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Squirrel Search Algorithm for Portfolio Optimization 

 

Mahdi Ibrahim Dhaini 

 

ABSTRACT 
 

Portfolio Optimization is a standard financial engineering problem. It aims for 

finding the best allocation of resources for a set of assets. This problem has been 

studied extensively in the literature where different models have been proposed since 

the classical Mean-Variance model was introduced by Harry Markowitz in 1952 and 

the later modified version by William Sharpe. The inclusion of real-life constraints to 

the problem has led to the introduction of the extended Mean-Variance model. 

However, the successes of nature-inspired algorithms in hard computational 

optimization problems have encouraged researchers to design and apply these 

algorithms for a variety of optimization problems. In this paper, we design and adapt 

a Squirrel Search Algorithm (SSA) for the unconstrained and constrained portfolio 

optimization problems. SSA is a very recent swarm intelligence algorithm inspired 

by the dynamic foraging behavior of flying squirrels. The proposed SSA 

metaheuristic approach is compared with a variety of approaches presented in the 

literature such as traditional single metaheuristics, hybrid metaheuristic approaches 

and multi-objective optimization approaches for portfolio optimization. Comparative 

analysis and computational results using different performance indicators show the 

superiority of the proposed approach for the unconstrained portfolio optimization 

using both extended Mean-Variance and Sharpe models. For the constrained version 
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of the problem, the proposed approach has also achieved highly competitive results 

for the different models adopted. 

 

Keywords: Portfolio Optimization, Squirrel Search Algorithm, Markowitz, Sharpe, 

Mean-Variance. 
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    Chapter One 

 

 Introduction  
 

Portfolio Selection (PS) is the art of allocating resources to a definable number of 

assets. A portfolio can be a collection of different financial assets such as bonds, 

commodities, stocks and different types of securities. A portfolio can be managed by 

a financial professional or manager and is usually held by investors. The construction 

or formulation of a portfolio takes into consideration the investor’s objectives and 

should be in accordance with their risk tolerance i.e. the investor’s ability to handle 

volatility in the portfolios he/she intend to invest in. The portfolio optimization (PO) 

problem can be defined by finding the best allocation of a set of equities according to 

the investor’s preferences of return and risk. For example, finding the best allocation 

that minimizes the risk for a target return. Considering the number of financial assets 

available, the main impetus of portfolio optimization is to choose which assets to be 

invested in, and in which proportions, to have the maximal return with the minimal 

risk. However, PO is not about investing in only the highest return and minimum 

expected risk holding asset, as adopting this greedy approach in investing can lead to 

disastrous losses when the asset’s sales decrease unexpectedly. So, it is very important 

to construct a diversified portfolio that consists of classes of assets. Moreover, there is 

no suitable and common portfolio to all investors as the investors’ risk acceptance can 

be very changeable based on many factors like age and future prospects [1]. Based on 
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all that preceded, portfolio optimization is presented as a solution and decision making 

helper for investors seeking to increase their profits in accordance with their 

investment goals.  

The Portfolio management topic has been heavily studied in the literature. Harry 

Markowitz is one of the first to propose a research-based approach for portfolio 

optimization. He is considered to be the pioneer of portfolio theory with his Modern 

Portfolio Theory (MPT) [2]. Markowitz proposed model has opened the door for the 

extensive study of portfolio optimization. In Markowitz’s framework, expected risk 

and return completely describes the return of assets forming a portfolio. The 

Markowitz model, known also as the mean-variance model, presents a formulation in 

which the aim is to minimize the portfolio’s risk and maximize its return. The mean-

variance model seeks either to maximize the portfolio’s return while representing the 

lowest acceptable risk as a linear constraint or to minimize the portfolio’s risk while 

the accepted lowest return is represented as a linear constraint. Therefore portfolio 

optimization based on this model can be treated as a quadratic programming model 

(QPP). However, this model contains some weaknesses that have been exposed later, 

such as the unsustainability of the assumption of multivariate normality [3, 4]. 

Moreover, the classical Markowitz model contains other deficiencies such as the lack 

of important real-life constraints. This leads to the adoption of an enhanced model like 

the extended mean-variance model. Another model for portfolio optimization has been 

proposed later by William Sharpe [5]. In his work, Sharpe introduces a simpler version 

of the mean-variance model, known as Sharpe model, by utilizing simplified and 

reduced input data. 
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 The aim of portfolio optimization, regardless of the model used, is to find the optimal 

proportions for the assets to be allocated in a portfolio. However, finding a unique 

optimal solution in an optimization problem, with two objectives that cannot be 

optimized simultaneously, is not possible [6]. So in portfolio optimization, a unique 

set of optimal weights of assets doesn’t exist when the objectives of maximizing return 

and minimizing risk cannot be simultaneously optimized. Instead of a unique solution, 

a set of efficient solutions can be found for the problem. This set of efficient solutions 

is named the efficient frontier. The efficient frontier provides the investor with a set of 

optimal portfolios such that for every solution in the frontier, no other portfolio with 

greater return can be found without holding greater risk. So the main motivation for 

developing the efficient frontier is that different trade-offs are considered when 

obtaining solutions [7]. Achieving the efficient frontier allows the investor to get the 

optimal solution where the return is maximized according to his/her risk preferences.  

The problem of portfolio optimization based on the classical model involves solving 

the quadratic programming problem for all return and risk tradeoffs to achieve the 

efficient frontier. For this sake, many heuristics and exact solutions have been 

proposed in order to solve the PO problem. However, these kinds of approaches 

requires extensive CPU time to find a solution as they seek to try a large number of 

combinations [8]. Indeed, larger datasets with a large number of assets lead to a more 

negative impact on the time needed for finding a solution. Solving the problem gets 

more complex when real-life constraints are taken into account as the computational 

complexity increases rapidly when integrating these constraints in the problem 

formulation. Such constraints transform the problem into a constrained one and may 

include: cardinality constraints, floor constraints, and ceiling constraints. With real-
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life constraints, the problem is formulated as a mixed-integer quadratic problem 

(MIQP) and therefore the problem belongs to the NP-Complete class of problems.  

Several studies have investigated different approaches to overcome the computational 

complexity of this type of problem [9, 10], such as suggesting multi-objective heuristic 

and hybrid local search methods. Metaheuristic approaches have emerged as a very 

appealing solution. The term of metaheuristics was introduced first in [11]. The 

popularity of metaheuristics has been rising rapidly and successfully employed in 

different research fields such as transportation, cryptology, computer vision, finance, 

etc. [12]. Metaheuristics are problem-independent. They intended to solve a major 

drawback of heuristics which is their dependence on the problem [13]. Instead of 

getting an optimal solution in an unreasonable amount of time, Metaheuristic 

approaches aims for suboptimal solutions for NP-Complete problems in a reasonable 

amount of time.  

Many metaheuristic approaches were applied for the portfolio optimization problem. 

In this work, we address the two cases of portfolio optimization problem: the case of 

Unconstrained Portfolio Optimization (UPO), and the Constrained Portfolio 

Optimization case (CPO) where real-life constraints are added. The extended mean-

variance model and Sharpe model are both adopted in this work. We propose a 

modified Squirrel Search Algorithm (mSSA) for the portfolio optimization problem. 

Where Squirrel Search Algorithm (SSA) is a natural inspired metaheuristic that was 

introduced very recently in [14]. SSA was inspired by the dynamic behavior of flying 

squirrels and their gliding from one position to another [14]. To the best of our 

knowledge, this work is the first to use the SSA for the portfolio optimization problem. 
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Our proposed approach is compared with many other approaches that were proposed 

for the same type of problem. Pilot outcomes show that mSSA outperforms the 

majority of proposed metaheuristics for both UPO and CPO. Results prove that our 

suggested approach and SSA, in general, have big potential in solving real-life 

optimization problems. 

 The remainder of this thesis is organized as follows: Chapter 2 describes the 

considered problem and presents the formulations of the problem based on different 

models for portfolio optimization. Chapter 3 presents a brief review of metaheuristic 

approaches and an extensive review of the previous work in the literature related to 

solving the portfolio optimization using metaheuristics. Chapter 4 explains the 

background of the squirrel search algorithm. In chapter 5, we detail the proposed 

approach for the portfolio optimization problem. Chapter 6 presents the different 

computational results. In chapter 7, we provide concluding remarks. 
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Chapter Two 

 

 Problem Description  
 

In this chapter, we present different models and different optimization approaches for 

portfolio optimization. Then we present the different constraints applied and finally, 

we discuss the final formulation for the considered problem. 

In his MPT, Markowitz introduced a portfolio optimization model that is centered on 

the mean-variance approach [2]. Finding the best allocation of a set of assets is affected 

by two main attributes: the risk and return. The return is the expected or targeted return 

of assets and is measured by the mean return of assets. The second attribute, the risk, 

is measured by the portfolio variance for the target return and represents the variability 

of risk from a portfolio’s assets. Two main types categorized the risk: systemic and 

unsystematic risk components [15]. The unsystematic risks include technology, stock 

splits, assets, etc. where they are also known as diversifiable risks. On the other hand, 

systematic risks include international information, interest rates, etc. and are also 

known as non-diversifiable risks. Due to the need for investment diversification, 

investors need not worry about diversifiable risks as they approach zero when 

diversification is implemented. 

As discussed before, a unique optimal solution for these kinds of problems doesn’t 

exist. The solution to the problem is represented by a set of efficient solutions that are 

represented by the efficient frontier. Each point on the efficient frontier represents a 
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tradeoff between risk and return so that investors may choose according to their risk 

and return preferences. 

Quadratic programming can be used to solve the portfolio optimization problem. 

However, by including some real-life constraints, this methodology is no longer valid. 

Due to its nature of the portfolio optimization problem, numerous approaches and 

models have been proposed to tackle the portfolio optimization problem. The 

approaches can be categorized as single-objective and multi-objective optimization 

techniques. 

