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The Effect of the Variation of the Modulus of Subgrade Reaction 

on the Design of Large Shallow Foundations 

Hassan Walid Al Kaaby Al Zoaby 

ABSTRACT 

The design of mat foundations is a common application of soil-structure interaction. In a 

typical mat foundation design, the structure element (mat) is modeled as either rigid or 

flexible plate overlying an elastic subgrade. The founding terrain is generally modeled by 

a coefficient of subgrade reaction (ks) introduced by Winkler in 1867. The coefficient of 

subgrade reaction is highly influenced by the deformation parameters of the founding 

terrain, the load magnitude and the load geometry/characteristics. Difficulties in 

estimating these parameters raise the uncertainty in the values of the modulus of subgrade 

reaction which lead most designers to consider a uniform coefficient of subgrade reaction 

under shallow foundations, irrespective of their size or geometry. However, this 

assumption has negative consequences on the accuracy of the results which are assessed 

in detail in this study. In 1995, the American Concrete Institute (ACI) published a State-

of-the-Art Review on Design and Performance of Mat Foundations (Special Publication 

SP-152) in which various aspects of foundation modeling are addressed, including the 

coefficient of subgrade reaction. An iterative procedure, known as the Discrete Area 

Method, was recommended to promote the consideration of variable ks values along the 

mat foundation. The effect of the variability of ks along the same raft on steel 

reinforcements is investigated while taking into consideration other aspects such as mat 

rigidity and soil/rock modulus values. With the use of variable coefficient across the mat 
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foundation, a significant decrease in the steel reinforcement is witnessed and an optimized/ 

more adapted steel distribution is observed. 

Keywords: Mat foundation, Modulus of subgrade reaction, Discrete Area Method, SAFE, 

Settle3, Soil-structure interaction. 
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Chapter One 

 

Introduction 

1.1 Background 

Large shallow foundations (mats) are commonly adopted for structures whenever isolated 

foundations are found not capable of meeting the bearing capacity and settlement criteria, 

and/or whenever a closed foundation system is required such as a planned foundation 

below water table. The design of a mat foundation involves both structural and 

geotechnical engineers, who work in close coordination to determine the required 

geometry, thickness, and steel reinforcement of this concrete element. The layout and 

amount of steel reinforcement is directly dependent on the interaction between the 

foundation and the underlying soil/rock and, specifically, the straining actions within the 

foundation generated from the applied loads and soil stiffness. In a typical design, the mat 

foundation acts either as a rigid or as a flexible plate. The flexibility of the mat is mainly 

governed by its thickness which is defined based on the punching shear criteria at the 

critical load transferred by the columns of the superstructure. A thick mat foundation tends 

to behave as a rigid element and results in uniform settlement, while a thin mat behaves as 

a flexible element resulting in a varying settlement profile. 

Prior to the development of accurate subgrade models, the design of mat foundations was 

based on a major assumption implying that the mat is infinitely rigid. Consequently, basic 

concepts of statics could be applied to calculate the bearing pressure distribution. This 

approach was known as the Rigid Body Method, and it assumes the mat foundation to be 
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a footing where the settlements are separately calculated utilizing any of the traditional 

settlement techniques for footings (Horvath 1995). Considering the mat as one large 

footing caused the misconception among designers that determining an allowable bearing 

pressure is the main requirement in mat foundation design (Horvath 1995). However, this 

approach is fundamentally wrong as the dimensions of spread footings vary based on 

allowable settlements and bearing capacity criteria while the size of a mat foundation is 

controlled by the total footprint of the structure it supports. 

In an attempt to overcome the drawbacks of the Rigid Body Method and properly model 

the distribution of the mat bearing pressures, several design approaches tackled the mat’s 

flexibility and subgrade response based on Winkler’s hypothesis (1867). According to 

Winkler’s hypothesis, the soil is idealized as a system of identical yet independent linear 

elastic springs, and the stiffness of the soil is represented by the modulus of subgrade 

reaction (ks). It is expressed as the ratio of the pressure sustained by a flat plate laying on 

soil/rock over the settlement at a certain point. The modulus of subgrade reaction is 

considered the single most important parameter in mat foundation design (Horvath 1995). 

Furnishing the correct coefficients of subgrade reaction for a mat-structure system ensures 

accurate prediction of reaction pressures at the base of the foundation, differential 

settlements and ultimately, bending moments and steel reinforcements.  

A simple and straightforward approach to evaluate the actual values and distribution of 

the modulus of subgrade reaction at the base of a mat foundation does not exist. Terzaghi 

(1995) explains that determining the most suitable value of the modulus of subgrade 

reaction is highly dependent on the stress-deformation properties of the subgrade, the 

dimensions and shape of the foundation and the applied loading type and distribution.  
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Applying Winkler’s hypothesis to mat foundation design leads to a simplified subgrade 

model that lacks the continuity among soil springs; the deformation response to applied 

loads at a certain point is assumed to have a negligible impact on the deformation response 

of adjacent points. This assumption is not accurate because the settlement at one point 

induces shear forces that will be laterally transmitted and significantly affects the load-

deformation response of surrounding points. In early practice, due to the lack of modern 

computational tools, the modulus of subgrade reaction was taken as a uniform value 

obtained using empirical methods (Terzaghi 1955, Fraser & Wardle 1976, Bowles 1982, 

Das 1985, Holtz 1991). However, a uniform modulus of subgrade reaction is an erroneous 

assumption as it does not reflect the actual behavior of the subgrade (Ulrich 1995). In 

reality, the subgrade response induces mat settlements and bearing pressures that enforces 

a variable modulus of subgrade reaction across the mat footprint.  

The variability in the subgrade modulus is best explained by the dishing phenomenon. In 

theory, a mat foundation that is modeled as a uniformly loaded flat plate and supported by 

identical Winkler’s springs will exhibit a uniform deflection (∆) as shown in Figure 1.  

