of the absorber. 

Figure 2–3. Plots of (a) Optimal Stiffness Ratio 𝜆2opt
 and (b) Optimal Damping 

Ratio 𝜁2opt

The optimal shape of the frequency response function is shown in Figure 2–4 

for two primary damping cases namely,  ζ1 = 0.05 in Figure 2–4(a) and 𝜁1 = 0.1 in 

Figure 2–4(b). In each plot, four cases of the mass ratio are shown, namely μ2 = 

0.01, 0.05, 0.1, 0.2. It can be easily deduced as expected that the height of the peaks 

decreases with the increase of the mass ratio. Furthermore, the optimal shape of the 

frequency response function exhibit two equal peaks. This was not taken into account 

when solving the optimization problem to keep the problem unconstrained.  
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Figure 2–4. Plots of 𝐴X1
 Using the Optimal Parameters for (a) 𝜁1 = 0.05 and (b) 

𝜁1 = 0.1
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Finally, the optimal heights of the frequency response function peaks are 

plotted in Figure 2–5 for a range of μ2 and for three values of primary system 

damping ratio  ζ1 = 0, 0.1, 0.2. The figure clearly shows that the peaks’ heights 

decrease with the increasing of the absorber mass, as expected. Hence, the classical 

absorber performance increases with the increasing of the absorber mass, which is 

well-known. 

Figure 2–5. Plots of the Maximum of 𝐴X1
 for 0.01 ≤ µ2 ≤ 0.5 and some values of 

𝜁1
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Chapter Three 

Platform Vibration Absorber 

3-1. Equation of Motion

The platform absorber configuration shown in Figure 3–1 is obtained by 

switching the positions of the primary system and absorber of the classical setup. In 

fact, the platform absorber setup is a single degree of freedom system where the 

platform is a mass directly connected to the ground through a spring and viscous 

damper. The primary system sits on the platform and is connected to it through a 

spring and damper.  Here too, the primary system is assumed to be harmonically 

forced where 𝑓(𝑡) =  𝑓0 sin(𝜔𝑡) . The equation of motion of this system can be 

written as:   

𝑚1𝑥̈1 +  𝑐1(𝑥̇1 − 𝑥̇3) + 𝑘1(𝑥1 − 𝑥3) = 𝑓0 sin(𝜔𝑡)

𝑚3𝑥̈3 +  𝑐3𝑥̇3 + 𝑐1(𝑥̇3 − 𝑥̇1) +  𝑘3𝑥3 +  𝑘1(𝑥3 − 𝑥1) = 0
(6)
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Figure 3–1. The Platform Vibration Absorber Setup 

3-2. Frequency Response Function

The complex frequency response function of the primary system and absorber are 

deduced from Eq.(6) and take the following forms: 

𝑋1 =  −
𝑓0(𝑘1 + 𝑘3 − 𝑚3𝜔2 + 𝐢𝜔(𝑐1 + 𝑐2))

𝛼𝑇𝑃𝐷

𝑋3 = −
𝑓0(𝑘1 + 𝐢𝑐1𝜔)

𝛼𝑇𝑃𝐷

(7) 

Where  

𝛼𝑇𝑃𝐷 =  (𝑘1 + 𝐢𝑐1𝜔)2 − (𝑘1 − 𝑚1𝜔2 + 𝐢𝑐1𝜔)(𝑘1 + 𝑘3 − 𝑚3𝜔2 + 𝐢𝜔(𝑐1 + 𝑐2))

The dimensionless forms of these functions are calculated using the 

dimensionless parameters as follows: 
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𝑘1𝑋1

𝑓0
=  

1 +   𝜆3  −  𝑟2µ3 +  𝐢2𝑟(𝜁1 + 𝜁3)

𝛽𝑇𝐻𝐷

𝑘1𝑋3

𝑓0
=  

1 +  𝐢2𝑟𝜁1

𝛽𝑇𝐻𝐷

(8) 

Where  

𝛽𝑇𝐻𝐷 = 𝜆3 + 𝑟4µ3 − 𝑟2(1 + 4𝜁1𝜁3 + 𝜆3 + µ3) + 2𝐢𝑟(𝜁1 + 𝜁3𝜆3) − 2𝐢𝑟3(𝜁1 + 𝜁3 +

𝜁1µ3).

The amplitude of the steady state response of the primary system and 

absorber are obtained from the norms of expression given in Eq.(8).  After 

simplifications, they are written as: 

𝐴X1
= √

𝑎3
2 + 𝑎4

2

𝑎1
2 + 𝑎2

2
, 𝐴X3

= √
𝑎5

2 + 𝑎6
2

𝑎1
2 + 𝑎2

2 (9) 

Where  

𝑎1 = 𝑟2(−4ζ1ζ3 + μ3(𝑟2 − 1) − 1) − λ3(𝑟2 − 1)

𝑎2 = −2𝑟(−ζ1λ3 − ζ3 + ζ1μ3𝑟2 + (ζ1 + ζ3)𝑟2)

𝑎3 = λ3 − μ3𝑟2 + 1

𝑎4 = 2𝑟(ζ1 + ζ3)

𝑎5 = 1

𝑎6 = 2𝑟ζ1
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The optimization problem here is identical to that solved in the classical 

absorber setup case. That is, the primary system parameters (𝑚1, 𝑘1, 𝑐1) are known 

and the absorber parameters (𝑚3, 𝑘3, 𝑐3) are to be calculated with the aim of reducing

the maximum of the primary system frequency response function for all forcing 

frequencies. In dimensionless form, given the primary system damping ratio ζ1 and 

the absorber mass ratio μ3, the optimal absorber stiffness and damping ratios are 

calculated, namely, λ3opt
 and ζ3opt

 respectively. The first step is to observe the 

shape of the frequency response function as this will allow a better understanding of 

its behavior as the decision variables change. Figure 3–2 shows a few examples plots 

of 𝐴X1
 for μ3 = 4 and ζ1 = 0.1, with three different sets of ζ3 and λ3.The same 

observation made in the case of the classical absorber applies here where it is clear 

that the function can have two peaks. However, the difference lies in the static 

deflection, where it is equal to 1 for the classical absorber setup, but depends on λ3 

here. This is due to the fact that the primary mass in the platform absorber setup is 

not attached to ground directly, but to the platform, hence its static deflection will 

depend on the absorber spring stiffness 𝑘3. Furthermore, 𝑟 = 0 can be either a 

maximum or a minimum as shown. In the next section, the optimization procedure 

utilized to determine the optimal system parameters is briefly summarized. 
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Where 

𝑏0 = 2λ3(λ3(λ3((1 − 2ζ1
2)λ3 − 4ζ1

2 + 3) + 4ζ1ζ3 + μ3 + 3) − 4ζ3
2 + μ3 + 1) − 4ζ3

2

𝑏1 = 4(λ3 + 1)2μ3((4ζ1
2 − 2)λ3 − 1) − 2(2λ3 + 1)μ3

2

− 2(λ3 + 1)2(λ3(−8ζ1
2 + λ3 + 2) + 8(2ζ1

2 − 1)ζ3
2 + 1)

𝑏2 = 2(μ3
2(λ3((6 − 12ζ1

2)λ3 − 20ζ1
2 + 11) − 4ζ1(2ζ1 + ζ3) + 5) + 4ζ1

4 + 8ζ3ζ1
3

+ 4μ3(λ3(λ3(−5ζ1
2 + λ3 + 3) + 2(4ζ3

2 − 5)ζ1
2 − 4ζ3ζ1 − 4ζ3

2 + 3)

+ 4(ζ3
2 − 1)ζ1

2 − 2ζ3ζ1 − 3ζ3
2) + 8(ζ1 + ζ3)2λ3(2ζ1

2 − λ3 − 2)

− 8(ζ1 + ζ3)2((4ζ1
2 − 2)ζ3

2 + 1) + μ3
3 + 4μ3)

𝑏3 = −4(8(ζ1 + ζ3)2μ3(2ζ1
2 − λ3 − 1) − 2(2ζ1

2 − 1)(λ3 + 1)μ3
3 + 8μ3

2(ζ1 + ζ3)4

+ μ3
2(λ3(−8ζ1

2 + 3λ3 + 6) + 8ζ1
4 + 16ζ3ζ1

3 + 4(2ζ3
2 − 3)ζ1

2 − 8ζ3ζ1

− 4ζ3
2 + 3))

𝑏4 = −2μ3
2(4μ3(ζ1

2 − λ3 − 1) + (2ζ1
2 − 1)μ3

2 + 8(ζ1 + ζ3)2)

𝑏5 = −2μ3
4

The roots of the optima are solved from Eq.(10) except for the optima at 𝑟 = 0, 

which height is calculated analytically and takes the form ℎ0 =
1

λ3
+ 1. The

remaining heights ℎ𝑖 are obtained numerically using the solutions of Eq.(9) and 

Eq.(10). The objective function is finally numerically calculated as 𝐺(μ3,ζ1) = 

max(ℎ0, ℎ𝑖).