2.1 Single-objective portfolio optimization 
 

The classical portfolio optimization problem, known also as the Markowitz mean-

variance model, has only a single objective. This objective can be one of two: either 

maximizing the return of a portfolio given a minimum acceptable predefined risk or 

minimizing the risk of a portfolio subject to a minimum anticipated return. The original 

Markowitz model [2] can be formulated as follows: 

Case 1: The formulation represents selecting a risky portfolio, where the mean return 

of assets is one of the constraints: 

 

minimize  

𝜎𝑝
2   =  ∑∑  

𝑁

𝑗 = 1

𝑤𝑖

𝑁

𝑖=1

𝑤𝑗  𝑐𝑜𝑣(𝑖, 𝑗) 
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subject to 

∑𝑤𝑖

𝑁

𝑖=1

𝑟𝑖 =  𝑅 

∑𝑤𝑖

𝑁

𝑖=1

=  1 

 

1 ≥ 𝑤𝑖 ≥ 0, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖 𝑖𝑛 𝑁 

 

Case 2: The formulation represents maximizing a portfolio’s return, where the 

variance of return of the portfolio is one of the constraints: 

maximize 

∑𝑤𝑖

𝑁

𝑖=1

𝑟𝑖 

 

subject to 

𝜎𝑝
2   =  ∑∑  

𝑁

𝑗 = 1

𝑤𝑖

𝑁

𝑖=1

𝑤𝑗  𝑐𝑜𝑣(𝑖, 𝑗) 

∑𝑤𝑖

𝑁

𝑖=1

=  1 

 

1 ≥ 𝑤𝑖 ≥ 0, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖 𝑖𝑛 𝑁 

 

In the above, N represents the number of available assets. 𝑤𝑖 represents the weight of 

assigned to asset 𝑖 included in the portfolio i.e. the proportion of investment in the 

asset. The return of asset 𝑖 is represented by 𝑟𝑖 while 𝑅 is the expected return. 
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𝑐𝑜𝑣(𝑖, 𝑗)  or  σ𝑖𝑗 represents the covariance of 𝑟𝑖 and 𝑟𝑗 and indicates how the two 

variables are related. It can be calculated as follows: 

𝑐𝑜𝑣(𝑖, 𝑗) =  𝑠𝑖 𝑠𝑗  𝑝𝑖𝑗 

Where 𝑠𝑖  , 𝑠𝑗 represents the standard deviations of 𝑟𝑖 and 𝑟𝑗 respectively. The 

constraint ∑ 𝑤𝑖
𝑁
𝑖=1 =  1 is included in order to make sure that all available capital 

was invested. 

This model uses covariance data where in case 1, the objective is to minimize risk 

represented by 𝜎𝑝
2 when 𝑅 is the value of expected return. In case 2, the objective is 

to maximize the portfolios return when risk is 𝜎𝑝
2 is minimum. This model was 

adopted in several works approaching portfolio optimization problem like in [16, 17, 

18, 19]. 

2.2 Multiple-objective portfolio optimization 
 

Instead of singling out one minimizing risk or maximizing return as the one objective 

like in single-objective optimization, multi-objective optimization considers both 

objectives. We can divide the multi-objective approaches for portfolio optimization 

into two categories. Approaches that consider the two separate objective functions 

and solve them and others that combine two objectives into a single one. 

2.2.1 Multi-objective optimization 

 

Silva et al [6] defined a Multi-objective problem as follows: 

minimize 
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𝑓(𝑥) = (𝑓1(𝑥), 𝑓2(𝑥),… , 𝑓𝑚(𝑥)) 

subject to 

𝑥 𝜖 X 

Where f(x) is composed of m conflicting objective functions and X represents the set 

of feasible solutions. No solution that minimizes all objective functions can be found 

but a set of efficient solutions. Solutions are evaluated by their Pareto dominance 

where a solution  𝑥′ 𝜖 X is said to be efficient if and only if there is no other feasible 

solution 𝑥′′ 𝜖 X that dominates x’. The image of the set of efficient solutions is the 

Pareto front [6]. In [20], additional multi-objectives concepts are defined and 

explained.  

For the portfolio optimization problem, the two conflicting optimization problems 

are minimizing risk and maximizing return. Several multi-objective approaches for 

portfolio optimization were adopted in the literature [6, 21]. 

2.2.2 Single-objective function 

 

A second approach for multi-objective portfolio optimization is the constructing a 

single evaluation objective function that considers both risk and return. The efficient 

frontier model and Sharpe models used this approach. They can be described as 

follows: 

2.2.2.1 Efficient Frontier  

 

Multi-objective portfolio optimization is a more general approach than single-

objective optimization as it doesn’t require previous knowledge of the investor’s risk 
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aversion degree [12]. For this sake, a new parameter can be included in order to 

cover different degrees of risk aversion. 

In this method, a risk aversion parameter λ is introduced where 0 ≤  𝜆 ≤ 1. With the 

introduction of this new parameter, the model can be described as follows: 

minimize 

𝜆 ∑ ∑  𝑁
𝑗 = 1 𝑤𝑖

𝑁
𝑖=1 𝑤𝑗  𝑐𝑜𝑣(𝑖, 𝑗) -  (1 − 𝜆) ∑ 𝑤𝑖

𝑁
𝑖=1 𝑟𝑖  

 

 

 

OR  maximize  

(1 − 𝜆)∑𝑤𝑖

𝑁

𝑖=1

𝑟𝑖 − 𝜆  ∑∑  

𝑁

𝑗 = 1

 𝑤𝑖

𝑁

𝑖=1

𝑤𝑗  𝑐𝑜𝑣(𝑖, 𝑗) 

 

subject to 

∑𝑤𝑖

𝑁

𝑖=1

=  1 

 

1 ≥ 𝑤𝑖 ≥ 0, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖 𝑖𝑛 𝑁 

 

Manipulating the value of λ lead to a different value for the objective function. When 

the value of λ is one, the model minimizes the portfolio’s risk regardless of the 

portfolio’s mean return. On the other hand when decreasing the value of λ to zero 

will lead to an objective function value that maximizes the portfolio’s mean return 

disregarding the portfolio’s risk. Each different objective function value that is 
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computed for each different value of the risk aversion parameter represents the mean 

return and variance that composes an efficient solution. So by plotting the different 

combinations of mean return and variance after varying the values of λ, we get the 

Markowitz efficient frontier. Each point on the efficient frontier represents an 

optimum. So by the introduction of the risk aversion parameter λ, the problem is still 

about solving a multi-objective problem as several efficient solutions are presented. 

However, the objective function is transformed into a single-objection function.  

2.2.2.2    Sharpe Model 

 

After Markowitz, several efforts were made to extend the Markowitz model. A new 

model was introduced by William Sharpe [22]. In this model, the covariance is 

captured through one variable called beta. This model is less complex compared to 

the Markowitz model where Sharpe introduced an approximated model of that of 

Markowitz by estimating covariances, returns, and variances in the framework of the 

market model [15].  

The Sharpe ratio was introduced in [23]. It integrates the information from the 

variance and mean of an asset. This model is simple and can be used to evaluate a 

portfolio and determine the quality of its stock combination. It can be described as 

follows: 

SR = 
𝑅𝑝− Rf

𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 (𝑝)
 

Where: 
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{

𝑝 is a portfolio
𝑅𝑝 is the mean return of 𝑝 

𝑅𝑓 is test available rate of return of a risk − free security ()

𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 (𝑝): measure of risk of porfolio − it is the standard deviation of 𝑅𝑝

 

 

The Sharpe ratio can be maximized by changing and adjusting the values of assets 

weights, therefore, balancing the tradeoff between minimizing the risk and at the 

same time maximizing the expected return [24]. It is worthy to mention that several 

variations of the Sharpe ratio have been presented such as the Sorting ratio and 

Treynor ratio [25]. 

By applying different mechanics, both Markowitz and Sharpe's intentions were to 

identify the efficient frontier [22]. Based on [26], the efficient frontier formula based 

on Sharpe model can be formulated as follows: 

minimize 

𝜆[ (∑ 𝑤𝑖𝛽𝑖)
2σ𝑚

2 + ∑ w𝑖
2σ𝑒𝑖

2
 

𝑛
𝑗=1

𝒏
𝒊=𝟏  ] -  (1 − 𝜆) ∑ 𝑤𝑖

𝑁
𝑖=1 𝑟𝑖  

 

subject to 

∑𝑤𝑖

𝑁

𝑖=1

=  1 

 

1 ≥ 𝑤𝑖 ≥ 0, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖 𝑖𝑛 𝑁 

 

OR     maximize  
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(1 − 𝜆) ∑ 𝑤𝑖
𝑁
𝑖=1 𝑟𝑖- 𝜆[ (∑ 𝑤𝑖𝛽𝑖)

2σ𝑚
2 + ∑ w𝑖

2σ𝑒𝑖
2𝑛

𝑗=1
𝒏
𝒊=𝟏  ]  

 

 subject to 

∑𝑤𝑖

𝑁

𝑖=1

=  1 

 

1≥ 𝑤𝑖 ≥ 0, 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖 𝑖𝑛 𝑁 

 

Where based on [26]: 

{

𝛽𝑖 ∶  forecast betas −   represnets the slope of regression line

σ𝑒𝑖
2 : estimates of the firm specific variances 

σ𝑚
2  estimate of the market’s variance 

 

 

2.3 Constraints  

The previously mentioned models share all one common deficiency: they ignore real-

world factors and lack real-life limitations such as transactional costs, costs arising 

from the economic environment, sectors with high capitalization, etc. [27]. In order 

to take these limitations into account, some constraints need to be included in the 

problem formulation. Some constraints that need to be taken into account include 

cardinality, floor and ceiling constraints. 

 Cardinality constraint: 

In financial investment, no investor wishes to invest in the whole assets available 

in the market. Usually the investor will be willing to invest in a fixed number out 

of assets available. The addition of a new binary variable 𝑧𝑖  𝟄 {𝟎, 𝟏} is needed in 
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order to implement this constraint where 𝑧𝑖 = 1 means that asset 𝑖 is selected in 

the portfolio. Otherwise, 𝑧𝑖 = 0. This constraint can be described as follows: 

∑𝑧𝑖 = 𝐾

𝑁

𝑖=1

 

 Floor and ceiling constraints: 

In order to avoid organizational costs that are unnecessary for some insignificant 

capitals that will have no remarkable effect on the behavior of the portfolio, the 

floor constraint is added. By adding the floor constraint, we are requiring the 

weight to be greater than or equal to a predefined value called the lower weight 

bound. On the other hand, and in order to restrict excessive exposure, an upper 

weight bound is added. The floor and ceiling constraints known also as the 

boundaries constraints are implemented in the model as follows: 

ɛ  ≤  𝑤𝑖 ≤  ɤ 

Where ɤ represents the upper bound constraint i.e. the ceiling constraint and ɛ 

represents the lower bound constraint i.e. floor constraint. 