 

Figure 1: Settlement of a uniformly loaded plate 
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However, a uniformly loaded foundation with a uniform stiffness will, in reality, exhibit a 

deformation in the form of a dish, thus named the “dishing” phenomenon. Horvilleur and 

Patel (1995) explain how less settlement occurs at the edges of the foundation and larger 

settlement occurs at the center. In order to understand this behavior, these researchers 

plotted the variation of the soil pressure with depth for points found at different locations 

along the footprint of the mat foundation as shown in Figure 2. 

 

Figure 2: Pressure dissipation with depth - (Horvilleur & Patel 1995) 

 

Points A and B each represent a 1 m x1 m element of soil. If a uniform loading is assumed 

to be applied on the mat foundation, the soil pressure immediately below the mat must be 

the same for both points A and B. However, in their experiment, Horvilleur and Patel 

(1995) showed that the surcharge pressure dissipates at a faster rate below point B than 

point A, as shown in Figure 2. This is because point A is surrounded by loaded elements, 
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and an infinite continuum of soil mass exists around the edges of the mat where B is 

located.  

Now consider the black squares highlighted in Figure 2 to be soil columns extending with 

depth. Assuming that the soil columns at A and B have loading diagrams varying similarly 

to their respective surcharge pressure dissipation, the axial deformation for each column 

is calculated as follows: 

𝑆𝑎 = ∫
𝑃

𝐴𝐸
𝑑𝑧

𝑧

0

                                                            (𝐸𝑞. 1) 

where (z) is the depth, (P) is the axial load, (A) is the cross-sectional area and (E) is the 

modulus of elasticity (Horvilleur & Patel 1995). It could be seen that at any point in depth, 

the axial shortening is significantly higher for soil column A, hence, larger settlements are 

observed at A (Horvilleur & Patel 1995). 

Over the years, many researchers have attempted to either develop enhanced renditions of 

the original Winkler’s model or propose new approaches that would capture the dishing 

phenomenon and closely mimic the actual response of the subgrade. Such 

models/approaches will be thoroughly discussed in Chapter 2.  

In this research work, we focus on varying the ks values at the base of the mat and analyzing 

its effect on the settlement profile and corresponding reinforcement design of the 

foundation. This is based on the Pseudo-Coupled concept that was first presented by 

Bowles (1982) and that entails, in its simplest form, doubling the value of ks along the 

edges of the mat. Banavalkar & Ulrich (1984) and Ulrich (1991) proposed an elaborate 

and advanced version of the Pseudo-Coupled concept called the Discrete Area Method. 
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This improvement guarantees the compatibility of stresses among the major components 

of a mat-supported building: the superstructure, the mat, and the subgrade (Fig. 3). 

The proper modeling of the interaction among those components ensures accurate 

prediction of the mat settlement, the distribution of bearing pressures and the resulting 

bending moments and shear forces within the mat foundation. This method is based on a 

detailed settlement analysis that integrates both load distribution and soil model to produce 

a realistic settlement profile across the foundation. Having the load distribution provided 

by the structural model and the resulting deformation from the detailed settlement analysis, 

the ks value is simply deduced by dividing the pressure at a certain location by the 

settlement value obtained from the settlement analysis. Once the ks values are determined 

across the foundation, the geotechnical engineer shares those values with the structural 

designer to be considered in the structural analysis as this will induce changes in the 

pressure distribution at the base of the foundation and the calculated settlements 

eventually. An iterative process is thus needed to ensure convergence in the results within 

both the structural and geotechnical models.  
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Figure 3: Main components of mat-supported building – (Horvath 1995) 
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1.2 High-Rise Buildings 

Despite the existence of much more complex models, the Discrete Area Method is still 

considered the state-of-the-art procedure that allows engineers to obtain an accurate 

prediction of mat foundation deformation for the most reliable estimate of steel 

reinforcement while utilizing commercially available design software. This issue becomes 

significantly impactful for large mat foundations supporting high-rise buildings (Jeong et 

al. 2017).   

A great challenge lies in the selection of an appropriate foundation type that would support 

the massive loads transmitted by the superstructure. A mat foundation is common for such 

projects, and if a standalone mat is not sufficient to meet the bearing capacity and 

settlement criteria, a piled raft is most commonly adopted (Jeong et al. 2017). The loads 

transmitted to the foundation significantly increase as the height of the building increases. 

As a result, mat foundations have been massively built to provide the required stability.  

Mega projects such as high-rise buildings and bridges with very long spans have been 

heavily undertaken in the past two decades. The number of “Super tall” buildings with 

height exceeding 300 m has significantly increased from 15 in 1995 to more than 200 in 

2020 (Poulos 2016). In response to the emerging challenges, geotechnical engineers are 

shifting away from traditional design methods that heavily rely on empirical correlations 

and are now adopting the state-of-the-art techniques that take advantage of the advanced 

computational tools (Poulos 2016). From an economic perspective, an efficient mat design 

is extremely important too (Jeong et al. 2017). 
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In the mat foundation design of mega projects, the estimate of soil stiffness is very crucial 

as it significantly impacts the generated moments and shear forces in this massive concrete 

block. Poulos (2016) highlights that vertical and horizontal variations in ground conditions 

should be considered along with any potential changes that might occur during and after 

the construction process. Simple techniques may be used in the preliminary stages of mat 

foundation design. However, a much thorough analysis is required as the design stages 

progress.  

Several computer programs have been developed to properly model the geometry of the 

investigated system in addition to the applied loads and the mat deformation response. 

Ideally, such programs must be able to account for multiple non-homogenous soil layers, 

mat-soil interaction, flexibility of the mat and the stiffnesses of both the soil and mat 

foundation. The availability of commercial software that possess all the mentioned 

capabilities is almost limited to 3D finite element programs such as PLAXIS 3D and 

ABAQUS or FLAC3D which is a finite difference program. Such computer programs are 

rather complex and limit the interaction among geotechnical and structural engineers.  