3-4. Optimal Results

The optimal absorber parameters are obtained for a range of absorber mass and 

system damping ratios similar to the case of the classical absorber. Five different 
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values of the system damping ratio are used, namely, ζ1 = 0, 0.05, 0.1, 0.15, 0.2. As 

for the mass ratio, it was varied from 0 to 5 with 0.01 increments. The same strategy 

used before is adopted here, for example, the genetic algorithm is first used at one set 

of points (ζ1 = 0, µ3 = 0). Then, the mass ratio µ3 is incremented by 0.01 and the 

search simplex method is used to find the optimal solution at that point starting the 

search using the previous optimal solution corresponding to µ3 = 0. This step is 

repeated by incrementing the mass ratio by 0.01 and getting for the optimal solution 

using the search simplex method starting with the previous optimal solution. The 

optimal parameters 𝜆3opt
 and 𝜁3opt

 are plotted in Figure 3–3. The trend for 𝜁3opt
 is 

not clear but 𝜆3opt
 shows a clear trend where it increases with the increasing of the 

mass ratio.  

Figure 3–3. Plots of (a) Optimal Stiffness Ratio 𝜆3opt
 and (b) Optimal Damping 

Ratio 𝜁3opt
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If the platform mass ratio μ3 is zero, the primary system becomes directly 

attached to the ground by a resilient element made of a spring with stiffness 𝑘3 and a 

viscous damper with coefficient 𝑐3. The optimal stiffness ratio  𝜆3opt
 and optimal 

damping ratio 𝜁3opt
 in this case are the values corresponding to the point of 

interception between each of the curves and the y-axis in Figure 3–3.  

In Figure 3–4, the frequency response function of the primary system is 

plotted using the optimal parameters for two primary system damping ratios, namely 

for, 𝜁1 = 0.05 in Figure 3–4(a) and for 𝜁1 = 0.1 in Figure 3–4(b). In each plot, three 

cases are shown, corresponding to three different mass ratios. In all the figures, it is 

clear that the optimal shape yields a frequency response function with two equally 

leveled peaks. Compared to the classical setup, here one of the peaks can occur at 

zero frequency. Furthermore, the figures clearly show the existence of an optimal 

mass ratio at which the absorber reaches its utmost performance. The frequency 

response function is shown in its utmost optimal shape in each of the figures, where 

the optimal mass ratio is μ3opt
 = 2.09 for ζ1 = 0.05 , shown in Figure 3–4(a), and 

μ3opt
 = 2.81 and ζ1 = 0.1, shown in Figure 3–4(b). For example, in Figure 3–4(a), 

the optimal shape is plotted for μ3  = 1 and μ3  = 4 in addition to μ3opt
 = 2.09, where 

it is evident that the height of the peaks of the two curves corresponding to the two 

non-optimal mass ratios are higher than that corresponding to μ3opt
 = 2.09. The same 

applies to Figure 3–4(b).
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Figure 3–4. Plots of 𝐴X1
Using the Optimal Parameters for (a) 𝜁1 = 0.05 and (b) 

𝜁1 = 0.1
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Using the optimal dimensionless parameters shown in Figure 3–3, the 

maximum of 𝐴X1
 is calculated and plotted in Figure 3–5 for a set of value of the 

primary system damping. It is evident from the figure that an optimal mass ratio 

exists. For a given 𝜁1, starting with zero absorber mass ratio, the optimal peak 

decreases with the increasing of the mass ratio, passes through a minimum value at 

the optimal mass ratio then starts to increasing with the further increasing of the mass 

ratio.  

Figure 3–5. Plots of the Maximum of 𝐴X1
 for 0 ≤ µ3 ≤ 5 and some values of 𝜁1
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Chapter Four 

Dual Vibration Absorber 

4-1. Equation of Motion

In this part, both the classical vibration absorber and the platform vibration 

absorber are combined to reduce the vibrations in a system subjected to a harmonic 

force. This new absorber setup type is referred to as the dual vibration absorber and 

shown in Figure 4–1. In this setup, the primary system is sandwiched between the 

classical and platform absorbers. The primary system is sitting on the platform 

absorber and coupled to a classical absorber. The system will now have three degrees 

of freedom, as it is now comprised of three masses with independent motions. 

Applying Newton’s law to each of the masses results in the equation of motion of the 

system which is given below: 

𝑚1𝑥̈1 + 𝑐1(𝑥̇1 − 𝑥̇3) + 𝑐2(𝑥̇1 − 𝑥̇2) + 𝑘1(𝑥1 − 𝑥3) + 𝑘2(𝑥1 − 𝑥2) = 𝑓0 sin(𝜔𝑡)

𝑚2𝑥̈2 +  𝑐2(𝑥̇2 − 𝑥̇1) +  𝑘2(𝑥2 − 𝑥1) = 0

𝑚3𝑥̈3 +  𝑐3𝑥̇3 + 𝑐1(𝑥̇3 − 𝑥̇1) +  𝑘3𝑥3 +  𝑘1(𝑥3 − 𝑥1) = 0

(11)
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Figure 4–1. The Dual Vibration Absorber Setup 

4-2. Frequency Response Function

The steady state complex frequency response functions of the primary system 

and two absorbers are deduced from Eq.(11) as follows: 

𝑋1 =  −
𝑓0(𝑘2 − 𝑚2𝜔2 + 𝐢𝑐2𝜔)(𝑘1 + 𝑘3 − 𝑚3𝜔2 + 𝐢𝜔(𝑐1 + 𝑐3))

𝛼𝑇𝐻𝐷

𝑋2 =  −
𝑓0(𝑘2 + 𝐢𝑐2𝜔)(𝑘1 + 𝑘3 − 𝑚3𝜔2 + 𝐢𝜔(𝑐1 + 𝑐3))

𝛼𝑇𝐻𝐷

𝑋3 = −
𝑓0(𝑘1 + 𝐢𝑐1𝜔)(𝑘2 − 𝑚2𝜔2 + 𝐢𝑐2𝜔)

𝛼𝑇𝐻𝐷

(12)
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Where 

𝛼𝑇𝐻𝐷 =  (𝑘1 + 𝐢𝑐1𝜔)2(𝑘2 − 𝑚2𝜔2 + 𝐢𝑐2𝜔)

− (𝑘1 + 𝑘3 − 𝑚3𝜔2 + 𝐢𝜔(𝑐1 + 𝑐3)) ((𝑘2 + 𝐢𝑐2𝜔)2

+ (𝑘2 − 𝑚2𝜔2 + 𝐢𝑐2𝜔)(𝑘2 + 𝑘1 − 𝑚1𝜔2 + 𝐢𝜔(𝑐1 + 𝑐2)))

In dimensionless form, the complex frequency response functions given in 

Eq.(12) reduce to: 

𝑘1𝑋1

𝑓0
=  

(𝑟2µ2 −   𝜆2  − 𝐢2𝑟𝜁2)(1 +   𝜆3  −  𝑟2µ3 +  𝐢2𝑟(𝜁1 + 𝜁3))

𝛽𝑇𝐻𝐷

𝑘1𝑋2

𝑓0
=  

(−  𝜆2 − 𝐢2𝑟𝜁2 )(1 +  𝜆3  −  𝑟2µ3 +  𝐢2𝑟(𝜁1 + 𝜁3))

𝛽𝑇𝐻𝐷

𝑘1𝑋3

𝑓0
=  

(𝑟2µ2 −  𝜆2  − 𝐢2𝑟𝜁2)(1 +  𝐢2𝑟𝜁1)

𝛽𝑇𝐻𝐷

(13) 

Where 

𝛽𝑇𝐻𝐷 = 𝑟2(𝜆2(µ2 + µ2𝜆3 + 4𝜁1𝜁3 + 𝜆3 + µ3 + 1) + 4𝜁2(𝜁1𝜆3 + 𝜁3) + µ2𝜆3)

− 𝑟4(µ2(𝜆2µ3 + 4𝜁1𝜁3 + 𝜆3 + µ3 + 1) − 𝜆2𝜆3 +  𝑟6µ2µ3

+ 4𝜁2((µ2 + 1)(𝜁1 + 𝜁3) + 𝜁1µ3) + 𝜆2µ3) + 2𝐢𝑟3(µ2𝜁3𝜆3)

+ 2𝐢𝑟3(𝜆2𝜁1(µ2 + µ3 + 1)) − 2𝐢𝑟(𝜆3(𝜁2 + 𝜆2𝜁1) + 𝜆2𝜁3)

+ 2𝐢𝑟3(𝜁2(µ2 + µ2𝜆3 + 4𝜁1𝜁3 + 𝜆3 + µ3 + 1)+𝜁3(𝜆2µ2 + 𝜆2 + µ2))

− 2𝐢𝑟5(µ2(µ3(𝜁2 + 𝜁1) + 𝜁1 + 𝜁3) + 𝜁2µ3)
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The amplitudes of the steady state dimensionless frequency response 

functions of the primary system, classical absorber, and the platform absorber are 

calculated as: 

𝐴X1
= √

𝑎3
2 + 𝑎4

2

𝑎1
2 + 𝑎2

2
𝐴X3

= √
𝑎5

2 + 𝑎6
2

𝑎1
2 + 𝑎2

2
𝐴X3

= √
𝑎7

2 + 𝑎8
2

𝑎1
2 + 𝑎2

2 (14) 

Where 

𝑎1 = −λ2λ3 + 𝑟4 (−(4ζ2ζ3(μ2 + 1) + 4ζ1((ζ2 + ζ3)μ2 + ζ2) + λ3μ2 + μ2))