The model that includes new constraints is called the extended Mean-Variance 

(MV) Model which can be described as MIQP. This model utilizes several 

constraints. In our work, we will consider the model that utilizes the constraints 

mentioned above only. The adopted model is called the Cardinality Constrained 

Mean-Variance Model (CCMV). This model is derived from the original 

Markowitz model and the efficient frontier model. 
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2.4 Final Equations 

In this work, we consider both the unconstrained and the cardinality constrained 

portfolio optimization problems (CCPO). For the CCPO, we adopt the CCMV 

model and the Sharpe Model, where the same constraints will be added to Sharpe 

model. For the unconstrained portfolio optimization, the two models will be 

adopted two but excluding the added constraints. In light of that, the final 

formulation of the considered problem can be described as follows: 

 

 

2.4.1 Case of CCMV model 

minimize 

𝜆∑ ∑  𝑁
𝑗 = 1 𝑤𝑖

𝑁
𝑖=1 𝑤𝑗  𝑐𝑜𝑣(𝑖, 𝑗) -  (1 − 𝜆) ∑ 𝑤𝑖

𝑁
𝑖=1 𝑟𝑖  

 

 

 

OR  maximize  

(1 − 𝜆)∑𝑤𝑖

𝑁

𝑖=1

𝑟𝑖 − 𝜆  ∑∑  

𝑁

𝑗 = 1

 𝑤𝑖

𝑁

𝑖=1

𝑤𝑗  𝑐𝑜𝑣(𝑖, 𝑗) 

 

subject to 

 

∑ 𝑤𝑖
𝑁
𝑖=1 =  1                                                 (1) 

∑ 𝑧𝑖 = 𝐾

𝑁

   𝑖=1

                                                                                    (2) 
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ɛ  𝑧𝑖 ≤  𝑤𝑖 ≤  ɤ 𝑧𝑖  ;  𝑧𝑖 𝟄 {𝟎, 𝟏} ; 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖 𝑖𝑛 𝑁  (3) 

 

2.4.1.1 Case of CCPO-Sharpe model 

 

minimize 

𝜆[ (∑ 𝑤𝑖𝛽𝑖)
2σ𝑚

2 + ∑ w𝑖
2σ𝑒𝑖

2
 

𝑛
𝑗=1

𝒏
𝒊=𝟏  ] -  (1 − 𝜆) ∑ 𝑤𝑖

𝑁
𝑖=1 𝑟𝑖  

 

 

OR     maximize  

 

(1 − 𝜆) ∑ 𝑤𝑖
𝑁
𝑖=1 𝑟𝑖- 𝜆[ (∑ 𝑤𝑖𝛽𝑖)

2σ𝑚
2 + ∑ w𝑖

2σ𝑒𝑖
2𝑛

𝑗=1
𝒏
𝒊=𝟏  ]  

 

 

subject to 

 

∑ 𝑤𝑖
𝑁
𝑖=1 =  1                                                 (1) 

∑ 𝑧𝑖 = 𝐾

𝑁

   𝑖=1

                                                                                   (2) 

ɛ  𝑧𝑖 ≤  𝑤𝑖 ≤  ɤ 𝑧𝑖  ;  𝑧𝑖 𝟄 {𝟎, 𝟏} ; 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖 𝑖𝑛 𝑁 (3) 

 

In the above formulations, N is the number of available assets, (1) limits the 

investment to be 100%. We limit the weights of assets to be positive as short sales 

are excluded. Moreover, the weights of assets should not be less than ɛ nor greater 

than as enforced by (3). (2) The number of assets in a portfolio should be equal 

to K < N, which is enforced by (2).  
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2.4.2 Case of UPO 

In the unconstrained portfolio optimization problem (UPO), all the assets should 

be included in a portfolio. No boundaries are enforced on the weights of the 

assets. For this reason, we can consider the UPO problem formulation as a case of 

the CCPO problem formulation by setting the following: 

{
K =  N
  ɛ =  0
ɤ = 1

 

 

 

In both unconstrained and constrained portfolio optimization, our target is to find a 

set of efficient solutions: the Unconstrained Efficient Frontier (UEF) in case of UPO 

and Cardinality Constrained Efficient Frontier (CCEF) in case of CCPO.
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Chapter Three 

 

 Literature Review 
 

In this chapter, we present a brief overview of Metaheuristics. Then we will review 

different approaches used for the considered portfolio optimization problem in this 

paper. 

3.1 Brief Overview of Metaheuristics 

The term metaheuristics was introduced by Glover in [11]. Metaheuristic approaches 

have gained great importance and reputation for their success in solving high 

computational problems and reaching quality solutions in a reasonable time, a 

domain where exact solutions failed. Unlike heuristics, metaheuristics are known for 

their problem-independence. However, the implementation of metaheuristics is 

domain-specific [12]. Several components play a role in the effectiveness of 

metaheuristic approaches: avoiding getting stuck in local optimum, their success in 

exploiting a problem’s structure and their adaptation ability to a specific instance to 

be solved [28]. Metaheuristic algorithms can be divided into two categories: nature-

inspired algorithms and non-nature algorithms. The nature-inspired algorithms can 

be also classified into three categories: Swarm intelligence, Evolutionary algorithms, 

and physics-based algorithms. Swarm intelligence algorithms imitate the social 

behavior of some groups of animals. Some of the most known swarm intelligence 
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algorithms are Artificial Bee Colony (ABC) and Particle Swarm Optimization. The 

second category of nature-inspired algorithms, the evolutionary algorithms, include 

well-known algorithms such as Genetic algorithms (GA) and Differential Evolution 

(DE). The evolutionary behavior of creatures found in nature is mimicked by this 

kind of algorithms. Inspired by some of the universe physics laws, physics-based 

algorithms were introduced. Simulated Annealing (SA) and charged system search 

(CSS) are examples of physics-based algorithms. Table 1 presents classification of 

some well-known metaheuristic algorithms. 

 

Table 1: Classification of some well-known metaheuristic algorithms 

Non-nature 

algorithms 

Nature inspired algorithms 

 SI EA   PB 
 

Tabu Search (TS)  

Iterated Local Search (ILS) 

Simulated Annealing (SA) 

Variable Neighborhood 

Search (VNS) 

Iterated Greedy (IG) 

 

Particle 

Swarm 

Optimization 

Differential 

Evolution 

(DE) 

Gravitational 

Search 

Algorithm(GSA) 

Ant Colony 

Optimization 

(ACO) 

Genetic 

Algorithm 

(GA) 

Central Force 

Optimization 

Algorithm (CFO) 

Fish Swarm 

Algorithm 

(FSA) 

Genetic 

Programming  

(GP) 

Electromagnetism-

Like Algorithm 

(EMA) 

Artificial 

Bee Colony 

(ABC) 

Evolutionary 

Programming 

(EP) 

Intelligent Water 

Drops (IWD) 

Grasshopper 

optimization 

algorithms  

 River Formation 

Dynamics 

Algorithm 

(RFDA) 

Firefly 

Algorithm 

(FA) 

 Space 

Gravitational 

Algorithm (SGA) 
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Bat 

Algorithm 

(BA) 

 Particle Collision 

Algorithm (PCA) 

 

 

 

 

3.2 Overview of Metaheuristics for Portfolio Optimization 

The portfolio optimization problem has been studied extensively in the literature. 

Many different approaches based on metaheuristics have been proposed to solve this 

standard financial problem where previous work in the literature include different 

techniques and methodologies to solve the UPO and CCPO problems. These 

metaheuristic-based approaches can be divided into three categories: approaches 

based on single metaheuristics, hybrid approaches, and multi-objective optimization 

approaches. 

3.2.1 Single Metaheuristics 

In [3], Chang et al proposed to solve the UPO and CCPO using three different 

metaheuristics. GA, TS, and SA were implemented in order to check which 

algorithm will lead to the most efficient set of solutions where GA proved to 

outperform the two other algorithms for the UPO and CCPO. The results of the three 

algorithms were later pooled, which proved to be a sensible approach. Woodside-

Oriakhi et al [19] proposed three different metaheuristics based on GA, SA, and TS. 

In their approach, a subset optimization step is solved to reach optimality where 

better results than previous ones were reached but at the expense of computational 

time [19]. GA was also used for solving the PO problem adopting Sharpe model by 
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Bussetti [26]. The usage of GA specifically for the PO problem expanded in the 

literature since 2000. According to [29], thirty-five different papers that implemented 

GA for the MV portfolio optimization problem were published between 1998 and 

2016. 

Many other metaheuristics were also proposed for the UPO and CCPO problems. In 

[30] a metaheuristic approach based on Neural Network (NN) was proposed where 

Fernandez and Gomez considered the Hopfield network, a particular Neural Network 

(NN) model for solving the CCPO. The proposed NN network results were compared 

with the GA, TS, and SA proposed in [3]. Results showed that NN outperformed the 

three other algorithms with respect to the variance of return error, but the opposite 

results when mean of return error metric was used for comparison. 

Variations of PSO algorithms were also proposed for the PO problems. In [31], Cura 

compared PSO result’s to those of SA, GA, and TS proposed by Change et al in [3] 

where PSO proved that it can be a very successful approach for the UPO and CCPO 

problems. A PSO-based metaheuristic for restricted and unrestricted risky portfolio 

investment was proposed in [32]. The proposed PSO algorithm was compared to 

several GA implementations and proved to be computationally efficient when 

optimizing risky portfolios. The authors used Sharpe ratio to evaluate the quality of 

the possible solutions. In [37] ICPSO and IHS, modified versions pf PSO and 

Harmony Search (HH) were introduced and implemented for the CCPO by Sadigh et 

al. 

FireFly Algorithm and an upgraded version of it were implemented for the UPO and 

CCPO problems by Tuba and Bacanin in [33]. The upgraded Firefly Algorithm 



23 

 

 

 

(uFA) proposed outperformed the original FA for both CCPO and UPO problems. 

uFA also got better results than some of the main state of art approaches for most of 

the cases measured. 

Another swarm intelligence algorithm that was recently proposed for the portfolio 

optimization problem is Cuckoo Search (CS). Cuckoo Search was introduced by 

Yang and Deb [34]. A modified version of Cuckoo Search (MCS) was implemented 

for portfolio optimization in [15]. The proposed approach combined the MCS 

algorithm with a software package optimizer. The optimizer’s role was to find the 

suboptimal proportions of assets that satisfy the objective function used. Where the 

MCS role was to enhance the population and generate better solutions. Other single 

metaheuristics for the portfolio optimization problems were proposed in the literature 

including ABC [35] and ACO [36]. 

3.2.2 Hybrid Metaheuristics 

Some ongoing works in the literature have been proposing new hybridization 

techniques of metaheuristic algorithms to solve the PO problem. By combining the 

principles of evolutionary algorithms and simulated annealing, a novel hybrid local 

search algorithm was proposed in [38] by Maringer and Kellerer for solving the 

CCPO. In [39], Graspero et al hybridized local search metaheuristics and TS with QP 

for optimization where results proved that the proposed hybrid approach is 

comparable with other similar methods. 

In 2010, Xu et al [40], proposed a new hybrid approach by combining a population-

based incremental learning (PBIL) algorithm that belongs to the estimation of 

distributing algorithms with PBILc, a continuous PBIL. Lwin and Qu [41], proposed 
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PBILDE by combining PBIL with Differential Evolution for the UPO and CCPO 

problems. PSO and NN were combined in [42] to introduce a new hybrid algorithm 

called PSONN for CCPO.   