In this work, we opted to model the soil-structure interaction using RocScience Settle3 (a 

3D geotechnical software used for settlement analysis) and CSI SAFE (a 3D structural 

software used for structural design of foundations). We use the recently developed tool 

(Estephan et al. 2022) that streamlines the interaction between these two software by 

automating the iterative exchange of the modulus of subgrade reaction and the loading 

stresses. This tool is very useful and it presents an important development that 

practitioners can adopt with no complications. Even with the powerful computational tools 

at hand, practitioners, using the semi-coupled simulations nowadays still have to manually 
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assign the values of the modulus of subgrade reaction and the loading stresses in the 

structural and geotechnical software, respectively. Since soil-structure interaction is, 

routinely, an iterative process, convergence in design can only be obtained after multiple 

analyses are conducted (ATC 2020). This time-consuming procedure often represents 

another source of human error and uncertainty in design. Additionally, when the design 

schedule is tight, the interaction between the geotechnical and structural engineers is 

sometimes cut short and practitioners tend to revert to the simplified Winkler’s model and 

adopt a uniform value of the modulus of subgrade reaction. In this work, we expose the 

importance of adopting the exact and complete spatial variability of the modulus of 

subgrade reaction in the semi-coupled simulations of soil/mat foundation interaction.  

1.3 Research Aim 

The purpose of this study is to investigate the impact of the variability of the subgrade 

modulus established using the Discrete Area Method on the design of large mat 

foundations, in particular the distribution and the amount of required steel reinforcement. 

We take into consideration different mat sizes, loads and soil/rock modulus. We aim to 

provide designers with some answers to common questions raised during the design of 

mat foundations, in particular with regards to savings in steel reinforcement and the 

sensitivity of the steel layout on the variability of the subgrade modulus across large 

shallow foundations. 

We aim to establish a generalized framework for structural and geotechnical engineers to 

follow and reach the exact special variability of the modulus of subgrade reaction with a 

non-complicated process. 
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1.4 Research Objectives 

• Model the different mat foundations on SAFE and Settle3 with varying input 

parameters such as mat geometry, applied loads and soil/rock modulus. 

• Derive the final distribution of the moduli of subgrade reaction for each mat 

foundation. 

• Estimate the required steel reinforcement for representative uniform ks values and 

variable ks values for the different mat scenarios. 

• Compare the obtained settlement profiles, bearing pressures and steel 

reinforcements. 
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1.5 Thesis Structure 

The work presented in this thesis is divided into five chapters: 

In chapter 1, an introduction about the basic concepts of mat foundation design is 

presented. In addition to that, an overview of the research problem and the objectives of 

the conducted research work are described. 

In chapter 2, an exhaustive literature review is conducted to set the basis of the work 

presented herein. First, traditional mat foundation design methods are detailed and 

followed by empirical correlations proposed to evaluate the modulus of subgrade reaction. 

Discussed also are the most common models developed over the years to reflect the load-

deformation response of a subgrade supporting a mat foundation. Finally, recent studies 

proposing new approaches for the design of mat foundations and investigating the 

parameters that highly influence the mat behavior are thoroughly elaborated.  

In chapter 3, the methodology implemented throughout this research work is explained in 

detail. The specifications of the computer programs adopted to perform the structural and 

geotechnical aspects of the mat foundation design are first introduced. The procedure 

executed to derive the final distribution of the moduli of subgrade reaction at the base of 

the foundation is then thoroughly described. At last, the parametric study on which the 

work is based along with the basis of comparison with an equivalent design assuming a 

uniform modulus of subgrade reaction are presented.  

In chapter 4, the results of the performed design and analysis are investigated. The 

obtained steel savings after the implementation of the proposed design approach are 

thoroughly analyzed for the different combinations of input design variables initially 
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suggested in the parametric study. The focus is tailored towards the patterns through which 

the modulus of subgrade reaction varies and the consequent impact on the settlement and 

bearing pressure profiles. Finally, the influence of mat rigidity on the design outcomes is 

investigated. 

In chapter 5, the work’s main objectives and the methodology proposed to achieve that 

are summarized. Concluding remarks focusing on the benefits of implementing the 

Discrete Area Method and the drawbacks of assuming a uniform modulus of subgrade 

reaction are highlighted. Lastly, the controlling parameters governing the response of the 

mat foundation to varying moduli of subgrade reaction are summarized.   
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Chapter Two 

 

Literature Review 

2.1 Basic Concepts and Empirical Correlations 

Several subgrade models have been developed over the years to describe or at least closely 

mimic the subgrade response in the soil-structure interaction problem. This interaction 

becomes crucial for large shallow foundations as the factors controlling the load-

deformation response of any of the following components: the superstructure, the 

foundation, and the subgrade, are mutually dependent (Horvath 1983; Banavalkar 1995). 

To reach the optimal design, an analysis treating those three integrants as a single unit 

should be conducted. However, this constitutes a rather complex problem with 

indeterminant parameters (Horvath 1995). Due to the lack of advanced computational 

tools in the past, and to overcome the complexities associated with the ideal approach, 

each component was separately tackled. In order to reach an approximate solution, distinct 

structural analyses were performed for the superstructure and the mat followed by a 

separate settlement analysis for the subgrade. Despite the development of numerous 

models describing the subgrade behavior over the years, the Conventional Method of 

Static Equilibrium (CMSE) and Winkler’s model represented two simplistic approaches 

that have been rigorously utilized in the design industry. 