+ 𝑟2(λ2(4ζ1ζ3 + λ3μ2 + λ3 + μ2 + 1) + 4ζ2(ζ1λ3 + ζ3) + λ3μ2)

+ μ3𝑟2(λ2 − 𝑟2(4ζ1ζ2 + λ2μ2 + λ2 + μ2) + μ2𝑟4)

𝑎2 = 2𝑟 (−ζ3λ2 − λ3(ζ1λ2 + ζ2) − (ζ1 + ζ3)μ2𝑟4 + 𝑟2 (ζ1((λ2 + λ3)μ2 + λ2))

+ 𝑟2(ζ3(λ2μ2 + λ2 + μ2) + ζ2(4ζ1ζ3 + λ3μ2 + λ3 + μ2 + 1))

+ μ3𝑟2(ζ1λ2 + ζ2 − (ζ1 + ζ2)μ2𝑟2 − ζ2𝑟2))

𝑎3 = −λ2(λ3 + 1) + 𝑟2(4ζ2(ζ1 + ζ3) + (λ3 + 1)μ2) + μ3𝑟2(λ2 − μ2𝑟2)

𝑎4 = 2𝑟(−ζ2(λ3 + 1) − (ζ1 + ζ3)(λ2 − μ2𝑟2) + ζ2μ3𝑟2)

𝑎5 = λ2(−λ2(λ3 + 1) + 4ζ2(ζ1 + ζ3)𝑟2 + λ2μ3𝑟2)

𝑎6 = 2λ2𝑟(−(ζ1 + ζ3)λ2 − ζ2(λ3 + 1) + ζ2μ3𝑟2)

𝑎7 = λ3(𝑟2(4ζ1ζ2 + μ2) − λ2)

𝑎8 = 2ζ1λ3μ2𝑟3 − 2λ3𝑟(ζ1λ2 + ζ2)
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Just like the previous two vibration absorber setups, in the dual absorber 

setup, the primary system’s mass 𝑚1, spring stiffness 𝑘1, and viscous-damping 

coefficient 𝑐1, and consequently its damping ratio ζ1, are known. Hence, the decision 

variables are the absorbers’ parameters, namely, (𝑚2, 𝑐2, 𝑘2) and (𝑚3, 𝑐3, 𝑘3). Here 

too, the classical absorber mass can’t be zero since this will reduce the system to the 

platform absorber setup. In dimensionless form, the problem is first solved as 

follows: given the primary system damping ratio ζ1, and the absorber mass ratios μ2 

and μ3, the optimal absorbers’ stiffness ratios λ2 and λ3, and damping ratios ζ2 and 

ζ3, are calculated with the aim of minimizing the maximum of the primary system 

frequency response function for all forcing frequencies. Another case that is 

considered which is based on the platform absorber results is the determination of the 

optimal platform mass ratio. This problem reads as follows: given the primary 

system damping ratio ζ1 and the mass ratio μ2, the optimal absorbers’ parameters are 

calculated including μ3opt
. The frequency response function 𝐴X1

 of the system is 

shown in Figure 4–2 for μ2 = 0.05, μ3 = 3, and ζ1 = 0, and three different sets of the 

remaining parameters. The shapes of the curves clearly illustrate the existence of at 

most three peaks. This was expected since the system now has three degrees of 

freedom, and if damping is not present, the frequency response function should entail 

resonance at three forcing frequencies, i.e. three infinite peaks at these frequencies. 

Another observation is that one of the peaks can occur at the zero-frequency point 

similar to the platform absorber case. The static deflection point here too is not fixed 

as in the case of the classical absorber. Instead, it depends on the spring stiffness of 

the platform. In the following section the optimization scheme is summarized. 
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Seeing that this system consists of seven different dimensionless parameters, 

𝐺(μ2,μ3,ζ1) is too complex, and thus impossible to study analytically. Thus, as in the

previous two vibration absorber setups, the problem is solved numerically using a 

combination of the genetic algorithm method and the search technique based on the 

simplex method.  

As before, a first point is obtained using the genetic algorithm method then the 

remaining solution corresponding to the increments from this initial solution are 

obtained using the search simplex method by starting the search from the previous 

solution. In the process, the objection function is calculated as follows: for a given 

set of parameters, the frequency ratios of the peaks of the frequency response 

function are the roots of this equation 
𝜕𝐴X1

𝜕𝑟
= 0 which simplifies to the below

polynomial of the 9th order in  𝑟2:

𝑏9𝑟18 + 𝑏8𝑟16 + 𝑏7𝑟14 + 𝑏6𝑟12 + 𝑏5𝑟10 + 𝑏4𝑟8 + 𝑏3𝑟6 + 𝑏2𝑟4 + 𝑏1𝑟2 + 𝑏0 = 0 (15)

The coefficients of the polynomial are reported in the Appendix to reduce 

verbosity. As a first step, the above equation is solved and the height of the optima ℎ𝑖

are those associated with positive roots. ℎ0 =
1

𝜆3
+ 1 is the height of the optimum at

𝑟 = 0. The objective is then obtained 𝐺(μ2,μ3,ζ1) = max(ℎ0, ℎ𝑖).
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4-4. Optimal Results

As mentioned before, the problem is solved using two approaches. In the first, 

the problem is solved for five different values of the primary system damping ratio 

namely ζ1 = 0, 0.05, 0.1, 0.15, 0.2, and for the following ranges of the absorber mass 

ratios µ2 from 0.01 to 0.5 with 0.01 increments and µ3 from 0 to 5 with 0.01 

increments. In the second approach, ζ1 = 0, 0.05, µ2 from 0.01 to 0.2 with 0.01 

increments but now the optimal mass ratio µ3opt
 is a decision variable that is 

calculated with the remaining parameters.  

A set of optimal parameters are plotted in Figure 4–3 using the first approach and 

for µ2 = 0.05. Five curves, each associated with one of the ζ1 = 0, 0.05, 0.1, 0.15, 

0.2, values considered and plotted versus µ3 from 0 to 5. The trends of the curves of 

𝜆2opt
 and 𝜁2opt

 do not look like those of the classical absorber shown in Figure 2–3.   

While the curves of 𝜆3opt
 and 𝜁3opt

 show trends similar to those associated with the 

platform absorber optimal parameters shown in Figure 3–3.
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Figure 4–3. Plots of the Classical Absorber’s (a) Optimal Stiffness Ratio 𝜆2opt
 and 

(b) Optimal Damping Ratio 𝜁2opt
 and the Platform Absorber’s (c) Optimal Stiffness

Ratio 𝜆3opt
 and (d) Optimal Damping Ratio 𝜁3opt
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A few optimal plots of the objective function are shown in Figure 4–4(a) for 

𝜁1 = 0.05 and in Figure 4–4(b) for 𝜁1 = 0.1. In these plots, μ2 is equal to 0.05, while 

different values of μ3 are used to illustrate the existence of the optimal mass ratio 

µ3opt
. In Figure 4–4(a), the optimal case µ3opt = 3.09 and two other cases namely µ3 

= 1 and µ3 = 4 are plotted. These values are chosen such that one of them is lower 

and the other is higher than µ3opt
. It is clearly depicted in these figures that the 

optimal shapes entail three peaks with equal heights. In the µ3 = 1 case, one of the 

peaks coincide with the zero-frequency point 𝑟 = 0. A similar case is considered and 

shown in Figure 4–4(b) where 𝜁1 = 0.1 and the optimal mass ratio µ3opt = 4.14. Two 

other mass ratio cases, namely µ3 = 1 and µ3 = 5 are considered for comparison 

purposes.  
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Figure 4–4. Plots of 𝐴X1
 Using the Optimal Parameters at μ2 = 0.05 and for (a) 

𝜁1 = 0.05 and (b) 𝜁1 = 0.1
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To illustrate the existence of µ3opt
,  Figure 4–5 shows the maximum of 𝐴X1 in 

its optimal shape for five different sets of ζ1 = 0, 0.05, 0.1, 0.15, 0.2, μ2 = 0.05, and a 

range of μ3 from 0 to 5. For example, if the ζ1 = 0 is considered, the figure clearly 

shows that as μ3 increases from zero, the maximum of the frequency response 

function in its optimal shape decreases until it reaches a minimum value 

corresponding to µ3opt = 2.24 and then increases again with the further increasing 

of µ3. This applies to all the curves shown where it is clear that µ3opt
 increases with 

the increasing of the primary system damping ratio ζ1.