In [43], Seyedhosseini et al proposed a new hybrid algorithm using two well-known 

metaheuristics in HH and ACO. The resulting efficient frontier of portfolios of the 

proposed hybrid algorithm was compared to that of GA and Harmony search. 

Computational results showed how the proposed hybrid algorithm surpasses the two 

algorithms used for comparison. 

3.2.3 Multi-Objective Metaheuristic Algorithms 

Several multi-objective algorithms have been proposed for solving the PO problem. 

Some popular objective evolutionary algorithms include nondominated sorting 

genetic algorithm-II (NSGA-II) [44], Pareto envelope-based selection algorithm 

(PESA) [45], adaptive Pareto-archived evolution strategy (APAES) [46], micro 

genetic algorithm (micro-GA)  [47], Pareto-archived evolution strategy (PAES) [48],   

.The multi-objective formulation of unconstrained portfolio optimization was tackled 

in [49] where a multi-objective approach algorithm called multi-objective bacteria 

foraging optimization (MOBFO) was used. The performance of MOBFO was 

compared to PESA, PAES, micro-GA, APAES, and NSGA-II that were implemented 

too. Results showed the proposed method was able to determine quality solutions. 

The proposed algorithm was also tested after cardinality constraints were applied 

where results showed the success of MOBFO in solving this multi-objective model 

of the problem. The same authors then introduced and employed a new multi-

objective algorithm called the non-dominated sorting multi-objective particle swarm 
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optimization (NS-MOPSO) in [50]. The proposed algorithm was compared with 

three single metaheuristic algorithms: GA, SA, TS, and PSO and with some other 

multi-objective evolutionary algorithms like PESA-II [51], SPEA2 [52], and NSGA-

II. Results demonstrated the upper hand of NS-MOPSO. 

In [6], the portfolio optimization problem based on the extended MV model was 

approached using a new multi-objective algorithm based on PSO and an adaptive 

ranking procedure that was proposed. The proposed algorithm, called Adaptive 

ranking multi-objective particle swarm optimization (ARMOPSO) was compared 

with several metaheuristic algorithms for both the UPO and CCPO problems. The 

algorithms considered for comparison included several single metaheuristics such as 

GA, TS, SA, PSO, and NN in additional to different multi-objective algorithms 

including MOBFO, PAES, and SPEA2. Comparative results demonstrated the 

competitiveness of the ARMOPSO in finding quality results in the problems 

considered. 
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Chapter Four 

 

 Squirrel Search Background 
 

In this paper, we employ SSA with some modifications for the UPO and CCPO 

problems. The background of SSA is presented in this chapter.  

SSA is one of the most recent nature inspired algorithms that was proposed in 2019 

by Jain et al [14]. The algorithm is based on simulating the smart dynamic foraging 

behavior of flying squirrels and their gliding from one source food to another. The 

algorithm was proposed and mathematically modelled after extensive study of the 

squirrel’s foraging activities. The algorithm was well validated, analyzed and 

conceptually compared with other existing nature inspired algorithms. 

4.1 Intelligent Dynamic Foraging of Flying Squirrels 

The intelligent dynamic behavior of flying squirrels was the main inspiration for the 

SSA proposed in [14]. The gliding strategy is a special and efficient way of 

locomotion that allows the flying squirrels to cover long distances for cheap energy 

levels [52]. The evolution of gliding behavior was due to several causes such as 

optimal foraging, its cost and avoidance of predators [54]. Using dynamic foraging 

behavior, flying squirrels can use food sources optimally [53]. The foraging behavior 

of flying squirrels searching for food can be discussed as follows: 
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The foraging process to search for food sources have two goals: fulfilling daily 

energy requirements and storing food sources for winter. Two food sources are 

available for squirrels in a deciduous forest: acorn and hickory nuts where hickory 

nuts are considered the optimal food source. The foraging behavior of squirrels is 

usually affected by the weather, where warm weather allows the squirrels to explore 

to find and consume acorn nuts. After their daily energy requirements are met, they 

can forage searching for the hickory nuts in order to store them. In winter, the harsh 

weather increases the possibility of being captured by predators which may prevent 

the squirrels from foraging as they are less active. Therefore the previously stored 

optimal food source can help them survive. When the winter season ends, flying 

squirrels can resume their normal foraging activity. The squirrel search algorithm is 

based on this repetitive foraging process of flying squirrels. 

4.2 The Squirrel Search Algorithm 

In order to simply the mathematical modeling of SSA, Jain et al assumed the 

following [14]: 

1. Each flying squirrel of the n population is on a one tree. 

2. The dynamic foraging behavior of flying squirrels is done individually. 

3. Three types only exist for the flying squirrels: oak trees, hickory trees and 

normal food source. The latter doesn’t contain any food source 

4. Three oak trees and only one hickory tree are available in the forest region 

under considered for study. 

The main SSA steps can be described as follows: 

1. Positions of flying squirrels are initialized randomly at the beginning. 
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2. After evaluation, flying squirrels are declared on trees based on their fitness. 

The flying squirrel with minimal fitness is declared on the hickory tree. 

3. The foraging behavior of flying squirrels to explore food sources is affected 

by the presence of predators where this presence impedes the efficient 

exploration of squirrels  

4. The foraging behavior of flying squirrels is modelled by three different cases: 

squirrels moving from normal trees to acorn trees, squirrels moving from 

normal trees towards the hickory tree and those on acorn trees and moving 

towards the hickory tree. 

5. At the end of winter season, flying squirrels who couldn’t move toward the 

hickory tree are randomly relocated using levy flights. 

Based on the above, the pseudo code of SSA is presented in Figure 1 as 

described by Jain et al [14]. 

4.3 Rationale of Approach 

The lack of rigorous theoretical background in some recently introduced 

metaheuristics has been noticed by some studies [55]. For this sake, SSA was and 

analyzed and conceptually compared with other similar metaheuristics such as PSO, 

ABC, BA, and FA in [14]. In order to differentiate between the metaheuristics, the 

updating strategies of solutions were compared too. 

Our decision to base our proposed approach for PO on SSA was due to its highly 

competitive results after rigorous comparisons with other metaheuristics. In [14] Jain 

et al evaluated the performance of SSA by comparing it with six popular 

metaheuristics (KH, FA, PSO, GA, BA, and MVO) on twenty-six classical different 
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benchmark test functions. ANOVA and Wilcoxon's test were also used for the 

comparison. All the results indicated the excellent performance of SSA compared to  

 

Figure 1: Pseudo code of SSA. Reprinted from [14] 

 

the other six algorithms. For Wilcoxon’s test, SSA was ranked first where it reached 

global optimum solutions more than any other algorithm considered in the 

comparison. Test results also showed the exceptional convergence behavior of SSA 

compared to other algorithms [14]. 
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SSA has been receiving much attention in the literature knowing that it was 

introduced only in 2019. At the time of writing this paper, based on Google Scholar, 

SSA have been cited more than 40 times where it has been proposed to solve the bin 

packing problem in [56], the “multi-region combined heat and power economic 

dispatch problem” in [57], combined with other algorithms to form new hybrid 

approaches in [58, 59] and formulated as dynamic multi-objective approach in [60]. 

In the next chapter, we present our SSA-based approach for the UPO and CCPO 

problems.  
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Chapter Five 

 

 Proposed SSA Metaheuristic for Portfolio 

Optimization 
 

In this chapter, we describe in detail our proposed approach for the PO problems. 

Then we present the algorithm in Figure 3. 

 Our approach is based on SSA with two main modifications. The proposed 

modifications are the following: 

1. After evaluations of flying squirrels, we declare the flying squirrel with 

maximal fitness on the hickory tree. 

2. During the exploration of new food sources, some random flying squirrels on 

normal trees are supposed to move towards acorn trees. The location of the 

flying squirrel on the acorn tree with the highest fitness will be the target 

location for the movement of the randomly selected flying squirrels. 

The building blocks of the proposed mSSA for portfolio optimization will be 

described next. In the following description, a candidate solution will be represented 

as a ‘portfolio’ and ‘Flying Squirrel’ (FS) where these two words will be 

interchangeably used. The solution vector of a flying squirrel will be represented as 

the weight proportions of a portfolio’s asset.  

We represent a portfolio, that is a flying squirrel, by the following matrix: 



32 

 

 

 

𝐹𝑆𝑖 =     [

𝐹𝑆𝑖,𝑤1 𝐹𝑆𝑖,𝑤2       ….   𝐹𝑆𝑖,𝑤𝑁     
   

𝐹𝑆𝑖,𝑧1 𝐹𝑆𝑖,𝑧2 ….   𝐹𝑆𝑖,𝑧𝑁

]                                  (4) 

Each portfolio will own 2xN dimensions. N dimensions are considered to represent 

the number of assets N available. The weight of assets will be represented by 𝐹𝑆𝑤𝑖 

such that 𝐹𝑆𝑖,𝑤1 , 𝐹𝑆𝑖,𝑤2, … , 𝐹𝑆𝑖,𝑤𝑁 represent the weights of assets  1,2, . . . , 𝑁 in 

portfolio 𝑖. Decision variables are also included in a portfolio and are represented by 

𝐹𝑆𝑧𝑖 where 𝐹𝑆𝑖,𝑧1, 𝐹𝑆𝑖,𝑧2, … , 𝐹𝑆𝑖,𝑧𝑁 represent decision variables for assets 1,2, . . . , 𝑁 

in portfolio 𝑖. 𝐹𝑆𝑧𝑖 = 1 indicates that asset 𝑖 is included in the portfolio, otherwise 

asset is not included. Therefore 2xN dimensions are needed to represent a portfolio. 

A portfolio also includes components to represent the portfolio’s return, portfolio’s 

risks and the portfolio’s fitness. 

5.1 Random Initialization 

There is 𝑆𝑁 number of portfolios that represent the total population of candidate 

solutions in the forest. The total population can be represented by the following 

matrix: 

𝐹𝑆  =

[
 
 
 
 
 
       𝐹𝑆1   
      𝐹𝑆2   
     ⋮   
    ⋮   
    ⋮   

        𝐹𝑆𝑆𝑁   

 

]
 
 
 
 
 

                                                    (5) 

Where each FS is represented in 2xN dimensions as discussed above. 