The Conventional Method of Static Equilibrium (CMSE), or Rigid Body Method, simply 

assumes that the soil pressures and settlements at the base of the mat are linearly distributed 
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(ACI Committee 336 1988). The distribution of the modulus of subgrade reaction follows 

a straight line in 1D and a planar surface in 2D such that the lines of action of the resultant 

forces from the soil reaction pressure and the applied loading coincide (Fig. 4). At any 

point along the base of the mat, the subgrade reaction pressure is given by Equation 2. 

After obtaining the reaction pressure, the mat is divided into strips where the shear forces 

and bending moments are calculated for each strip using the basic principles of statics.  

𝑝𝑖 =
𝐹𝑣

𝑋𝑌
±

𝑀𝑥𝑦𝑖

𝐼𝑥
±

𝑀𝑦𝑥𝑖

𝐼𝑦
                                                  (𝐸𝑞. 2) 

 

where: 

 (𝑝𝑖) represents the reaction pressure,  

(𝐹𝑣) is the summation of all vertical loads,  

(𝑀𝑥 𝑎𝑛𝑑 𝑀𝑦) are the moments about the x and y axes respectively induced by the resultant 

load eccentricities,  

(𝑋 𝑎𝑛𝑑 𝑌) are the width and length of the mat, respectively,  

(𝐼𝑥 𝑎𝑛𝑑 𝐼𝑦) are the moments of inertia about the x and y axes, respectively, and 

(𝑥𝑖 𝑎𝑛𝑑 𝑦𝑖) are the distances to a point (𝑖). 
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Figure 4: Rigid Body Method – (Horvath 1983) 

 

The behavior of the mat foundation is thus considered rigid. The non-homogeneity in the 

founding soil/rock and the expected non-uniformity in settlement profiles are totally 

disregarded. Shear forces and bending moments in the foundation element are calculated 

from this method, while settlement predictions are computed using the conventional 

methods of settlement analysis for isolated footings. In most cases, the calculated bending 

moments and shear forces are not compatible with the actual ones generated after 



17 
 

construction and loading. The Rigid Body Method completely ignores the representation 

of the subgrade through a model that could capture the correct load-deformation response.  

Many researchers have attempted to come up with a proper representation of the subgrade. 

A comprehensive study of the literature shows that two fundamental approaches, the 

“Winklerian” discrete approach and the continuum approach, have been rigorously 

adopted to formulate subgrade models in the soil-structure interaction problem (Horvath 

1983; Horvath 1995; Banavalkar 1995). The tactics of each approach along with multiple 

proposed improvements will be thoroughly discussed herein. Tables summarizing the 

advantages and disadvantages of each subgrade model/approach that limit their wide-scale 

implementation in routine design practices are presented in section 2.6.  

Winkler (1867) represented the deforming soil body by a series of independent elastic 

springs and characterized their stiffness by a modulus of subgrade reaction (ks). The 

modulus of subgrade reaction is equal to the ratio of the reaction pressure that the soil 

under the foundation develops over the relevant/associated deformation. It is generally 

defined as: 

𝑘𝑠 =  
𝑝

∆
                                                                     (𝐸𝑞. 3)                                                                  

where (p) is the unit pressure applied by the superstructure and  (∆) is the settlement of the 

foundation.  

The main disadvantage of this rather simple spring approach is the assumed decoupled 

behavior which deviates from the reality of a soil mass continuum. Nevertheless, its 

simplicity led researchers to present multiple perspectives on the evaluation of this uniform 

ks value.  
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Terzaghi (1955) discussed the factors that affect the modulus of subgrade reaction and 

proposed a set of equations to evaluate the ks value for footings supported by cohesionless 

sand and stiff clay. A load-settlement test is first conducted to evaluate (𝑘0.3) which is the 

measured modulus of subgrade reaction for a 0.3 x 0.3 m square plate or a circular plate 

with a diameter equal to 0.3 m. The desired modulus of subgrade reaction (k) is then 

obtained by adjusting (𝑘0.3) for the footing’s dimensions (Equations 4 to 7). Terzaghi’s 

equations can be roughly used as an approximation in preliminary stages of mat foundation 

design. It must be noted that the applicability of plate load tests is highly questionable as 

a loaded plate would not cause stresses in deeper soil layers as a large shallow foundation 

would.  

For cohesive soils: 

𝑘 =  𝑘0.3 (
0.3

𝐵
)                                                          (𝐸𝑞. 4) 

For cohesionless soils: 

𝑘 =  𝑘0.3 (
𝐵 + 0.3

2𝐵
)

2

                                                      (𝐸𝑞. 5) 

To account for depth: 

𝑘 =  𝑘0.3 (
𝐵 + 0.3

2𝐵
)

2

(
0.3 + 2𝐷

𝐵
) ≤ 2𝑘0.3 (

𝐵 + 0.3

2𝐵
)

2

                      (𝐸𝑞. 6) 

For rectangular footings laying on cohesionless soils: 

𝑘𝐿×𝐵 = 𝑘 (
1 +

𝐵
2𝐿

1.5
)                                                    (𝐸𝑞. 7) 
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where L, B and D are the length, width and the depth of the footing respectively.  

Das (1999) presented a rough estimation of k0.3 values based on soil type and 

density/stiffness. Typical values for sand and clay are shown in Table 1.  

Table 1: Approximate values of k0.3 for different soil types and density 

Soil Type Soil Density k0.3 (t/m
3) 

Dry/Moist Sand 

Loose 

Medium 

Dense 

800 to 2500 

2500 to 12500 

12500 to 37500 

Saturated Sand 

Loose 

Medium 

Dense 

1000 to 1500 

3500 to 4000 

13000 to 15000 

Clay 

Stiff 

Very Stiff 

Hard 

1200 to 2500 

2500 to 5000 

>5000 

 

Vesic (1961) studied infinitely long beams subjected to concentrated loading. He 

characterized the subgrade as homogenous, isotropic and elastic half-space. It was 

concluded that the ratios of pressure-to-deflection remain constant if the beam is of 

sufficient length. Vesic (1961) equated the maximum bending moment in the beam with 

that computed for an identical beam supported by elastic springs and arrived at the 

following equation: 

𝑘𝑏 = 0.65 √
𝐸𝑏2

𝐸𝑏𝐼

12 𝐸

1 − 𝑣2
                                                  (𝐸𝑞. 8) 
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where b is the beam’s width; E is the Young’s Modulus; v is Poisson’s ratio; 𝐸𝑏𝐼 is the 

elastic stiffness of the beam.  