Figure 4–5. Plots of the Maximum of 𝐴X1
 for μ2 = 0.05, 0 ≤ µ3 ≤ 5, and some 

values of 𝜁1
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The optimal absorber parameters are calculated for two values of the primary 

system damping ratio namely, ζ1 = 0 and ζ1 = 0.05, and a range of µ2 from 0.01 to

0.2 with 0.01 increments. Finally, and to complete this study, the performances of all 

three absorber setups are compared in the next chapter. 
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Chapter Five 

Performance Comparison 

The performance of the dual absorber is compared to that of the classical and 

platform absorbers. The comparison is done as follows: the system with dual 

absorber is considered first with mass ratios µ2 and µ3, then its performance is 

compared to that of a system with a classical absorber setup with the same mass ratio 

µ2 and to that of another system with a platform absorber setup with the same mass 

ratio µ3.  In Figure 5–1, the peak of the frequency response function of the primary 

system with dual absorber in its optimal shape is plotted for a range of µ3 and four 

different (µ2, ζ1) cases as shown. Similarly, in all the figures, the case of a platform 

absorber is plotted for the purpose of comparison. It is clearly shown in all the 

figures that the peaks of AX1
 of the system with the dual absorber are lower than 

those with the platform absorber. Which means that the dual absorber outperforms 

the platform absorber. To compare the performance of the classical absorber with 

that of the dual absorber, first the optimal peak of the classical absorber is calculated 

as given in each of the figures. For example, in Figure 5–1(a), µ2 = 0.05 and ζ1 = 0, 

the optimal height of the peak in the case of the classical absorber is 6.4 as depicted in 

the figure, which is higher than the height of the optimal peak of the dual absorber for 

the µ3 range given here. This will change for higher µ3 values when the height of the 

peak in the dual absorber setup case reaches 6.4, which is not shown in the plot. 

However, this will occur for large values of µ3 which are considered 

physically unacceptable as they result in very heavy and large absorbers. The same
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applies to the remaining figures, for example in Figure 5–1(d), the optimal height of 

the classical absorber is 3.34 which is higher than all peaks of the dual absorber case 

for the µ3 range given in this case. It is finally concluded that the dual absorber 

outperforms both the classical and platform absorbers.  
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Figure 5–1. Plots of the Maximum of 𝐴X1
Comparison between the Platform and

Dual Vibration Absorbers for (a) μ2 = 0.05, 𝜁1 = 0 and (b) μ2 = 0.1, 𝜁1 = 0 and (c) 
μ2 = 0.05, 𝜁1 = 0.05 and (d) μ2 = 0.1, 𝜁1 = 0.05



44 

Chapter Six 

Conclusion 

This study proposes a new type of vibration absorber setup, where the 

harmonically forced primary system is sandwiched between a classical and a 

platform absorber. Too optimization problems are solved. In both, the objective is to 

reduce the maximum of the frequency response function of the primary system for all 

forcing frequencies. The resultant mini-max problem is solved using a numerical 

method based on both genetic algorithms and the simplex search technique. In the 

first problem, for a given primary system damping ratio, upper and lower absorbers 

mass ratios, the absorber parameters are calculated and in the second, the lower 

absorber mass is considered a decision variable and thus calculated with the 

remaining absorber parameters. It is concluded that as in the case of the classical 

absorber setup, the dual absorber performance increases with the increasing of the 

classical absorber mass for a fixed platform mass. Furthermore, when the classical 

absorber mass was fixed, the dual absorber performance exhibited a maximum value 

at some optimal platform absorber mass. This behavior is similar to that of a platform 

absorber. The utmost dual absorber parameters associated with best performance are 

calculated for a range of primary system damping ratios and classical absorber mass 

ratios, and tabulated. The presented results are in dimensionless form, hence generic 

and can be used in the design of dual absorber for any single degree of freedom 

system. Compared to both the classical and platform absorber setups, the dual 

absorber setup performs better. The classical absorber can outperform the dual 
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absorber only for very large platform masses. However, these cases are considered 

physically unacceptable since they yield bulky and heavy systems.  
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Appendix 

 

𝑏0 =  𝜆2
4(𝜆3 + 4𝜁1𝜁3𝜆3

2 − 2𝜁3
2(1 + 2𝜆3) + 𝜆3(𝜆3(3 + 𝜆3(3 + 𝜆3 − 2𝜁1

2(2 + 𝜆3)))

+ (1 + 𝜆3)3𝜇2) + 𝜆3(1 + 𝜆3)𝜇3) 

 

𝑏1 =  −𝜆2
2(𝜆2(2𝜇2(8𝜁1𝜁3𝜆3

2 − 4𝜁3
2(1 + 2𝜆3) + 2𝜆3(1 + 𝜆3(3 + 𝜆3(3 + 𝜆3 − 2𝜁1

2(2

+ 𝜆3)))) + 𝜆3(1 + 𝜆3)3𝜇2) + 𝜆2(1 + 𝜆3)2(8𝜁3
2(−1 + 2𝜁1

2 − 𝜇2)

+ (1 + 𝜇2)(1 − 8𝜁1
2𝜆3 + 𝜇2 + 𝜆3(2 + 𝜆3)(1 + 𝜇2))))

+ 8𝜁2
2(−4𝜁1𝜁3𝜆3

2 + 𝜁3
2(2 + 4𝜆3) + 𝜆3(−1 − 𝜇2 + 𝜆3(2𝜁1

2𝜆3(2 + 𝜆3)

− 3(1 + 𝜇2) − 𝜆3(3 + 𝜆3)(1 + 𝜇2)))) − 2(1 + 𝜆3)(4𝜁2
2𝜆3

− 2𝜆2𝜆3𝜇2 + 𝜆2
2(1 + 𝜆3)(−1 + 4𝜁1

2𝜆3 − 𝜇2 − 2𝜆3(1 + 𝜇2)))𝜇3

+ 𝜆2
2(1 + 2𝜆3)𝜇3

2) 
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𝑏2 =  −12𝜁2𝜆2
2(1 + 𝜆3)2(𝜁3 + 𝜁1𝜆3

2)𝜇2
2 + 𝜆2

2(−8(𝜁1 + 𝜁3)2𝜆2
2(1 + (−2 + 4𝜁1

2)𝜁3
2

+ 𝜆3(2 − 2𝜁1
2 + 𝜆3)) + 4𝜆2(8𝜁1𝜁3

3𝜆2 + 4𝜁3
4𝜆2 + 4𝜁1

4𝜆2𝜆3

+ (1 + 𝜆3)4 − 4𝜁1
2(1 + 𝜆3)2(𝜆2 + 2𝜆3) + 8𝜁1𝜁3𝜆2(−1 + (−2 + 𝜁1

2

− 𝜆3)𝜆3) + 4𝜁3
2(1 + 𝜆3)(−(2 + 𝜆2)(1 + 𝜆3) + 𝜁1

2(4 + 𝜆2

+ 4𝜆3)))𝜇2 − (−5𝜆2 − 6𝜆3 + 4𝜁3
2(1 + 𝜆2 + (2 + 𝜆2)𝜆3)(3 + 2𝜆2(1

+ 𝜆3)) + 8𝜁1𝜁3(𝜆2 + 𝜆3 + 𝜆2𝜆3)(−3𝜆3 + 2𝜆2(1 + 𝜆3)) + 4𝜁1
2(𝜆2

+ (2 + 𝜆2)𝜆3 + 𝜆3
2)(3𝜆3

2 + 2𝜆2(1 + 𝜆3)) + 𝜆3(−5𝜆2(2 + 𝜆3)(2

+ 𝜆3(2 + 𝜆3)) − 6𝜆3(3 + 𝜆3(3 + 𝜆3))))𝜇2
2 + (1 + 𝜆3)3(𝜆2 + 𝜆3

+ 𝜆2𝜆3)𝜇2
3) + 16𝜁2

4(𝜆3 + 4𝜁1𝜁3𝜆3
2 − 2𝜁3

2(1 + 2𝜆3) + 𝜆3(𝜆3(3

+ 𝜆3(3 + 𝜆3 − 2𝜁1
2(2 + 𝜆3))) + (1 + 𝜆3)3𝜇2))

+ 4𝜁2
2𝜆2(𝜇2(−16𝜁1𝜁3𝜆3

2 + 8𝜁3
2(1 + 2𝜆3) + 4𝜆3(−1 + 𝜆3(−3

+ 𝜆3(−3 − 𝜆3 + 2𝜁1
2(2 + 𝜆3)))) − 3𝜆3(1 + 𝜆3)3𝜇2)

− 2𝜆2(1 + 𝜆3)2(8𝜁3
2(−1 + 2𝜁1

2 − 𝜇2) + (1 + 𝜇2)(1 − 8𝜁1
2𝜆3 + 𝜇2

+ 𝜆3(2 + 𝜆3)(1 + 𝜇2)))) + 𝜇3(16𝜁2
4𝜆3(1 + 𝜆3) + 16𝜁2

2𝜆2(1

+ 𝜆3)(−𝜆3𝜇2 + 𝜆2(1 + 𝜆3)(−1 + 4𝜁1
2𝜆3 − 𝜇2 − 2𝜆3(1 + 𝜇2)))

+ 𝜆2
2(6𝜆3(1 + 𝜆3)𝜇2

2 + 𝜆2(1 + 𝜆3)2𝜇2(8 + 5𝜇2 + 8𝜆3(2 − 4𝜁1
2

+ 𝜇2)) + 4𝜆2
2(4𝜁1

4𝜆3 + 8𝜁1
3𝜁3𝜆3 − 2𝜁1𝜁3(1 + 2𝜆3)(1 + 𝜇2) + (1

+ 𝜇2)(−𝜁3
2(3 + 4𝜆3) + (1 + 𝜆3)3(1 + 𝜇2)) + 𝜁1

2(𝜁3
2(4 + 8𝜆3) − (4

+ 5𝜆3(2 + 𝜆3))(1 + 𝜇2)))) + 𝜆2
2𝜇3(−8𝜁2

2(1 + 2𝜆3) + 𝜆2(4𝜇2

+ 8𝜆3𝜇2 + 𝜆2(−4𝜁1𝜁3 − 4𝜁1
2(1 + 𝜆3)(2 + 3𝜆3) + (1 + 𝜆3)(5

+ 6𝜆3)(1 + 𝜇2))) + 𝜆2
2𝜇3)) 
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𝑏3 =  −2(16𝜁2
3(1 + 𝜆3)2(𝜁3 + 𝜁1𝜆3