The algorithm starts with random initialization of the FS locations. The weight of 

assets in every portfolio are randomly allocated using Eq. (6). 
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𝐹𝑆𝑖,𝑤𝑗  
=     𝐹𝑆𝑤𝐿 + 𝑈(0,1)  × (𝐹𝑆𝑤𝑈 − 𝐹𝑆𝑤𝐿)             ∀𝑖 ∈ 𝑆𝑁, ∀𝑗 ∈ 𝑁             (6) 

Where 𝐹𝑆𝑖,𝑤𝑗 
represent the weight of asset 𝑗 in portfolio 𝑖, 𝑈(0,1) is a random 

number between 0 and 1 inclusively, 𝐹𝑆𝑤𝐿 
and  𝐹𝑆𝑤𝑈 

 represent the lower weight 

bound and upper weight bound respectively. The decision variables are randomly 

decided based on Eq. (7)   

 

𝐹𝑆𝑖,𝑧𝑗 = {
 0 , 𝑖𝑓 𝑈(0,1)  ≥  0.5   

 1 , 𝑖𝑓 𝑈(0,1)  <  0.5   
}                                                                     (7) 

 

Where an asset 𝑗 is included in portfolio 𝑖 if the output of the uniform distribution 

𝑈(0,1) is greater than or equal to 0.5. 

5.2 Feasibility Mechanisms 

A candidate portfolio in the considered population is considered feasible if it satisfies 

the problem’s constraints. Otherwise, some feasibility mechanisms are needed. 

5.2.1 Normalization method for UPO 

When considering the UPO problem, the constraint that needs to be satisfied is: 

∑ 𝑤𝑖
𝑁
𝑖=1 =  1  ; 1≥ 𝑤𝑖 ≥ 0,      ∀ 𝑖 ∈  𝑁                          

In order to satisfy this constraint, a normalization method (Eq. (8)) is applied as 

follows: 
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𝐹𝑆𝑖,𝑤𝑗 =      
𝐹𝑆𝑖,𝑤𝑗

 ∑ 𝐹𝑆𝑖,𝑤𝑗𝑗∈𝑁
      ;  ∀𝑖 ∈ 𝑆𝑁                                                           (8)    

Applying this method for every portfolio, means that every portfolio in the 

population is now feasible and thus the UPO problem’s constraint is satisfied. 

5.2.2 Arrangement Algorithm for the CCPO 

When CCPO is the problem under study, then in addition to the constraint mentioned 

above, the cardinality and boundaries constraint should be satisfied in order to 

maintain the feasibility of the candidate solutions.  

Inspired by [3], Cura [31] proposed an arrangement algorithm to maintain the 

feasibility of solutions. We employ the arrangement algorithm proposed by Cura [31] 

after adapting it to our proposed algorithm in order to guarantee the feasibility of all 

candidate portfolios. The employed arrangement algorithm the following steps take 

place: 

The cardinality constrained is satisfied first as follows: 

{
 
 

 
 𝑡ℎ𝑒 𝑎𝑠𝑠𝑒𝑡 𝑤𝑖𝑡ℎ ℎ𝑖𝑔ℎ𝑒𝑠𝑡 𝐶 𝑣𝑎𝑙𝑢𝑒𝑑 𝑖𝑠 𝑖𝑛𝑐𝑙𝑢𝑑𝑒𝑑                                  𝑖𝑓 ∑𝐹𝑆𝑖,𝑧𝑗

𝑗∈𝑁

< 𝐾

𝑡ℎ𝑒 𝑎𝑠𝑠𝑒𝑡 𝑤𝑖𝑡ℎ 𝑙𝑜𝑤𝑒𝑡 𝐶 𝑣𝑎𝑙𝑢𝑒𝑑 𝑖𝑠 𝑜𝑚𝑚𝑖𝑡𝑒𝑑 𝑓𝑟𝑜𝑚 𝑝𝑜𝑟𝑡𝑓𝑜𝑙𝑖𝑜     𝑖𝑓 ∑𝐹𝑆𝑖,𝑧𝑗
𝑗∈𝑁

> 𝐾
 

Where 𝐾  represents the constraint on the number of assets allocated in a portfolio. 

Then the normalization method presented (Eq. (8)) is applied after being modified 

(Eq. (9)) to consider only assets whose decision variable is equal to one.  

 



35 

 

 

 

𝐹𝑆𝑖,𝑤𝑗 =      
𝐹𝑆𝑖,𝑤𝑗

 ∑ 𝐹𝑆𝑖,𝑤𝑗𝑗∈𝑁
      ; ∀𝑗 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐹𝑆𝑖,𝑧𝑗 = 1; ∀𝑖 ∈ 𝑆𝑁        (9)    

Finally after satisfying the cardinality constraint and normalizing the weights of the 

included assets, the boundaries constraint i.e. the floor and ceiling constraints are 

satisfied by the arrangement algorithm. The arrangement algorithm proposed by Cura 

[31] is presented in Figure 2. 

 

Figure 2: Arrangement Algorithm. Reprinted from [31] 
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The feasibility methods mentioned in this section will always be applied whenever a 

new solution is generated. 

5.3 Fitness Evaluation 

The fitness function is used to evaluate the quality of the candidate solutions. More 

specifically, the quality of the food sources to be searched is decided by fitness 

values. FS on normal trees 

The quality of searched food sources is decided by the fitness value of the FS 

location, where hickory trees are optimal food sources, acorn trees are normal food 

sources and normal trees have no food sources [14]. In this study, we use a fitness 

function based on the model adopted to evaluate the quality of candidate solutions. 

When adopting CCMV model, the fitness function considered is: 

𝑓𝑝 = (1 − 𝜆)∑𝐹𝑆𝑝,𝑤𝑖

𝑁

𝑖=1

𝑟𝑖 − 𝜆  ∑∑  

𝑁

𝑗 = 1

𝐹𝑆𝑝,𝑤𝑖

𝑁

𝑖=1

𝐹𝑆𝑝,𝑤𝑖 𝑐𝑜𝑣(𝑖, 𝑗)                (10) 

When Sharpe model is adopted, the fitness function used is: 

𝑓𝑝 = (1 − 𝜆) ∑ 𝐹𝑆𝑝,𝑤𝑖
𝑁
𝑖=1 𝑟𝑖   −  𝜆[ (∑ 𝐹𝑆𝑝,𝑤𝑖𝛽𝑖)

2σ𝑚
2 + ∑ 𝐹𝑆𝑝,𝑤𝑖 

2σ𝑒𝑖
2

 

𝑛
𝑗=1

𝒏
𝒊=𝟏 ]          (11)   

A fitness function is used in order to evaluate the quality of the portfolios. Where 

higher fitness value indicates better solution for the considered problem. It is 

important to mention that in case of CCPO, the fitness value computation considers 

only assets that are included in the portfolio.  
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5.4 Sorting and Declaration 

After evaluating the portfolios, we sort them in an ascending order based on their 

fitness values. Then the FS are declared on trees such that: 

- The FS with highest fitness value is declared on the optimal food source i.e. hickory 

tree. 

- The next three FS with highest fitness values are declared on acorn trees, and are 

assumed to move towards the optimal food source. 

- The rest of FS are declared on normal trees with no food sources. Some of these FS 

are assumed to move towards normal food sources, while other are assumed to move 

towards the hickory tree. This selection in randomly done using Eq. (12). As 

previously mentioned at the beginning of this chapter, FS moving towards normal 

food source will be targeting the fittest location of a FS on an acorn tree. 

       𝐹𝑆 𝑜𝑛 𝑛𝑜𝑟𝑚𝑎𝑙 𝑡𝑟𝑒𝑒 𝑚𝑜𝑣𝑒𝑠 𝑡𝑜𝑤𝑎𝑟𝑑𝑠: {
𝑛𝑜𝑟𝑚𝑎𝑙 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒, 𝑖𝑓 𝑈(0,1)  ≥  0.5   

 𝑜𝑝𝑡𝑖𝑚𝑎𝑙 𝑓𝑜𝑜𝑑 𝑠𝑜𝑢𝑟𝑐𝑒, 𝑖𝑓 𝑈(0,1)  <  0.5   
}     (12)              

5.5 Generating New Solutions 

Predators’ presence affect the foraging behavior of FS [14]. The predator presence 

probability 𝑃𝑝𝑟𝑒𝑑𝑎𝑡𝑜𝑟 is considered to be 10%. Three cases are considered when 

generating new solutions: FS moving from normal trees towards acorn trees, FS 

moving from normal trees towards the hickory tree and FS moving from acorn trees 

towards the hickory tree (C). For each case, the new location of FS is generated 

differently. In the below 𝐹𝑆𝑛𝑡, 𝐹𝑆𝑎𝑡 and 𝐹𝑆ℎ𝑡 represents FS on normal tree, FS on 

normal tree and FS on hickory tree respectively. 

For every 𝐹𝑆𝑛𝑡 moving towards the hickory tree, the new locations (representing 

weights of assets) are generated as follows, where for every 𝑖 ∈ 𝑁: 
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𝐹𝑆𝑛𝑒𝑤𝑛𝑡,𝑤𝑖

=  {
𝐹𝑆𝑜𝑙𝑑𝑛𝑡,𝑤𝑖 + 𝑑𝑔  ×  𝐺𝑐  × (𝐹𝑆ℎ𝑡  −   𝐹𝑆

𝑜𝑙𝑑
𝑛𝑡,𝑤𝑖

) ;    𝑖𝑓 𝑈(0,1) ≥  𝑃𝑝𝑟𝑒𝑑𝑎𝑡𝑜𝑟      

𝑟𝑎𝑛𝑑𝑜𝑚 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(13) 

 

 

For every 𝐹𝑆𝑛𝑡 moving towards the fittest acorn tree, the new locations of the FS are 

generated as follows, where for every 𝑖 ∈ 𝑁: 

𝐹𝑆𝑛𝑒𝑤𝑛𝑡,𝑤𝑖

=  {
𝐹𝑆𝑜𝑙𝑑𝑎𝑡,𝑤𝑖 + 𝑑𝑔  ×  𝐺𝑐  × (𝐹𝑆𝑎𝑡  −   𝐹𝑆𝑛𝑡)       𝑖𝑓 𝑈(0,1) ≥  𝑃𝑝𝑟𝑒𝑑𝑎𝑡𝑜𝑟  

𝑟𝑎𝑛𝑑𝑜𝑚 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
       (14) 

 

For every  𝐹𝑆𝑎𝑡 moving towards the hickory tree, the new locations of the FS are 

generated as follows, where for every 𝑖 ∈ 𝑁: 

𝐹𝑆𝑛𝑒𝑤𝑎𝑡,𝑤𝑖

=  {
𝐹𝑆𝑜𝑙𝑑𝑎𝑡,𝑤𝑖 + 𝑑𝑔  ×  𝐺𝑐  × (𝐹𝑆ℎ𝑡  −   𝐹𝑆𝑎𝑡)       𝑖𝑓 𝑈(0,1) ≥  𝑃𝑝𝑟𝑒𝑑𝑎𝑡𝑜𝑟  

𝑟𝑎𝑛𝑑𝑜𝑚 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
       (15) 

In the above equations, 𝐺𝑐 is a gliding constant used to balance between exploration 

and exploitations and 𝑑𝑔 is a random gliding distance. In [14], 𝐺𝑐 is set to 1.9 and 𝑑𝑔 

is set in the range [0.5, 1.11] after rigorous analysis. Moreover, for the CCPO, only 

assets who decision variable is equal to one are considered in the equations. 