Vesic (1961) highlighted that the value of the subgrade reaction is influenced by the 

stiffness of the structural member resting on the subgrade. He concluded that analyzing a 

beam of infinite length resting on Winkler’s springs results in overestimated bending 

moments and underestimated contact pressures and deflections. It is important to mention 

that Vesic’s model follows a simplistic approach as well. Modelling the soil as a 

homogenous elastic half space with a uniform modulus of elasticity is not accurate, and 

that caused researchers and designers to question the validity of his proposed values of ks. 

Bowles (1982) correlated the modulus of subgrade reaction and the allowable bearing 

capacity of a mat foundation as follows: 

𝑘 = 40 × 𝐹𝑆 × 𝑞𝑎𝑙𝑙                                                    (𝐸𝑞. 9) 

where (FS) is the factor of safety and (𝑞𝑎𝑙𝑙) is the allowable bearing capacity.  

It was considered that (𝑞𝑎𝑙𝑙) is valid for a FS = 3 and a foundation settlement of 25.4 mm. 

An adjustment of the factor (40) to higher values such as 50, 83 and 160 was proposed for 

an estimated settlement of 20, 12 and 6 mm respectively. Although this is a conservative 

assumption, lower displacement values can be alternatively designed for.  

2.2 Winklerian Discrete Approach 

The proposed equations listed in section 2.1 show the many attempts that have been done 

to evaluate the singular coefficient of subgrade reaction. Presented next are enhanced 

renditions of Winkler’s original model that focused on introducing additional parameters 
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to aid in modeling the coupling effect among soil springs. Their main disadvantage lies in 

their applicability in real design cases.  

 

Figure 5: “Winklerian” discrete subgrade models: (a) Filonenko-Borodich (1940); (b) Hatenyi (1950); (c) Pasternak 

(1954); (d) Kerr (1964); (e) Horvath (1993).     

 

Filonenko-Borodich (1940) accounted for spring coupling in the original Winkler model 

by adding a new parameter to the stiffness of the elastic springs. This new parameter 

simulates the coupling effect of individual springs without extensively complicating the 

mathematical formulation and the corresponding analytical solutions. In order to fairly 

represent the continuity that exists among Winkler springs, a thin elastic layer is imposed 

on top of the springs as shown in Figure 5(a). 
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A tension force (T) is applied along the new membrane to account for the deformation’s 

continuity. Presented below are the governing equations of this model with two distinct 

expressions for rectangular/circular footings and strip foundations.  

Rectangular or circular footings: 

𝑝 = 𝑘𝑤 − 𝑇∇2𝑤                                                         (𝐸𝑞. 10) 

Strip foundations: 

𝑝 = 𝑘𝑤 − 𝑇
𝑑2𝑤

𝑑𝑥2
                                                       (𝐸𝑞. 11) 

 

where ∇2= 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 𝑜𝑝𝑒𝑟𝑡𝑜𝑟 ≡  
𝑑2

𝑑𝑥2 +
𝑑2

𝑑𝑦2  and (T) is the tensile force. 

Hatenyi (1950) proposed an enhanced version of the previously developed models. Figure 

5(b) shows a physical illustration of the problem. An elastic beam/plate with defined 

flexural rigidity connects the top of the springs to account for the independent spring’s 

interaction. This plate is assumed to undergo flexural deformations only. The interaction 

among the soil springs is characterized by the flexural rigidity of the imposed beam. The 

general equation governing the stress-deformation response is as follows: 

𝑝 = 𝑘𝑤 − 𝐷∇4𝑤                                                        (𝐸𝑞. 12) 

𝐷 =  
𝐸𝑃ℎ𝑝

3

12(1 − 𝜇𝑝)
2                                                      (𝐸𝑞. 13) 

∇4 ≡  
𝑑2

𝑑𝑥2
+

𝑑2

𝑑𝑦2
+ 2

𝑑4

𝑑𝑥2𝑑𝑦2
                                    (𝐸𝑞. 14)  
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where (p) is the reaction pressure at the base of the plat; (𝐸𝑃) is Young’s modulus; (𝜇𝑝) 

is Poisson’s ratio and (hp) is the defined thickness of the plate.  

Pasternak (1954) proposed another rendition of Winkler’s original model to capture the 

deformation continuity among soil springs. A thin shear layer of defined thickness and 

shear modulus (G) is imposed on top of the springs as show in Figure 5(c). This plate is 

assumed to undergo transverse shear deformations only. 

The model’s governing equation is as follows: 

𝑝 = 𝑘𝑤 − 𝐺𝑝

𝑑2𝑤

𝑑𝑥2
                                                   (𝐸𝑞. 15) 

𝐺𝑝 =  𝐺𝑠 × 𝐻                                                            (𝐸𝑞. 16) 

where (𝐺𝑠) is the spring’s shear stiffness; (H) is the thickness of the modeled soil layer; 

(𝐺𝑝) characterizes the shear interaction among the soil springs.  

Kerr (1964) added a shear layer to Winkler’s foundation system as shown in Figure 5(d). 

It is assumed that the axial stiffness of the springs on both sides of the shear layer are 

different.  