2)𝜇2
2 + 8𝜁2𝜆2𝜇2

2(2(𝜁1 + 𝜁3)𝜆2(𝜁3
2 + 𝜁1

2𝜆3
2

+ 𝜁1𝜁3(3 + 𝜆3(4 + 3𝜆3))) − (1 + 𝜆3)2(𝜁3 + 𝜁1𝜆3
2)𝜇2)

+ 𝜆2(8(𝜁1 + 𝜁3)4𝜆2
3 + 16(𝜁1 + 𝜁3)2𝜆2

2(2𝜁1𝜁3𝜆2 + 𝜁3
2(2 − 4𝜁1

2 + 𝜆2)

− (1 + 𝜆3)2 + 𝜁1
2(𝜆2 + 2𝜆3))𝜇2 + 𝜆2(32𝜁1𝜁3

3𝜆2(1 + 𝜆2) + 8𝜁3
4𝜆2(2

+ 𝜆2) + 3(1 + 𝜆3)4 + 8𝜁1
4𝜆2(𝜆2 + 2𝜆3) − 4𝜁1

2(1 + 𝜆3)2(5𝜆2 + 6𝜆3)

+ 8𝜁1𝜁3𝜆2(−5(1 + 𝜆3)2 + 4𝜁1
2(𝜆2 + 𝜆3)) + 4𝜁3

2(−(6

+ 5𝜆2)(1 + 𝜆3)2 + 4𝜁1
2(3 + 𝜆2 + 3𝜆2

2 + (6 + 𝜆2)𝜆3 + 3𝜆3
2)))𝜇2

2

− 2(−𝜆2 − 𝜆3 + 4𝜁1𝜁3(−𝜆3
2 − 𝜆2𝜆3(1 + 𝜆3) + 𝜆2

2(1 + 𝜆3)2)

+ 2𝜁1
2(𝜆2

2(1 + 𝜆3)2 + 𝜆3
3(2 + 𝜆3) + 𝜆2𝜆3(1 + 𝜆3)(1 + 2𝜆3))

+ 2𝜁3
2(1 + 2𝜆3 + 𝜆2(1 + 𝜆3)(2 + 𝜆2 + 𝜆3 + 𝜆2𝜆3)) − 𝜆3(𝜆2(2

+ 𝜆3)(2 + 𝜆3(2 + 𝜆3)) + 𝜆3(3 + 𝜆3(3 + 𝜆3))))𝜇2
3)

+ 8𝜁2
4(1 + 𝜆3)2(8𝜁3

2(−1 + 2𝜁1
2 − 𝜇2) + (1 + 𝜇2)(1 − 8𝜁1

2𝜆3 + 𝜇2

+ 𝜆3(2 + 𝜆3)(1 + 𝜇2))) + 4𝜁2
2(−16𝜁3

4𝜆2
2(1 + 𝜇2) + 16𝜁1

4𝜆2
2(2𝜁3

2

− 𝜆3(1 + 𝜇2)) + 32𝜁1
3𝜁3𝜆2

2(2𝜁3
2 − 𝜆3(1 + 𝜇2)) − (1 + 𝜆3)3𝜇2(𝜆3𝜇2

+ 𝜆2(1 + 𝜆3)(1 + 𝜇2)(2 + 𝜇2)) + 2𝜁3
2((1 + 2𝜆3)𝜇2

2

+ 4𝜆2
2(1 + 𝜆3)2(1 + 𝜇2)2 + 2𝜆2(1 + 𝜆3)2𝜇2(4 + 3𝜇2))

+ 4𝜁1𝜁3(−𝜆3
2𝜇2

2 + 4𝜆2
2(1 + 𝜇2)(−2𝜁3

2 + (1 + 𝜆3)2(1 + 𝜇2)))

+ 2𝜁1
2(𝜆3

3(2 + 𝜆3)𝜇2
2 + 4𝜆2

2(4𝜁3
4 − 2𝜁3

2(1 + 𝜆3)(1 + 𝜇2)

+ (1 + 𝜆3)2(1 + 𝜇2)2) + 2𝜆2(1 + 𝜆3)2𝜇2(−8𝜁3
2 + 𝜆3(4 + 3𝜇2))))

+ 𝜇3(2(−4𝜁2𝜆2
2(1 + 𝜆3)(𝜁3 + 𝜁1𝜆3(2 + 3𝜆3))𝜇2

2

− 8𝜁2
4(1 + 𝜆3)2(−1 + 4𝜁1

2𝜆3 − 𝜇2 − 2𝜆3(1 + 𝜇2)) + 2𝜁2
2(−𝜆3(1

+ 𝜆3)𝜇2
2 − 𝜆2(1 + 𝜆3)2𝜇2(4 + 3𝜇2 + 𝜆3(8 − 16𝜁1

2 + 6𝜇2))

+ 4𝜆2
2(−4𝜁1

4𝜆3 − 8𝜁1
3𝜁3𝜆3 + 2𝜁1𝜁3(1 + 2𝜆3)(1 + 𝜇2) − (1

+ 𝜇2)(−𝜁3
2(3 + 4𝜆3) + (1 + 𝜆3)3(1 + 𝜇2)) + 𝜁1

2(−4𝜁3
2(1 + 2𝜆3)

+ (4 + 5𝜆3(2 + 𝜆3))(1 + 𝜇2)))) + 𝜆2(8𝜁1
4𝜆2

2(𝜆2 + 𝜆2𝜇2 + 2𝜆3𝜇2)
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+ 16𝜁1
3𝜁3𝜆2

2(𝜆2 + 𝜆2𝜇2 + 2𝜆3𝜇2) − 4𝜁1𝜁3𝜆2
2(2𝜆2(1 + 𝜆3)(1 + 𝜇2)2

+ (1 + 2𝜆3)𝜇2(2 + 𝜇2)) − 2𝜁3
2𝜆2

2(2𝜆2(1 + 𝜆3)(1 + 𝜇2)2 + (3

+ 4𝜆3)𝜇2(2 + 𝜇2)) + (1 + 𝜆3)𝜇2(𝜆3𝜇2
2 + 𝜆2

2(1 + 𝜆3)2(1 + 𝜇2)(4

+ 𝜇2) + 𝜆2(1 + 𝜆3)𝜇2(3 + 𝜇2 + 𝜆3(6 + 𝜇2)))

+ 2𝜁1
2𝜆2(−6𝜆3(1 + 𝜆3)2𝜇2

2 − 2𝜆2
2(1 + 𝜇2)(1 − 2𝜁3

2 + 𝜆3 + 𝜇2

+ 𝜆3𝜇2) − 𝜆2𝜇2(8 − 8𝜁3
2(1 + 2𝜆3) + 5𝜇2 + 2𝜆3(2 + 𝜆3)(5

+ 3𝜇2))))) + 𝜇3(8𝜁2
4(1 + 2𝜆3) + 4𝜁2

2𝜆2(−2(𝜇2 + 2𝜆3𝜇2)

+ 𝜆2(4𝜁1𝜁3 + 4𝜁1
2(1 + 𝜆3)(2 + 3𝜆3) − (1 + 𝜆3)(5 + 6𝜆3)(1 + 𝜇2)))

+ 𝜆2
2(3(1 + 2𝜆3)𝜇2

2 + 2𝜆2𝜇2(−4𝜁1𝜁3 − 4𝜁1
2(1 + 𝜆3)(2 + 3𝜆3) + (1

+ 𝜆3)(5 + 6𝜆3 + 3(1 + 𝜆3)𝜇2)) + 𝜆2
2(8𝜁1

4 + 16𝜁1
3𝜁3 − 8𝜁1𝜁3(1

+ 𝜇2) + (1 + 𝜇2)(−4𝜁3
2 + 3(1 + 𝜆3)2(1 + 𝜇2)) + 4𝜁1

2(2𝜁3
2 − (3

+ 2𝜆3)(1 + 𝜇2)))) + 2𝜆2
2(−2𝜁2

2 + 𝜆2(−𝜆2(1 + 𝜆3)(−1 + 2𝜁1
2 − 𝜇2)

+ 𝜇2))𝜇3))) 
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𝑏4 =  −128𝜁1
2𝜁2