After generating new portfolios, the feasibility mechanisms mentioned before are 

applied to check the feasibility of these new solution. 
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5.6 Seasonal Monitoring Condition and Random Relocation at End 

of Winter Season 

As mentioned previously, weather changes affect the foraging behavior of FS. In 

order to check if winter season has ended, a seasonal monitoring condition can be 

checked after computing 𝑆𝑐
𝑡  and 𝑆𝑚𝑖𝑛𝑖𝑚𝑢𝑚 Where 𝑆𝑐

𝑡 is the seasonal constant and 

𝑆𝑚𝑖𝑛𝑖𝑚𝑢𝑚 is the seasonal constant’s minimum value. They are computed as: 

𝑆𝑐
𝑡 = √∑ (𝐹𝑆𝑡

 

𝑎𝑡,𝑤𝑖
−  𝐹𝑆  ℎ𝑡,𝑤𝑖 ) 

2

𝑁

𝑖=1

        𝑓𝑜𝑟 𝑡 = 1, 2, 3              (16) 

 

𝑆𝑚𝑖𝑛𝑖𝑚𝑢𝑚 = 
10𝐸 −6

(365) 𝑡

𝑡𝑚 2.5⁄⁄
                               (17) 

Where 𝑡 is the current iteration value and 𝑡𝑚 represent the maximum iteration value. 

Now the seasonal monitoring condition can be checked as follows: 

𝑖𝑓 𝑆𝑐
𝑡 < 𝑆𝑚𝑖𝑛𝑖𝑚𝑢𝑚                       (18)               

 

If the condition presented in Eq. (18) is found true, then this means that winter 

season is over and random relocation of some FS is done. The random relocation is 

only done for FS who couldn’t move towards the optimal food source such that for 

 𝐹𝑆𝑛𝑡 moving towards 𝐹𝑆𝑎𝑡. The random relocation is done using Levy random 

walks (Eq. (19)). 

𝐹𝑆 𝑛𝑒𝑤𝑛𝑡,𝑤𝑗  
=     𝐹𝑆𝑤𝐿 + 𝐿𝑒𝑣𝑦(𝑛) × (𝐹𝑆𝑤𝑈 − 𝐹𝑆𝑤𝐿)        ; ∀𝑗 ∈ 𝑁            (19) 
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The random relocation of some FS at the end of winter season is done to enhance the 

quality of the portfolios in the population by allowing the FS who could not search 

for optimal food source to explore new food sources. 

5.7 Stopping Criterion 

Steps 3, 4, 5 and 6 are repeatedly done until the maximum number of iterations is 

reached in order to keep enhancing the quality of candidate solutions. At the end of 

the final iteration, steps 3 and 4 are applied again. The suboptimal solution is the 

location of FS on the hickory tree i.e. the weights and decision variables of the 

portfolio declared on the hickory tree.  

Putting all the block together, the SSA proposed for portfolio optimization is 

presented in Figure 3. 
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Chapter Six 

 

 Computational Experiments 
 

6.1 Experimental Procedure 

In order to evaluate our proposed algorithm we need to plot the resultant efficient 

frontier as explained in chapter 2. For the UPO we need to plot the UEF while the 

CCEF is needed when CCPO is considered. To plot the efficient frontier, we will use 

different values of the risk aversion parameter λ with ∆𝜆 = 0.02. Therefore, we will 

be performing 51 algorithmic run to get the efficient frontier where in each run the 

best solution is recorded. Two sets of solutions are needed for comparisons purposes: 

𝑠𝑒𝑡 𝑉 and 𝑠𝑒𝑡 𝐻.  

- The set containing every best solution recorded at the end of every 

algorithmic run is called 𝑠𝑒𝑡 𝑉. It will contain 51 portfolios.  

- Another set, called 𝑠𝑒𝑡 𝐻 is also needed to be able to compare with some 

previous works in the literature. Based on [3], 𝑠𝑒𝑡 𝐻 is the set of all 

undominated efficient solutions found by the algorithm during all of its runs. 

Set H is needed in order to use the history of solutions recorded by the 

algorithm [3]. It is used for better representation of the cardinality constrained 

efficient frontier. To construct 𝑠𝑒𝑡 𝐻, all solutions found at the end of each of 

the 51 algorithmic run will be recorded. Then every dominated portfolio 
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dominated by a different portfolio in the set will be eliminated based on the 

following:  ∀ 𝑝𝑜𝑟𝑡𝑜𝑓𝑙𝑖𝑜 𝑖 ∈ 𝐻, 𝑖𝑓 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑗 ∈ 𝐻 𝑎𝑛𝑑 𝑗 ≠ 𝑖  

𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑅𝑒𝑡𝑢𝑟𝑛𝐹𝑆𝑖 ≤   𝑅𝑒𝑡𝑢𝑟𝑛𝐹𝑆𝑗  𝑎𝑛𝑑    𝑅𝑖𝑠𝑘𝐹𝑆𝑖 ≥

 𝑅𝑖𝑠𝑘𝐹𝑆𝑗  𝑡ℎ𝑒𝑛 𝑒𝑙𝑖𝑚𝑛𝑎𝑡𝑒 𝑖 𝑓𝑟𝑜𝑚 𝐻.   

The algorithm’s efficient frontiers will then be compared with the benchmark UEFs. 

 

6.2 Benchmark data sets 

To evaluate the performance of our proposed algorithm, we used five data sets from 

the well-known OR-Library that were presented in [61]. The benchmark instances 

considered are Hang Seng, DAX 100, FTSE 100, S&P 100 and Nikkei 225. They 

represent weekly price data over the period extending from March 1992 to 

September 1997. These data sets and their UEF can be accessed online 

via http://people.brunel.ac.uk/~mastjjb/jeb/orlib/portinfo.html. To the best of our 

knowledge, these five instances are the most considered data sets for solving 

portfolio optimization problem based on the CCMV model via metaheuristic 

approaches. 

When Sharpe model is adopted, we use data sets from the Johannesburg Stock 

Exchange provided in [26]. The considered data sets include “top 100 stocks by 

market capitalization on the Johannesburg Stock Exchange (JSE)” [15]. The data sets 

considered for our tests are presented in Table 2. 
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Table 2: Data Sets 

Used in  Index Number of Assets Country 

 

 

Extended MV Model 

Hang Sang 35 Hong Kong 

DAX 100 83 Germany 

FTSE 100 85 United Kingdom 

S&P 100 98 USA 

Nikkei 225 225 Japan 

Sharpe Model JSE 100 South Africa 

 

6.3 Performance Indicators 

Several performance metrics have been used in the literature to evaluate the 

performance of algorithms proposed for the portfolio optimization problem. In our 

comparative analysis, we try to cover most of the previous work’s results by using 

the most employed metrics for comparison. The metrics used are presented in Table 

3.  

Table 3 Performance Metrics 

Metric 

Mean Percentage Error (MPE) 

Median Percentage Error (MedPE) 

Mean Return Error (MRE) 

Variance of Return Error (VRE) 
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Gravitational Distance (GD) 

 

 

In order to calculate the percentage deviations of the obtained efficient frontier from 

the optimal efficient frontier, we use the method proposed by Chang et al in [3]. The 

MPE is the mean of the percentage deviations or errors. It can be calculated after 

computing the percentage deviation of every portfolio in the solution set (set V or set 

H) from the optimal solution set. The same applies to the MedPE where we calculate 

the median of the percentage deviations. The MPE and MedPE metrics are used to 

evaluate the quality of the algorithm’s efficient frontier compared to the optimal 

efficient frontier. These two metrics were used heavily in previous work such as [3, 

30, 33, 40, 41]. 

The MRE, VRE and GD were also used in the literature for comparison and 

evaluation purposes as done in [6, 21, 42, 62]. They are utilized to indicate the 

nearness of solutions to the optimal efficient frontier. The GD is the mean Euclidean 

distance between the solution obtained in set H and the optimal solution presented in 

the optimal efficient frontier. The smaller value of GD, the closer the obtained 

efficient frontier is to the optimal one. The detailed description of the calculations of 

MRE, VRE and GD can be found in [6]. 

The mSSA proposed in this paper is compared with the previous works presented in 

Table 4. 
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Table 4: Previous work considered for comparison 

Approach/Algorithm Portfolio 

Optimization 

Variant 

Model Metric Solution 

Set 

Work Year 

GA, TS, SA UPO, CCPO Extended 

MV model 

MPE, 

MedPE 

Set V, 

Set H 
[3] 1 2000 

GA Cardinality-

unconstrained  

 CCPO 

Sharpe 

Model 

 Set V [26] 2000 

NN CCPO Extended 

MV model 

MPE Set H [30]  2 2007 

PSO CCPO  MRE, 

VRE 

Set V [31]  3 2009 

GA, PSO, PBIL UPO MV model MPE, 

MedPE 

Set V [40]  4 2010 

GA, TS, SA CCPO Extended 

MV model 

MPE Set V [19]  5 2011 

PHNN CCPO Extended 

MV model 

MRE, 

VRE 

Set V [42]  6 2012 

DE, PBIL, PBILDE UPO, CCPO Extended 

MV model 

MPE, 

MedPE 

Set V, 

Set H 
[41] 7 2013 

FA, uFA UPO, CCPO Extended 

MV model 

MPE, 

MedPE 

Set V, 

Set H 
[33]  8 2014 

NSGA-II, PESA –II, 

SPEA2, MOPSO 

CCPO Extended 

MV model 

GD, 

MRE, 

VRE 

Set V [49]  9 2014 

PESA-II, SPEA2, 

NSGA-II, NS-

MOPSO 

CCPO Extended 

MV model 

GD, 

MRE,  

VRE 

Set V [21]  10 2014 

ABC-FS CCPO Extended 

MV model 

GD, 

MRE, 

VRE 

Set V [64]  11 2014 

ICPSO, IHS CCPO Extended 

MV model 

MRE, 

VRE 

Set V [37]  12 2014 

GRASP-QUAD CCPO Extended 

MV model 

MRE, 

VRE 

Set V, 

Set H 
[63] ] 13 2015 

MCS CCPO Sharpe 

model, 

Extended 

MV model 

MPE, 

MedPE 

Set V [15]  14 2017 
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6.4 Comparison with Previous Work 

The proposed algorithm was coded in Java and all of the tests done were performed 

on Intel Core i7 1.8 GHz, 16384 MB of RAM running Windows 10. Results recorded 

below are the averages of 20 runs of the algorithm.  