The governing equation is as follows: 

(1 +
𝑘2

𝑘1
) 𝑝 =  

𝐺

𝑘1
∇2𝑝 + 𝑘2𝑤 − 𝐺∇2𝑤                            (𝐸𝑞. 17) 

where (𝑘1) and (𝑘2) are the axial stiffnesses of the springs in the first and second layers 

respectively, and (w) is the deflection of the first layer only.  
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Horvath (1993) attempted to solve the classical problem of beams/plate resting on an 

elastic subgrade to come up with a new subgrade model (Figure 5(e)). The governing 

equation of this model is presented below (Eq. 18). The resulting equation resembles the 

one governing the load-deformation response of a beam-column subjected to axial tension 

with a constant value (𝐶𝑝2) and resting on mutually independent springs with stiffness 

(𝐶𝑝1). The continuity among soil springs is thus maintained through the constant (𝐶𝑝2). 

𝑞(𝑥) =  𝐸𝑏𝐼𝑏

𝑑4𝑤(𝑥)

𝑑𝑥4
− 𝐶𝑝2

𝑑2𝑤(𝑥)

𝑑𝑥2
+ 𝐶𝑝1𝑤(𝑥)                           (𝐸𝑞. 18) 

where (𝐸𝑏𝐼𝑏) is the flexural stiffness of the shear layer, and it is generally assumed 

constant; (w) is the deflection and (q) is the sustained pressure at the base of the mat. 

For a homogenous and isotropic subgrade layer the constants (𝐶𝑝1 𝑎𝑛𝑑 𝐶𝑝2) can be 

expressed as the following: 

𝐶𝑝1 =
𝐸

𝐻
                                                                 (𝐸𝑞. 19)  

𝐶𝑝2 =
𝐺𝐻

2
                                                                 (𝐸𝑞. 20) 

where (E) is Young’s modulus; (G) is the shear modulus; (H) is the depth taken from the 

plate to the rigid base layer.  

2.3 Continuum Approach 

Describing the underlaying soil/rock as an elastic continuum is another approach 

implemented to model the load-deformation response of the subgrade (Harr 1966; Fletcher 

1971). In an elastic model, the stress is fully dependent on the strain, and it is not 



25 
 

influenced by the strain history. The soil response is idealized as a linear elastic continuum 

where the deformations are considered elastic and revocable. The soil mass constitutes a 

group of particles held together by inter-granular forces. In soil mechanics, the collection 

of discrete particles is generally dealt with as a whole body with defined boundary 

conditions and loaded areas (Harr 1966). Therefore, it was deemed logical to apply the 

basics of continuum mechanics to fairly represent the soil mass (Harr 1966; Fletcher 1971).  

In a typical continuum idealization, the subgrade is considered semi-infinite, homogenous 

and isotropic (Harr 1966). Some of the advantages of this approach lie in the possibility of 

gaining more insights on the load-response properties of the subgrade in addition to the 

simplicity associated with defining some input parameters such as Young’s modulus and 

Poisson’s ratio (Fletcher 1971; Dutta and Roy 2002).  

Vlasov (1949) developed a foundation model based on the continuum idealization of the 

subgrade. He introduced some restraints on the potential deflection of the elastic subgrade. 

Based on the proposed model, the vertical deformation is denoted as:  

𝑤(𝑥, 𝑧) = 𝑤(𝑥) × 𝑤(𝑧)                                             (𝐸𝑞. 21) 

where h(z) represents a description function of the change of the deformation with depth.  

For a soil layer with defined thickness, Vlasov mentioned that h(z) can linearly decrease 

with depth. Horizontal deformations are considered negligible throughout the entire soil 

layer. The load-deformation response function for this model is as follows: 

𝑝 = 𝑘𝑤 − 2𝑡
𝑑2𝑤

𝑑𝑥2
                                                   (𝐸𝑞. 22) 
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𝑘 =
𝐸0

(1 − 𝑣0)2
∫ (

𝑑ℎ

𝑑𝑧
)2𝑑𝑧                                       (𝐸𝑞. 23)

𝐻

0

 

𝑇 =
𝐸0

4(1 − 𝑣0)
∫ ℎ2𝑑𝑧                                          (𝐸𝑞. 24)

𝐻

0

 

𝐸0 =
𝐸

(1 − 𝑣0)2
                                                 (𝐸𝑞. 25) 

𝑣0 = 𝑣(1 − 𝑣)                                                  (𝐸𝑞. 26) 

where (E) is Young’s modulus, (v) is Poisson’s ratio and (H) is the thickness of the soil 

layer. 

Reissner (1958) attempted to retain the mathematical simplifications in Winkler’s model 

by neglecting body forces that ensure compatibility among body stresses and 

deformations. He introduced a foundation layer beneath the modeled slab along which the 

in-plane stresses are negligible and the horizontal deformations on the top and bottom 

surfaces of this layer are zero.  

The pressure-deformation equation governing this model is presented below: 

𝐶1𝑤 − 𝐶2∇2𝑤 = 𝑝 −
𝐶2

4𝐶1
∇2𝑝                                         (𝐸𝑞. 27) 

𝐶1 =
𝐸

𝐻
                                                               (𝐸𝑞. 28) 

𝐶2 =
𝐻𝐺

3
                                                           (𝐸𝑞. 29) 

where (E and G) are Young’s and shear moduli of the elastic subgrade, and (H) is the 

thickness of soil layer.  
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Horvath (1983) provided a solution of Reissner simplified continuum (RSC) for the cases 

where Young’s modulus is not constant with depth. He considered the RSC model as a fair 

compromise between mathematical accuracy and practicality especially that it showed a 

good agreement with exact analytical solutions derived from the theory of elasticity. 

Horvath (1983) confirmed that the finite difference method can be utilized to easily solve 

the governing equation of the RSC model. 