4 − 256𝜁1𝜁2
4𝜁3 − 128𝜁2

4𝜁3
2 + 256𝜁1

2𝜁2
4𝜁3

2 − 512𝜁1
4𝜁2

4𝜁3
2

+ 512𝜁1𝜁2
4𝜁3

3 − 1024𝜁1
3𝜁2

4𝜁3
3 + 256𝜁2

4𝜁3
4 − 512𝜁1

2𝜁2
4𝜁3

4 − 128𝜁1
4𝜁2

2𝜆2
2

− 512𝜁1
3𝜁2

2𝜁3𝜆2
2 − 768𝜁1

2𝜁2
2𝜁3

2𝜆2
2 − 512𝜁1𝜁2

2𝜁3
3𝜆2

2 − 128𝜁2
2𝜁3

4𝜆2
2

− 256𝜁1
2𝜁2

4𝜆3 + 256𝜁1
4𝜁2

4𝜆3 − 512𝜁1𝜁2
4𝜁3𝜆3 + 512𝜁1

3𝜁2
4𝜁3𝜆3

− 256𝜁2
4𝜁3

2𝜆3 + 256𝜁1
2𝜁2

4𝜁3
2𝜆3 − 128𝜁1

2𝜁2
4𝜆3

2 − 256𝜁1𝜁2
4𝜁3𝜆3

2

− 128𝜁2
4𝜁3

2𝜆3
2 + 64(𝜁1 + 𝜁3)2((𝜁1 + 𝜁3)2𝜆2

3 + 4𝜁2
4(−1 + 𝜁3

2 + (−2

+ 𝜁1
2 − 𝜆3)𝜆3) + 2𝜁2

2𝜆2(−4𝜁1𝜁3𝜆2 + 𝜁3
2(4𝜁1

2 − 2(1 + 𝜆2))

+ (1 + 𝜆3)2 − 2𝜁1
2(𝜆2 + 𝜆3)))𝜇2 − 8(24𝜁1𝜁2𝜁3(𝜁1 + 𝜁3)3𝜆2

2

+ 16𝜁2
4(𝜁1 + 𝜁3)2(1 + 𝜆3)2 + 8𝜁2

3(𝜁1 + 𝜁3)(𝜁3(4𝜁1 + 𝜁3) + 6𝜁1𝜁3𝜆3

+ 𝜁1(𝜁1 + 4𝜁3)𝜆3
2) + 2(𝜁1 + 𝜁3)2𝜆2

2(𝜁3
2(−6 + 12𝜁1

2 − 5𝜆2)

− 10𝜁1𝜁3𝜆2 + 3(1 + 𝜆3)2 − 𝜁1
2(5𝜆2 + 6𝜆3)) + 𝜁2

2(8𝜁3
4𝜆2(3 + 2𝜆2)

+ 16𝜁1𝜁3
3𝜆2(3 + 4𝜆2) + (1 + 𝜆3)4 − 8𝜁1

2(1 + 𝜆3)2(3𝜆2 + 𝜆3)

+ 8𝜁1
4𝜆2(2𝜆2 + 3𝜆3) + 16𝜁1𝜁3𝜆2(−3(1 + 𝜆3)2 + 𝜁1

2(4𝜆2 + 3𝜆3))

+ 8𝜁3
2(−(1 + 3𝜆2)(1 + 𝜆3)2 + 𝜁1

2(12𝜆2
2 + 3𝜆2(1 + 𝜆3)

+ 2(1 + 𝜆3)2))))𝜇2
2 + 4(8𝜁2(𝜁1 + 𝜁3)𝜆2(𝜁3(4𝜁1 + 𝜁3) + 6𝜁1𝜁3𝜆3

+ 𝜁1(𝜁1 + 4𝜁3)𝜆3
2) + 𝜁2

2(1 + 𝜆3)(−(1 + 𝜆3)3 + 4𝜁3
2(1 + 4𝜆2(1

+ 𝜆3)) + 8𝜁1𝜁3(−𝜆3 + 4𝜆2(1 + 𝜆3)) + 4𝜁1
2(𝜆3

2 + 4𝜆2(1 + 𝜆3)))

+ 𝜆2(4𝜁3
4𝜆2(1 + 𝜆2) + 8𝜁1𝜁3

3𝜆2(1 + 2𝜆2) + (1 + 𝜆3)4 + 4𝜁1
4𝜆2(𝜆2

+ 𝜆3) − 8𝜁1
2(1 + 𝜆3)2(𝜆2 + 𝜆3) + 8𝜁1𝜁3𝜆2(−2(1 + 𝜆3)2 + 𝜁1

2(2𝜆2

+ 𝜆3)) + 4𝜁3
2(−2(1 + 𝜆2)(1 + 𝜆3)2 + 𝜁1

2(4 + 𝜆2 + 6𝜆2
2 + (8

+ 𝜆2)𝜆3 + 4𝜆3
2))))𝜇2

3 + (𝜆2 + 𝜆3 − 2𝜁2
2(1 + 𝜆3)4 − 4𝜁2(1 + 𝜆3)2(𝜁3

+ 𝜁1𝜆3
2) + 4𝜁1𝜁3𝜆3(𝜆3 + 2𝜆2(1 + 𝜆3)) − 2𝜁3

2(1 + 2𝜆3 + 2𝜆2(1

+ 𝜆3)) + 𝜆3(𝜆3(3 + 𝜆3(3 + 𝜆3 − 2𝜁1
2(2 + 𝜆3))) + 𝜆2(4 + 𝜆3(6

− 4𝜁1
2(1 + 𝜆3) + 𝜆3(4 + 𝜆3)))))𝜇2

4 + 𝜇3(32𝜁2
3(1 + 𝜆3)(𝜁3 + 𝜁1𝜆3(3

+ 4𝜆3))𝜇2
2 + 16𝜁2𝜆2𝜇2

2(6𝜁1(𝜁1 + 𝜁3)𝜆2(𝜁3 + 𝜁1𝜆3 + 2𝜁3𝜆3) − (1
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+ 𝜆3)(𝜁3 + 𝜁1𝜆3(3 + 4𝜆3))𝜇2) + 𝜇2(64(𝜁1 + 𝜁3)2𝜆2
3(−1 + 2𝜁1

2

− 𝜆3) + 8𝜆2
2(3(1 + 𝜆3)3 + 2𝜁1

4(5𝜆2 + 6𝜆3) + 4𝜁1
3𝜁3(5𝜆2 + 6𝜆3)

− 2𝜁1𝜁3(3 + 6𝜆3 + 10𝜆2(1 + 𝜆3)) − 𝜁3
2(9 + 12𝜆3 + 10𝜆2(1 + 𝜆3))

+ 𝜁1
2(−10𝜆2(1 + 𝜆3) + 2𝜁3

2(6 + 5𝜆2 + 12𝜆3) − 3(4 + 5𝜆3(2

+ 𝜆3))))𝜇2 − 4𝜆2(4(𝜁1 + 𝜁3)2𝜆2
2(1 + 𝜆3) + 2(1 + 𝜆3)2(−1 + (−2

+ 4𝜁1
2)𝜆3) + 𝜆2(−4(1 + 𝜆3)3 + 𝜁1

2(2 + 3𝜆3)(4 + 3𝜆3) + 𝜁3
2(3

+ 4𝜆3) + 2𝜁1(𝜁3 + 2𝜁3𝜆3)))𝜇2
2 + (1 + 𝜆3)(𝜆2 + 𝜆3 + 𝜆2𝜆3)𝜇2

3)

+ 64𝜁2
4(4𝜁1

4𝜆3 + 8𝜁1
3𝜁3𝜆3 − 2𝜁1𝜁3(1 + 2𝜆3)(1 + 𝜇2) + (1

+ 𝜇2)(−𝜁3
2(3 + 4𝜆3) + (1 + 𝜆3)3(1 + 𝜇2)) + 𝜁1

2(𝜁3
2(4 + 8𝜆3) − (4

+ 5𝜆3(2 + 𝜆3))(1 + 𝜇2))) + 4𝜁2
2(−64𝜁1

4𝜆2(𝜆2 + (𝜆2 + 𝜆3)𝜇2)

− 128𝜁1
3𝜁3𝜆2(𝜆2 + (𝜆2 + 𝜆3)𝜇2) + (1 + 𝜆3)2𝜇2(−8𝜆2(1 + 𝜆3)(1

+ 𝜇2)(2 + 𝜇2) − 𝜇2(4 + 8𝜆3 + 𝜇2)) + 8𝜁1𝜁3𝜆2(8𝜆2(1

+ 𝜆3)(1 + 𝜇2)2 + (1 + 2𝜆3)𝜇2(4 + 3𝜇2)) + 4𝜁3
2𝜆2(8𝜆2(1

+ 𝜆3)(1 + 𝜇2)2 + (3 + 4𝜆3)𝜇2(4 + 3𝜇2)) + 4𝜁1
2(4𝜆3(1 + 𝜆3)2𝜇2

2

+ 8𝜆2
2(1 + 𝜇2)(1 − 2𝜁3

2 + 𝜆3 + 𝜇2 + 𝜆3𝜇2) + 𝜆2𝜇2(−16𝜁3
2(1 + 2𝜆3)

+ (4 + 5𝜆3(2 + 𝜆3))(4 + 3𝜇2)))) − (4𝜁2𝜆2
2(𝜁3 + 𝜁1(5 + 2𝜆3(11

+ 9𝜆3)))𝜇2
2 + 16𝜁2

4(4𝜁1𝜁3 + 4𝜁1
2(1 + 𝜆3)(2 + 3𝜆3) − (1 + 𝜆3)(5

+ 6𝜆3)(1 + 𝜇2)) + 4𝜁2
2(2(1 + 2𝜆3)𝜇2

2 + 𝜆2𝜇2(−16𝜁1𝜁3 − 16𝜁1
2(1

+ 𝜆3)(2 + 3𝜆3) + (1 + 𝜆3)(5 + 6𝜆3)(4 + 3𝜇2)) + 4𝜆2
2(8𝜁1

4

+ 16𝜁1
3𝜁3 − 8𝜁1𝜁3(1 + 𝜇2) + (1 + 𝜇2)(−4𝜁3

2 + 3(1 + 𝜆3)2(1 + 𝜇2))