6.4.1 Results for Unconstrained Portfolio Optimization 

As explained before, in this version of the portfolio optimization problem all assets 

are included in the portfolio and no boundaries are enforced on the weights of assets 

such that K =  N,  ɛ =  0 and ɤ = 1. Regarding the number of initial population, we 

set the size of population 𝑆𝑁 = 40. When the uncontained version of portfolio 

optimization is under study, population’s size of algorithms has no significant effect 

on results [41]. 

In order to check mSSA’s performance for solving the UPO, we plot its frontier 

using set V. As illustrated in figures 4 - 8, the obtained frontiers are compared with 

the UEFs corresponding to the five benchmark instances from the OR-library. 

 

 

GI-ABC CCPO Extended 

MV model 

GD, 

MRE, 

VRE 

Set V [62]  15 2018 

ARMOPSO UPO, 

CCPO 

Extended 

MV model 

 

MPE, 

MedPE, 

GD, 

MRE, 

VRE 

Set V, 

Set H 
[6]  16 2019 
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Figure 6: Comparing mSSA frontier with UEF - UPO - Nikkei 225 

 

From the above figures, it is clear that the frontier of the proposed algorithm is very 

close to the UEF for the five instances. Therefore, mSSA produces suboptimal 

portfolio solutions that are very close to the optimal ones as illustrated in the above 

figures. 

The comparison between results obtained by mSSA and those found by other 

approaches using single metaheuristics is presented in Table 5. MPE and MedPE are 

considered as performance metrics and the solution set is V. Our proposed algorithm 

outperforms the other algorithms for every instance considered. The second-ranked 
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algorithms are uFA for Hang Sang, GA for S&P and Nikkei and DE for FTSE and 

DAX. 

Table 5: Comparison of computational results with single metaheuristics for UPO - MPE and 

MedPE - Set V 

 

In Table 6, the computational results of mSSA are compared with those of by some 

hybrid metaheuristics like PBIL and PBILDE in additional to ARMOPSO, the multi-

objective approach proposed in [6]. mSSA outperforms PBILDE, ARMOPSO and 

Instance Number 

of assets 

Metric GA 1 TS 1 SA 1 GA 4 PSO 𝟒 DE 𝟕 FA 𝟖 uFA 𝟖 mSSA 

Hang Seng 35 MPE 0 0202 0 8973 0 1129 0 0191 0 1422 0 0280 0 2302 0 0 193 0.0000487 

 

 MedPE 0 0165 1 0718 0 0161 0 0166 < 0 00001 0 0000028 2 7835 0 0162 0 000004 

DAX 100 85 MPE 0 0136 3 5645 0 0394 0 0350 1 1044 0 0089 2 7835 0 0115 0.0023 

 
 MedPE 0 0123 2 7816 0 0033 0 0124 < 0 00001 0 000021 2 1035 0 0103 0 00003 

FTSE 100 89 MPE 0 0063 3 2731 0 2012 0 0109 1 143 0 0049 2 9056 0 0089 0.0048 

  MedPE 0 0029 3 0238 0 0426 0 0020 0 0084 0 0000019 2 6791 0 0010 0 000077 

S&P 100 98 MPE 0 0084 4 4281 0 2158 0 0430 2 0249 0 0137 - - 0.0044 

 

 MedPE 0 0085 4 2781 0 0142 0 0085 0 5133 0 000003 - - 0 000036 

Nikkei 225 255 MPE 0 0085 15 9163 1 7681 0 3715 8 1781 0 0606 - - 0.00680 

 
 MedPE 0 0084 14 2668 0 8107 0 0068 4 7023 0 000026 - - 0 000435 

Avg.  MPE 0 0114 5 6158 0 4675 0 0959 2 5185 0 0603 - - 0.00367 
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the two PBIL algorithms for all instances except for DAX 100, where PBIL 4 and 

mSSA rank both first. 

Table 6: Comparison of computational results with hybrid and multi-objective approaches 

for UPO - MPE and MedPE - Set V 

 

In order to assess the quality of the proposed approach for solving the UPO problem 

using Sharpe model, we compare the performance of mSSA with that of genetic 

algorithm using data sets from JSE. In [26], Sharpe model is adopted and GA is 

proposed for the cardinality-unconstrained portfolio optimization problem with 

boundaries constraints. The experimental parameters proposed in [26] are presented 

in Table 7. Using the same parameter settings, we compare the cardinality-

Instance Number of 

assets 

Metric PBIL 4 PBIL 7 PBIL-DE 7 ARMOPSO 16   mSSA 

Hang Seng 35 MPE 0.0003 0.2385 0.0 0 02 0.0 0 02 0.0000487 

 
 MedPE < 0.0001 0.0257 < 0.0001 < 0.0 0 01 0.000004 

DAX 100 85 MPE 0.0023 1.1849 0.0052 0.0050 0.0023 

 
 MedPE < 0.0001 0.4292 < 0.0001 < 0.0 0 01 0.00003 

FTSE 100 89 MPE 0.0186 0.9813 0.0059 0.0064 0.0048 

  MedPE < 0.0001 0.0799 < 0.0001 < 0.0 0 01 0.000077 

S&P 100 98 MPE 0.0137 1.2361 0.0078 0.0073 0.0044 

 
 MedPE < 0.0001 0.1443 < 0.0001 0.0038 0.000036 

Nikkei 225 255 MPE 0.0606 3.7411 0.2733 0.0721 0.00680 

 
 MedPE < 0.0001 2.0514 < 0.0001 0.0244 0.000435 

Avg.  MPE 0.0191 1.4763 0.0584 0.0182 0.00367 
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unconstrained frontier obtained by mSSA with that found by GA as shown in Figure 

9. It is clear that mSSA’s frontier dominates the frontier obtained by GA. So, for the 

same risk values, mSSA produces portfolios with higher returns than GA. 

Table 7: Parameter settings for GA and mSSA – cardinality-unconstrained PO 

Time limit 30 min 

Iteration limit 50 000 

Population Size 50 

Upper bound constraint ɤ  0.15 

Lower bound constraint ɛ 0.005 

Values of risk aversion 

parameter 𝝀 

 
{ 0.993, 0.994, 0.9945, 0.995, 0.9955, 0.9957, 
  0.996, 0.997, 0.998, 0.9981, 0.9982, 0.999, 1 } 
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Figure 7: The cardinality-unconstrained frontiers of GA and mSSA 

 

6.4.2 Results for Cardinality Constrained Portfolio Optimization 

In this section, we present results for the cardinality constrained version of the 

problem where all the results consider the parameters K =  10,  ɛ =  0.01 and ɤ =

1. In the implementation of our proposed approach, the population size 𝑆𝑁 and max 

number of iterations 𝑀𝑎𝑥𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 are dependent on number of assets 𝑁, similar to 

most previous work. We set number of candidate solutions 𝑆𝑁 =  20√𝑁. We set 

𝑀𝑎𝑥𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 to 50√𝑁 while in many previous work considered for comparison [3, 

31, 41, 30],  𝑀𝑎𝑥𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 is set to 1000 × 𝑁 which means more iterations to 
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enhance the population and thus more possibility of obtaining solutions with better 

fitness values. 

We compare our proposed approach with previous work based on the metrics and 

solution sets that are considered. In Table 8, we report the results obtained by mSSA 

and by the different approaches that calculated MPE and MedPE for both solution 

sets H and V. Results show the superiority of mSSA as it gets the lowest MPE for 

both sets for all instances considered. Algorithms included for comparison, includes 

single metaheuristics, hybrid approaches and a multi-objective approach in 

ARMOPSO which came second to mSSA. 

We compare our proposed approach with previous work based on the metrics and 

solution sets that are considered. In Table 8, we report the results obtained by mSSA 

and by the different approaches that calculated MPE and MedPE for both solution 

sets H and V. Results show the superiority of mSSA as it gets the lowest MPE for 

both sets for all instances considered. Algorithms included for comparison, includes 

single metaheuristics, hybrid approaches and a multi-

objective approach in ARMOPSO which gets the second-best results.  

Table 8: Comparison of computational results for MPE and MedPE - Sets V, H 

 

 

Table 9, presents comparison of results for set H using MPE and MedPE metrics. 

Again, mSSA outperform the rest of approaches for the five instances. 

*only set V was used  for MCS 14 
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Table 9: Comparison of computational results for MPE and MedPE - Set H 

Instances  Metric  NN 2   GA 5  TS 5   SA 5   FA 8   uFA 8   mSSA  

Instance Metric     GA 1             PBIL 4  DE 7  PBIL 7  PBILDE 7  MCS 14 ARMOPSO 16  mSSA  

  

V  H  V  H  V  H  V  H  V  H   V ∗ 

 

V H  V H 

Hang 

Seng  

MPE  1 0974  0 9457  1 1026  0 8472  1 215  1 1932  1 3894 1 3737  1 1431  0 6196  1 0462 1 0520  0 5205  0.0155  0.01793 

 MedPE  1 2181  1 1819  1 2190  1 1013  1 2331  1 2807  01 578  1 5267  1 2390  0 4712  1 1946 0 7917  0 4182  0 01512  0 01430 

DAX 

100  

MPE  2 5424  1 9515  2 5163  2 0781  3 3077  2 967 2 5129  2 9245 2 4251  1 5433  2 4402 2 1570  1 1182  0.01459 0.02232 

 MedPE  2 5466  2 1262  2 5739  2 2783  2 741  2 5293  2 5850  2 6648  2 5866  1 0986  2 4501 2 0184  1 0157  0 01048 0 01745 

FTSE 

100  

MPE  1 1076  0 8784  0 996  0 7658  1 3651 1 6203 1 319  2 0282 0 9706  0 8234  1 4550 0 9128  0 5138  0.00955 0.01730 

 MedPE  1 0841  0 5938  1 0841  0 4132  1 0975 0 9832  1 1204  1 2599  1 084  0 5134  1 0781 0 6642  0 2170  0 00548 0 01510 

S&P 

100  

MPE  1 9328  1 7157  2 232  1 634  3 2008  3 2170 2 4722  3 1763 1 6386  1 3902  1 6974 1 6176  1 0192  0.01849 0.02041 

 MedPE  1 2244  1 1447  1 1536  0 8453  1 5970 1 4973  1 2096  1 3810 1 1692  0 7303  1 2244 1 2170  0 7712  0 01887 0 01761 

Nikkei 

225  

MPE  0 7961  0 6431  1 0017  0 6451  1 8934  2 2053 0 7554  0 8086 0 5972  0 3996  0 6635 0 6178  0 3209  0.01651 0.03515 