2.4 Pseudo-Coupled Approach 

Bowles (1982) and the ACI Committee 336 (1988) introduced the Pseudo-Coupled 

Concept in an effort to maintain the simplicity of Winkler’s approach yet come up with a 

more accurate representation of the subgrade behavior. This approach is based on varying 

the modulus of subgrade reaction under a loaded mat as an approximation of the coupling 

effect without mathematically doing so (Horvath 1995). Consequently, ordinary structural 

design software could be used. Nonetheless, a standard pattern for the variation of the ks 

values at the base of the mat has not been established yet. In fact, different versions of the 

Pseudo-Coupled method have been proposed. One of the versions entail gradually 

increasing the modulus of subgrade reaction from the center towards the edges to attain 

the same ratio of 2 between the subgrade modulus at the center and at the edge (Bowles 

1982; ACI Committee 336 1988). This enhanced method is yet flawed as it is primarily 

based on the judgement of the designer how to distribute the ks values across the 

foundation. 

Banavalkar and Ulrich (1984) and Ulrich (1991) proposed a more elaborate version of the 

Pseudo-Coupled approach called the Discrete Area Method. It is considered necessary for 
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the determination of the value of the modulus of subgrade reaction at different locations 

along the mat, and that is important to reflect the true behavior of the mat foundation 

(Banavalkar & Ulrich 1984; Ulrich 1991; Horvilleur & Patel 1995; Horvath 1995). The 

proposed method involves an iterative procedure performed between the structural and 

geotechnical engineers. It starts with a pressure distribution at the base of the mat 

foundation computed by the structural engineer using the geotechnical engineer’s best 

estimate of the modulus of subgrade reaction. This is followed by the calculation of the 

settlement at each node by the geotechnical engineer using the best representative model 

for soil/rock behavior. Then, the modulus of subgrade reaction is simply deduced, and the 

structural analysis is repeated based on the newly generated set of ks values. This iteration 

is repeated until convergence is reached between the deformation profile obtained by the 

structural engineer for the mat foundation and the one predicted by the geotechnical 

engineer for the subgrade. After convergence is achieved, a set of ks values varying across 

the footprint of the mat foundation are produced. In order to properly capture the dishing 

effect, smaller ks values are assigned for elements located at the center of the mat, and 

those values keep increasing as we approach the edges of the foundation (Fig. 6). 
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Figure 6: ks distribution 

  

Ulrich (1991) presented case studies for four mat-supported high-rise buildings in 

Houston, Texas. The buildings analyzed were the 52-storey ENRON Building supported 

by a 91 x 47 m mat foundation, the 64-storey Transco Tower resting on a 70 m square mat, 

the 75-storey Texas Commerce Tower with 49 m square mat and the 56-storey First 

Republic Bank Center supported by 90 x 45 m mat. The predicted long-term settlements 

were calculated for each building after implementing the Discrete Area Method to obtain 

the contact bearing pressures at the base of each mat foundation. The predicted settlements 

were compared to the observed settlements after construction and loading. In most cases, 

the measured settlements were less than those predicted, and that is mainly because the 

predicted settlements were calculated for long-term conditions. Nonetheless, the Discrete 

Area Method successfully predicted the general mat settlement profiles especially the 

exact locations of mat dishing and tilting which control the resulting differential 

settlements and bending moments. 
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2.5 Recent Developments  

Liao (1995) formulated the Modified Beam on Elastic Foundation Method for the 

structural design of mat foundations. Based on this method, the soil is modeled as 2D linear 

elastic plane strain elements (Liao 1995). A finite element analysis was conducted to 

establish a realistic distribution of ks values under the beam elements while considering 

the elastic properties and the geometry of the mat in addition to different loading 

configurations (Liao 1995). It was proven that the value of ks at different locations is highly 

sensitive to the modulus of elasticity of the subgrade, the stiffness of the beam and the 

loading conditions. Liao (1995) factored those conditions into design charts and tables that 

can be utilized to estimate the value of ks for relatively rigid slabs only. 

Daloglu and Vallabhan (2000) attempted to improve Winkler’s model by proposing a 

method to estimate an equivalent value of the modulus of subgrade reaction (k). Assuming 

a constant value of Poisson’s ratio and knowing the soil and geometrical properties of the 

investigated system, charts were developed to estimate the value of (k). The proposed 

method involved calculating the value of (k) and the maximum displacement using 

Vlasov’s model for a slab that is concentrically loaded at the center. The obtained value of 

(k) was used to analyze the same slab based on Winkler’s model and the maximum 

displacement was determined. An equivalent (k) value was estimated using the ratio of the 

two maximum displacements previously determined from the two distinct models. The 

process was repeated until convergence of the calculated maximum displacements from 

the two models was achieved. The study highlighted that no bending moments or 

differential settlements were observed if a uniform modulus of subgrade reaction was 

implemented. To overcome that, a much higher (k) must be assumed. It was also noted 
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that the value of (k) was significantly impacted by the defined depth of the investigated 

subgrade.   

Worku (2009) assessed a new formulation of Winkler’s original model by considering all 

the normal stress components and dropping the shear stress components in the stress 

tensor. The proposed model compensates for the change of Young’s modulus with depth, 

however, there is a need to specify the correlation governing the change of horizontal 

normal stresses with the vertical stresses. The resulting stiffnesses of Winkler’s springs 

were significantly greater than those generated from similar Winkler-type models. 

Wang et al. (2009) implemented the finite element method to analyze the design of mat 

foundation supporting a high-rise building. This method was considered practical as it 

accounted for the stiffness of the superstructure and the underlaying subgrade. The 

analysis was conducted using two approaches. The compound effect of the raft and soil 

stiffnesses was only considered in the first approach while the superstructure’s stiffness 

was also incorporated in the second. The results showed that a more uniformly distributed 

soil bearing pressures were observed following the second approach with a significant 

decrease in the maximum and minimum bearing pressures. The authors concluded that this 

could cause a considerable drop in the required steel reinforcements.  