+ 4𝜁1
2(2𝜁3

2 − (3 + 2𝜆3)(1 + 𝜇2)))) + 𝜆2(−64𝜁1
4𝜆2

2𝜇2

− 128𝜁1
3𝜁3𝜆2

2𝜇2 + 8𝜁3
2𝜆2

2(𝜆2(1 + 𝜇2)2 + 2𝜇2(2 + 𝜇2))

+ 8𝜁1𝜁3𝜆2(3𝜇2
2 + 2𝜆2

2(1 + 𝜇2)2 + 𝜆2𝜇2(8 + 5𝜇2)) + 4𝜁1
2𝜆2(6(1

+ 𝜆3)(2 + 3𝜆3)𝜇2
2 + 2𝜆2

2(1 + 𝜇2)2 + 𝜆2𝜇2(24 − 16𝜁3
2 + 16𝜆3

+ 15𝜇2 + 9𝜆3𝜇2)) + 𝜇2(−4(1 + 2𝜆3)𝜇2
2 − 6𝜆2

2(1 + 𝜆3)2(1 + 𝜇2)(4
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+ 𝜇2) − 3𝜆2(1 + 𝜆3)𝜇2(10 + 3𝜇2 + 2𝜆3(6 + 𝜇2)))))𝜇3 + (16𝜁2
4

+ 16𝜁2
2𝜆2(2𝜆2(1 + 𝜆3)(−1 + 2𝜁1

2 − 𝜇2) − 𝜇2) + 𝜆2
2(6𝜇2

2 + 4𝜆2
2(1

+ 𝜇2)(1 − 𝜁1
2 + 𝜆3 + 𝜇2 + 𝜆3𝜇2) + 𝜆2𝜇2(16 − 32𝜁1

2(1 + 𝜆3) + 9𝜇2

+ 8𝜆3(2 + 𝜇2))))𝜇3
2 + 𝜆2

4(1 − 2𝜁1
2 + 𝜇2)𝜇3

3) 
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𝑏5 =  −256𝜁2
4(𝜁1 + 𝜁3)4 − 256𝜁2

2(𝜁1 + 𝜁3)4(2𝜁2
2 − 𝜆2)𝜇2

− 32(𝜁1 + 𝜁3)2(16𝜁1𝜁2
3𝜁3(𝜁1 + 𝜁3) + 8𝜁2

4(𝜁1 + 𝜁3)2 + 3(𝜁1 + 𝜁3)2𝜆2
2

+ 2𝜁2
2(𝜁3

2(−2 + 4𝜁1
2 − 6𝜆2) − 12𝜁1𝜁3𝜆2 + (1 + 𝜆3)2 − 2𝜁1

2(3𝜆2

+ 𝜆3)))𝜇2
2 + 32(𝜁1 + 𝜁3)2(8𝜁1𝜁2𝜁3(𝜁1 + 𝜁3)𝜆2 + 𝜁2

2(4(𝜁1 + 𝜁3)2𝜆2

− (1 + 𝜆3)2) + 𝜆2(−4𝜁1𝜁3𝜆2 + 𝜁3
2(4𝜁1

2 − 2(1 + 𝜆2)) + (1 + 𝜆3)2

− 2𝜁1
2(𝜆2 + 𝜆3)))𝜇2

3 − (1 + 𝜆3)2(8𝜁3
2(−1 + 2𝜁2

2 − 𝜆2)

+ 16𝜁1𝜁3(2𝜁2(𝜁2 + 𝜁3) − 𝜆2) + 8𝜁1
2(2(𝜁2 + 𝜁3)2 − 𝜆2 − 𝜆3)

+ (1 + 𝜆3)2)𝜇2
4 + 𝜇3(−256𝜁2

4(𝜁1 + 𝜁3)2(−1 + 2𝜁1
2 − 𝜆3)

− 256𝜁2
2(𝜁1 + 𝜁3)2(2𝜁2

2(−1 + 𝜁1
2 − 𝜆3) + 𝜆2(1 − 2𝜁1

2 + 𝜆3))𝜇2

+ 32(8𝜁2
4(𝜁1 + 𝜁3)2(1 + 𝜆3) + 3(𝜁1 + 𝜁3)2𝜆2

2(1 − 2𝜁1
2 + 𝜆3)

+ 8𝜁1𝜁2
3(𝜁1 + 𝜁3)(𝜁3 + 𝜁1𝜆3 + 2𝜁3𝜆3) + 𝜁2

2((1 + 𝜆3)3 + 4𝜁1
4(3𝜆2

+ 𝜆3) + 8𝜁1
3𝜁3(3𝜆2 + 𝜆3) − 2𝜁1𝜁3(1 + 2𝜆3 + 12𝜆2(1 + 𝜆3)) − 𝜁3

2(3

+ 4𝜆3 + 12𝜆2(1 + 𝜆3)) + 𝜁1
2(−4 − 12𝜆2(1 + 𝜆3) − 5𝜆3(2 + 𝜆3)

+ 4𝜁3
2(1 + 3𝜆2 + 2𝜆3))))𝜇2

2 − 16(8𝜁1𝜁2(𝜁1 + 𝜁3)𝜆2(𝜁3 + 𝜁1𝜆3

+ 2𝜁3𝜆3) + 𝜁2
2(1 + 𝜆3)(16𝜁1𝜁3𝜆2 + 8𝜁3

2𝜆2 − (1 + 𝜆3)2 + 2𝜁1
2(1

+ 4𝜆2 + 𝜆3)) + 𝜆2((1 + 𝜆3)3 + 4𝜁1
4(𝜆2 + 𝜆3) + 8𝜁1

3𝜁3(𝜆2 + 𝜆3)

− 2𝜁1𝜁3(1 + 2𝜆3 + 4𝜆2(1 + 𝜆3)) − 𝜁3
2(3 + 4𝜆3 + 4𝜆2(1 + 𝜆3))

+ 𝜁1
2(−4 − 4𝜆2(1 + 𝜆3) − 5𝜆3(2 + 𝜆3) + 4𝜁3

2(1 + 𝜆2 + 2𝜆3))))𝜇2
3

+ 2(1 + 𝜆3)2(−1 + 4𝜁2
2 − 2𝜆2 + 4𝜁1

2𝜆2 + 2(−1 + 2(𝜁1 + 𝜁2)2

− 𝜆2)𝜆3)𝜇2
4 − (64𝜁1𝜁2

3(1 + 𝜆3)(1 + 3𝜆3)𝜇2
2 + 32𝜁1𝜁2𝜆2𝜇2

2((𝜁1

+ 𝜁3)(2𝜁1 + 3𝜁3)𝜆2 − (1 + 𝜆3)(1 + 3𝜆3)𝜇2) + 32𝜁2
4(8𝜁1

4 + 16𝜁1
3𝜁3

− 8𝜁1𝜁3(1 + 𝜇2) + (1 + 𝜇2)(−4𝜁3
2 + 3(1 + 𝜆3)2(1 + 𝜇2))

+ 4𝜁1
2(2𝜁3

2 − (3 + 2𝜆3)(1 + 𝜇2))) + 𝜇2(96𝜁1
4𝜆2

2𝜇2 + 192𝜁1
3𝜁3𝜆2

2𝜇2

− 16𝜁1𝜁3𝜆2(𝜇2
2 + 2𝜆2𝜇2(3 + 𝜇2) + 𝜆2

2(1 + 𝜇2)(4 + 𝜇2))

− 8𝜁3
2𝜆2

2(𝜆2(1 + 𝜇2)(4 + 𝜇2) + 𝜇2(6 + 𝜇2)) + 𝜇2((1 + 2𝜆3)𝜇2
2
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+ 2𝜆2(1 + 𝜆3)𝜇2(10 + 12𝜆3 + 𝜇2) + 12𝜆2
2(1 + 𝜆3)2(3 + 2𝜇2))

+ 8𝜁1
2𝜆2(−2(1 + 𝜆3)(2 + 3𝜆3)𝜇2

2 − 𝜆2
2(1 + 𝜇2)(4 + 𝜇2) − 3𝜆2𝜇2(6

− 4𝜁3
2 + 4𝜆3 + 2𝜇2 + 𝜆3𝜇2))) + 8𝜁2

2(−32𝜁1
4𝜆2𝜇2 − 64𝜁1

3𝜁3𝜆2𝜇2

− (1 + 𝜆3)𝜇2(6𝜆2(1 + 𝜆3)(1 + 𝜇2)(2 + 𝜇2) + 𝜇2(5 + 6𝜆3 + 𝜇2))