 MedPE  0 6133  0 6062  0 5854  0 5596  1 6428  1 7624 0 6592  0 6864  0 5896  0 4619  0 6635 0 2273  0 1730  0 01642 0 02136 

Avg   MPE  1 4953  1 2269  1 5697  1 1940  2 1964 2 2406  1 6898  2 0623 1 3549  0 9552  1 46046 1 2914  0 6985  0.01492  0.02262 
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Hang Seng  MPE  1.2310  0.8501  0.8234  1.0589  1.2335  0.8754 0.01793 

 MedPE  – 0.5873  0.3949  0.5355  1.6092  1.1235 0.01430 

DAX 100  MPE  1.5770  0.7740  0.7190  1.0267  2.2397  2.0378 0.02232 

 MedPE  – 0.2400  0.4298  0.8682  2.3621 2.1043 0.01745 

FTSE 100  MPE  1.2510  0.1620  0.3930  0.8952  1.1259  0.8652 0.01730 

 MedPE  – 0.0820  0.2061  0.3944  1.1003  0.5031 0.01510 

S&P 100  MPE  1.7920  0.2922  1.0358  3.0952  – – 0.02041 

 MedPE  – 0.1809  1.0248  2.1064  – – 0.01761 

Nikkei 225  MPE  1.4730  0.3353  0.7838  1.1193  – – 0.03515 

 MedPE  – 0.3040  0.6526  0.6877  – – 0.02136 

Avg.  MPE  1.4640  0.4827  0.7510  1.4391  – – 0.02262 

 MedPE  – 0.2788  0.5416  0.9184  – – 0.017164  

 

Table 10 shows the results for metrics MRE and VRE considering set V. The results 

of mSSA are compared to those of different hybrid and multi-objective approaches. 

For metric MRE, mSSA has the best results among the ten approaches for Hang Seng 

and FTSE 100, third-best result for DAX 100, and is outperformed by the other 

approaches for S&P 100 and Nikkei 225. For VRE, mSSA is outperformed as 

ARMOPSO has the best results for the first four instances. The high values of VRE 

for our proposed approach indicate that the points of the resulting frontier are spread 

out from the mean. In [6], GD is also considered as a performance metric and the 

CCPO results for this metric of five different multi-0bjective approaches are 

presented where only Nikkei 225 was considered. These results are compared with 

that of mSSA as presented in Table 11, where mSSA obtains the best result. 

 

Table 10: Comparison of computational results for VRE and MRE - Set V 

Instance  Metric  PHNN 

6   

ICPSO 
12  

IHS 12  PESAII 
10  

SPEA2 
10  

NSGAII 
10  

MOPSO 
10  

GRASP 
13  

ARMOPSO 
16  

mSSA 

Hang 

Seng  

VRE  2.590  1.900  1.804  1.523  1.487  1.326  1.284  1.640  1.151  4.67 
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 MRE  0.733  0.641  0.648  0.762  0.689  0.647  0.602  0.606  0.574  0.427 

DAX 100  VRE  5.758  7.206  7.380  9.282  8.243  7.121  6.754  6.759  6.293  13.38 

 MRE  1.147  1.188  1.043  2.221  1.592  1.263  1.267  1.277  1.098  1.118 

FTSE 100  VRE  5.414  3.381  3.248  5.238  3.765  2.987  2.812  2.430  2.184  5.2 

 MRE  0.309  0.324  0.320  0.402  0.365  0.333  0.325  0.324  0.307  0.206 

S&P 100  VRE  5.146  4.589  3.902  7.012  5.432  3.763  3.476  2.521  2.406  10.76 

 MRE  0.292  0.896  0.948  2.423  1.211  0.732  0.702  0.906  0.771  1.35 

Nikkei 

225  

VRE  4.778  1.841  1.602  3.098  2.042  1.123  0.987  0.836  0.901  9.23 

 MRE  0.704  0.433  0.403  1.231  0.865  0.432  0.327  0.418  0.322  1.86 

 

 

Table 11: CCPO results for GD - Set V - Nikkei 225 

Metric  PESA-II 𝟏𝟎      SPEA2 𝟏𝟎      NSGA-

II 𝟏𝟎      

NS-MOPSO 𝟏𝟎      ARMOPSO 𝟏𝟔      mSSA 

GD Avg. 1.76E-2 1.02E-3 6.72E-3 1.45E-4 1.31E-4 1.00E-

4 

 

In Table 12, GD is also used as a performance indicator with MRE and VRE. The 

comparison of computational results shows that the frontier obtained by mSSA is the 

closest to the optimal one as it got the least GD values for Hang Seng, DAX 100 and 

FTSE 100 while it shares the best GD result for S&P with GI-ABC and ABC-FS. 

When MRE is considered, our proposed approach has the best results among all 

considered approaches for three out of five instances. For VRE, mSSA is 

outperformed by the rest of the algorithms considered in the comparison. 
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Table 12: Comparison of computational results for VRE, MRE and GD - Set V 

Index # of 

asset

s 

Metri

c 

GA TS SA PS

O 

ABC-

FS 

mF

A 

GI-

ABC 

mSSA 

Hang 

Seng 

31 GD 

VRE 

MRE 

0.004

0 

1.644

1 

0.607

2 

0.004

0 

1.657

8 

0.610

7 

0.004

0 

1.662

8 

0.623

8 

0.004

9 

2.242

1 

0.742

7 

0.000

4 

1.395

2 

0.528

9 

0.000

3 

1.238

7 

0.471

5 

0.000

2  

1.229

5         

0.470

3 

0.000077

8 

 4.6738 

0.42762 

DAX 

100 

85 
GD 

VRE 

MRE 

0.007

6 

7.218

0 

1.279

1 

0.008

2 

9.030

9 

1.907

8 

0.007

8 

8.548

5 

1.281

7 

0.009

0 

6.858

8 

1.588

5 

0.000

9 

7.264

9 

1.3522

9 

0.000

9 

7.256

9 

1.378

6 

0.000

9  

7.198

1 

1.288

5 

0.000165 

13.38 

1.118 

FTSE 

100 

89 
GD 

VRE 

MRE 

0.002

0 

2.866

0 

0.327

7 

0.002

1 

4.012

3 

0.329

8 

0.002

1 

3.820

5 

0.330

4 

0.002

2 

3.059

6 

0.364

0 

0.000

3 

2.672

1 

0.3187

2 

0.000

4 

2.708

5 

0.312

1 

0.000

3 

2.635

4 

0.310

9 

0.000037 

5.2059 

0.206 

S&P 

100 

98 
GD 

VRE 

MRE 

0.004

1 

3.480

2 

1.225

8 

0.004

1 

5.713

9 

0.712

5 

0.004

1 

5.424

7 

0.841

6 

0.005

2 

3.913

6 

1.404

0 

0.000

1 

3.759

8 

0.9529

2 

0.000

3 

3.602

6 

0.899

3 

0.000

1 

3.599

1 

0.881

0 

0.0001 

10.76 

1.3552 

Nikke

i 

225 
GD 

VRE 

MRE 

0.009

3 

1.205

6 

5.326

6 

0.001

0 

1.243

1 

0.420

7 

0.001

0 

1.201

7 

0.412

6 

0.001

9 

2.427

4 

0.799

7 

0.000

0 

1.6982

3 

0.6719

2 

0.000

0 

1.201

5 

0.489

2 

0.000

0 

1.201

1 

0.471

3 

0.0001 

9.23 

1.86 
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When Sharpe model is adopted for the CCPO, we compare results obtained by 

mSSA to those of GA and MCS proposed in [26] and [15] respectively. The 

experimental parameters used are presented in Table 13 .We plot the cardinality 

constrained efficient frontiers of the three algorithms as shown in Figure 10. The 

frontier obtained by mSSA dominates GA’s frontier for all values of risks. 

Comparing mSSA and MCS results, Figure 10 demonstrates that MCS outperform 

mSSA for risk values below 0.26 while mSSA outperform the former for all risk 

values above 0.26. So, mSSA obtains portfolios with higher return compared to MCS 

for all values of risk greater than 0.26. 

Table 13: Parameter settings for GA, MCS and mSSA - CCPO 

Iteration limit 50 000 

Population Size 50 

Cardinality Constraint K = 40 

Upper bound constraint ɤ  0.15 

Lower bound constraint ɛ 0.005 

Values of risk aversion 

parameter 𝝀 

{0, 0.5000, 0.9900, 0.9930, 0.9940, 0.9945,0.9950, 0.9953, 

0.9955, 0.9956, 0.9957,0.9960, 0.9970, 0.9975, 0.9980, 0.9981, 

0.9982, 0.9983, 0.9984, 0.9986, 0.9988,0.9990, 1} 
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Figure 8: The cardinality constrained frontiers of mSSA, GA and MCS 
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Chapter Seven 

 

 Conclusion & Future work 

 

This work addresses the portfolio optimization problem using a nature-inspired 

metaheuristic technique. We design and adapt a modified squirrel search algorithm 

(mSSA) to solve this standard financial engineering problem. We implement our 

approach using both Sharpe model and the extended Mean-Variance model. The 

latter being the most used model for portfolio optimization in the literature. mSSA is 

tested on two variants of portfolio optimization: the unconstrained portfolio selection 

problem and constrained portfolio optimization problem with real-life constraints 

from the financial market. The proposed algorithm is compared with a variety of 

previous works included in the literature including traditional single metaheuristics, 

hybrid metaheuristic approaches, and multi-objective optimization approaches. We 

conduct extensive computational results comparison according to the different 

metrics used such as mean percentage error, median percentage error, mean return 

error, variance of return error and generational distance. The results imply the 

superiority of mSSA for solving the unconstrained variant of portfolio optimization 

as it achieves better results than all other approaches considered in the comparison. 

For constrained portfolio optimization, our proposed approach obtains highly 

competitive results for all metrics assessed. 
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This paper is the first to consider and adapt SSA for the portfolio optimization problem. 

Results achieved prove the efficiency, robustness and great potential of squirrel search 

algorithm for solving the portfolio optimization problems. Knowing that no single 

metaheuristic technique can optimally solve all optimization problem according to the 

No Free Lunch (NFL) theorem [65], we believe that SSA can be at least a major 

competitor in solving various optimization problems similar to portfolio optimization. 

Future work may include considering additional constraints form the financial market 

such as transaction cost and pre-assignment constraints. Also, further work should 

consider adapting the proposed approach and applying it to other variants of the 

portfolio optimization problem such as the inequality cardinality pre-assignment 

constrained, inequality cardinality constrained and cardinality round-lot pre-

assignment constrained portfolio optimization problems. 
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