+ 4𝜁3
2𝜆2(2𝜆2(1 + 𝜇2)2 + 𝜇2(4 + 3𝜇2)) + 4𝜁1𝜁3(𝜇2

2 + 4𝜆2
2(1 + 𝜇2)2

+ 2𝜆2𝜇2(4 + 3𝜇2)) + 4𝜁1
2((1 + 𝜆3)(2 + 3𝜆3)𝜇2

2 + 2𝜆2
2(1 + 𝜇2)2

+ 𝜆2𝜇2(−8𝜁3
2 + (3 + 2𝜆3)(4 + 3𝜇2)))))𝜇3 + 2(32𝜁2

4(1 + 𝜆3)(−1

+ 2𝜁1
2 − 𝜇2) + 8𝜁1𝜁2𝜆2

2(2 + 3𝜆3)𝜇2
2 + 4𝜁2

2(−2𝜆2(1 + 𝜆3)(−4 + 8𝜁1
2

− 3𝜇2)𝜇2 + 𝜇2
2 + 4𝜆2

2(1 + 𝜇2)(1 − 𝜁1
2 + 𝜆3 + 𝜇2 + 𝜆3𝜇2))

+ 𝜆2𝜇2(−2𝜇2
2 + 2𝜆2

2(2𝜁1
2(2 + 𝜇2) − (1 + 𝜆3)(1 + 𝜇2)(4 + 𝜇2))

+ 𝜆2𝜇2(24𝜁1
2(1 + 𝜆3) − 3(4 + 𝜇2) − 2𝜆3(6 + 𝜇2))))𝜇3

2 − 𝜆2
2(𝜆2

2

+ 8𝜁2
2(−1 + 2𝜁1

2 − 𝜇2) + 𝜆2𝜇2(−8𝜁1
2 + (2 + 𝜆2)(2 + 𝜇2)))𝜇3

3) 
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𝑏6 =  8(𝜁1 + 𝜁3)2𝜇2
2(−16𝜁2

2(𝜁1 + 𝜁3)2 − 8(𝜁1 + 𝜁3)2(𝜁2
2 − 𝜆2)𝜇2 − (𝜁3

2(−2 + 4𝜁2
2

− 2𝜆2) + 4𝜁1𝜁3(2𝜁2(𝜁2 + 𝜁3) − 𝜆2) + (1 + 𝜆3)2 + 𝜁1
2(4(𝜁2 + 𝜁3)2

− 2(𝜆2 + 𝜆3)))𝜇2
2) + 𝜇3(4𝜇2

2(−32𝜁2
2(𝜁1 + 𝜁3)2(−1 + 2𝜁1

2 − 𝜆3)

− 16(𝜁1 + 𝜁3)2(𝜁2
2(−1 + 𝜁1

2 − 𝜆3) + 𝜆2(1 − 2𝜁1
2 + 𝜆3))𝜇2

+ ((1 + 𝜆3)3 + 4𝜁1
4(𝜆2 + 𝜆3) + 𝜁3

2(−3 − 4𝜆2 − 4(1 + 𝜆2)𝜆3

+ 8𝜁2
2(1 + 𝜆3)) + 8𝜁1

3(𝜁2𝜆3 + 𝜁3(𝜆2 + 𝜆3)) + 2𝜁1𝜁3(−1 − 2𝜆3

+ 8𝜁2
2(1 + 𝜆3) − 4𝜆2(1 + 𝜆3) + 4𝜁2(𝜁3 + 2𝜁3𝜆3)) + 𝜁1

2(4(−1

+ 𝜁3
2)(1 + 𝜆2) + 2(−5 + 4𝜁3

2 − 2𝜆2)𝜆3 − 5𝜆3
2 + 8𝜁2

2(1 + 𝜆3)

+ 8𝜁2(𝜁3 + 3𝜁3𝜆3)))𝜇2
2) + 𝜇3(−128𝜁2

4(𝜁1 + 𝜁3)2

− 128𝜁2
2(𝜁1 + 𝜁3)2(2𝜁2

2 − 𝜆2)𝜇2 − 16(8𝜁2
4(𝜁1 + 𝜁3)2 + 4𝜁1𝜁2

3(𝜁1

+ 𝜁3)(3𝜁1 + 4𝜁3) + 3(𝜁1 + 𝜁3)2𝜆2
2 + 𝜁2

2(8𝜁1
4 + 16𝜁1

3𝜁3 − 4𝜁3
2(1

+ 3𝜆2) − 8𝜁1(𝜁3 + 3𝜁3𝜆2) + 4𝜁1
2(−3 + 2𝜁3

2 − 3𝜆2 − 2𝜆3)

+ 3(1 + 𝜆3)2))𝜇2
2 + 8(4𝜁1𝜁2(𝜁1 + 𝜁3)(3𝜁1 + 4𝜁3)𝜆2 + 𝜆2(8𝜁1

4

+ 16𝜁1
3𝜁3 − 8𝜁1𝜁3(1 + 𝜆2) − 4𝜁3

2(1 + 𝜆2) + 4𝜁1
2(−3 + 2𝜁3

2 − 𝜆2

− 2𝜆3) + 3(1 + 𝜆3)2) + 𝜁2
2(8𝜁3

2𝜆2 + 4𝜁1(𝜁3 + 4𝜁3𝜆2) − 3(1 + 𝜆3)2

+ 2𝜁1
2(3 + 4𝜆2 + 𝜆3)))𝜇2

3 − (−4𝜁2𝜁3 + 12𝜁2
2(1 + 𝜆3)2 − (1 + 𝜆3)(5

+ 6𝜆2 + 6(1 + 𝜆2)𝜆3) + 4𝜁1
2(𝜆2(3 + 𝜆3) + (1 + 𝜆3)(2 + 3𝜆3))

+ 4𝜁1(𝜁3 + 2𝜁3𝜆2 + 𝜁2(3 + 2𝜆3(5 + 3𝜆3))))𝜇2
4 + 𝜇3(32𝜁1𝜁2

3(3

+ 4𝜆3)𝜇2
2 − 16𝜁1𝜁2𝜆2(3 + 4𝜆3)𝜇2

3 + 64𝜁2
4(1 + 𝜇2)(1 − 𝜁1

2 + 𝜆3

+ 𝜇2 + 𝜆3𝜇2) + 𝜇2
2(24𝜆2

2(1 − 𝜁1
2 + 𝜆3) − 4𝜆2(−4(1 + 𝜆2)(1 + 𝜆3)

+ 𝜁1
2(8 + 𝜆2 + 8𝜆3))𝜇2 + (1 + 𝜆2)𝜇2

2) + 4𝜁2
2𝜇2(8(−1 + 2𝜁1

2)(1

+ 𝜆3)𝜇2 − 𝜇2
2 − 8𝜆2(1 + 𝜆3)(1 + 𝜇2)(2 + 𝜇2) + 4𝜁1

2𝜆2(4 + 3𝜇2))

+ (−12𝜁1𝜁2𝜆2
2𝜇2

2 + 16𝜁2
4(1 − 2𝜁1

2 + 𝜇2) + 𝜆2
2𝜇2(𝜆2(1 + 𝜇2)(4 + 𝜇2)

+ 𝜇2(6 − 12𝜁1
2 + 𝜇2)) − 4𝜁2

2𝜆2(2𝜆2(1 + 𝜇2)2 + 𝜇2(4 − 8𝜁1
2

+ 3𝜇2)))𝜇3))) 
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𝑏7 =  −2(8(𝜁1 + 𝜁3)4𝜇2
4 + 8(𝜁1 + 𝜁3)2(−1 + 2𝜁1

2 − 𝜆3)𝜇2
4𝜇3 + 𝜇2

2(32𝜁2
2(𝜁1 + 𝜁3)2

+ 16(𝜁1 + 𝜁3)2(𝜁2
2 − 𝜆2)𝜇2 + (8𝜁1

4 + 16𝜁1
3(𝜁2 + 𝜁3) + 𝜁3

2(−4 + 8𝜁2
2

− 4𝜆2) + 8𝜁1𝜁3(−1 + 2𝜁2(𝜁2 + 𝜁3) − 𝜆2) + 4𝜁1
2(−3 + 2(𝜁2

2 + 4𝜁2𝜁3

+ 𝜁3
2) − 𝜆2 − 2𝜆3) + 3(1 + 𝜆3)2)𝜇2

2)𝜇3
2 + 2𝜇2

2(8𝜁2
2(−1 + 𝜁1

2 − 𝜆3)

− 4(𝜆2(−1 + 𝜁1
2 − 𝜆3) + 𝜁2

2(1 + 𝜆3))𝜇2 − (−1 + 2(𝜁1 + 𝜁2)2

− 𝜆2)(1 + 𝜆3)𝜇2
2)𝜇3

3 + (8𝜁2
4 + 8𝜁2

2(2𝜁2
2 − 𝜆2)𝜇2 + (4𝜁2

2(−1

+ 2(𝜁1 + 𝜁2)2) − 12𝜁2
2𝜆2 + 3𝜆2

2)𝜇2
2 + 2𝜆2(1 − 2(𝜁1 + 𝜁2)2

+ 𝜆2)𝜇2
3)𝜇3

4) 

 

𝑏8 =  −𝜇2
2𝜇3

2(8(𝜁1 + 𝜁3)2𝜇2
2 + 4(−1 + 𝜁1

2 − 𝜆3)𝜇2
2𝜇3 + (8𝜁2

2 + 4(𝜁2
2 − 𝜆2)𝜇2

+ (−1 + 2(𝜁1 + 𝜁2)2 − 𝜆2)𝜇2
2)𝜇3

2) 

 

𝑏9 =  −𝜇2
4𝜇3

4 