Horvath and Colasanti (2010) developed the modified Kerr-Reissner (MK-R) model. The 

 MK-R is a hybrid model that accounts for coupling and interaction among soil springs 

while retaining a sort of simplicity to be easily incorporated in routine design practices. 

The hybrid model was developed after equating the coefficients of a mechanical model 

(the modified Kerr/Horvath-Colasanti model) and a continuum model (Reissner simplified 
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continuum) having the same form. The governing equation of this hybrid model is shown 

below: 

𝑝 − (
𝑇

𝑘𝑢+𝑘1
) ∇2𝑝 = (

𝑘𝑢𝑘1

𝑘𝑢+𝑘1
) 𝑊 − (

𝑇𝑘𝑢

𝑘𝑢+𝑘1
) ∇2𝑊                   (𝐸𝑞. 30) 

The resulting parameters of the MK-R model for a smooth and rough plate-subgrade 

contact surface are presented below: 

 Smooth plate-subgrade interface: 

𝑘𝑢 =
4𝐸

𝐻
                                                              (𝐸𝑞. 31) 

 𝑘1 =
4𝐸

3𝐻
                                                              (𝐸𝑞. 32) 

𝑇 =
4𝐺𝐻

9
                                                             (𝐸𝑞. 33) 

Rough plate-subgrade interface: 

𝑘𝑢 =
𝐸(4𝐻 − 3𝑡)

𝐻2
                                                    (𝐸𝑞. 34)  

 𝑘1 =
𝐸

3𝐻
(

4𝐻 − 3𝑡

𝐻 − 𝑡
)                                                 (𝐸𝑞. 35) 

 𝑇 =
𝐺𝐻

12
[(

4𝐻 − 3𝑡

𝐻
) + (

4𝐻 − 3𝑡

3𝐻 − 3𝑡
)]                              (𝐸𝑞. 36) 

where (E) is the soil’s Young modulus, (G) is the shear modulus, (H) is the thickness of 

the soil layer; (t) is the thickness of the elastic plate. 

As explained by Horvath and Colasanti (2010), the new MK-R model overcomes the 

disadvantages associated with both the discrete and continuum models. Nonetheless, the 
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coefficients of the proposed model cannot be computed unless the investigated subgrade 

is idealized as one isotropic and elastic layer with defined thickness and uniform elastic 

and shearing properties. 

Hasan (2011) performed a parametric study to evaluate the extent of influence different 

soil and structure characteristics have on the behavior of mat foundations. The thickness 

of the foundation, subgrade modulus and column spacing were among the investigated 

parameters. The analysis was carried out using the finite element software SAFE with a 

rigid structure subjected to lateral and vertical loads and supported by Winkler-type 

subgrade. The study concluded that an increase in the foundation’s thickness results in 

smaller deflections at the center and corners and higher deflections at the middle of the 

interior panels. In addition to that, as the subgrade modulus increased, a non-linear 

decrease in the mat’s deflections at all critical locations was observed. 

Dey et al. (2011) evaluated the distribution of soil reaction pressures at the base of a footing 

supported by a multi-layered subgrade. The subgrade was idealized as an elastic Winkler 

medium, and the impact of the confining pressure at the base of the foundation on the 

distribution of the modulus of subgrade reaction was analyzed. The finite difference 

method (FDM) was utilized to solve the differential equations governing the flexural 

behavior of the footing. The results indicated that the variation of the subgrade modulus 

and consequently the generated contact pressures are highly affected by the type of 

loading. The study also confirmed that Winkler’s spring stiffness varies along the footprint 

of the foundation. A deviation of 50% in the footing’s flexural response was obtained after 

conducting a comparative analysis assuming a uniform versus variable modulus of 

subgrade reaction. The outcomes of this study highlight the significant impact of the 
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variability of the subgrade coefficient on the flexural response of the mat which governs 

the design of the final steel layout.   

Showdhary (2012) analyzed the mat foundation as an inverted flat slab loaded by an 

approximate uniform distribution of the soil bearing pressure. It was assumed that the full 

contact between the base of the mat and the subgrade is attained. The analysis was 

performed using multiple uniform values of the modulus of subgrade reaction. The 

generated bending moments and deflections were shown to be in close agreement with 

those resulting from a detailed finite element analysis. The increase in the modulus of 

subgrade reaction yielded a 20% increase in the observed maximum bending moments. 

Lee et al. (2015) evaluated a new analytical model that takes into consideration the 

coupling effect and shear interaction among Winkler’s soil springs. A 3D numerical-based 

study was conducted to analyze the deflection patterns of a flexible raft supporting vertical 

loads only. Flat shell elements with torsional degrees of freedom were used to capture the 

flexibility of the raft. To model the soil-structure interaction, Pasternak’s model, which 

accounts for the spring’s shear interaction, was incorporated. This method fairly 

represented the behavior of a flexible raft foundation as the generated settlements were 

slightly larger than field measurements. The level of accuracy and sophistication was 

considered intermediate when compared to the simple Winkler’s model and the more 

advanced 3D finite element analysis.   

Loukidis and Tamiolakis (2017) expanded on Liao’s work in 1995 by performing a 3D 

finite element analysis on mats resting on an elastic subgrade to generate the proper set of 

ks values. The soil is represented by a volume of 3D continuum elements rather than elastic 

springs. A wide range of design parameters were considered including various loading 
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conditions, soil’s elasticity up to 100 MPa, mat dimensions and Poisson’s ratio. Loukidis 

and Tamiolakis (2017) found that the modulus of subgrade reaction is generally constant 

for 60% of the foundation’s footprint, and it sharply increases approaching the corners. It 

was also concluded that the implementation of a uniform ks leads to an underestimation of 

the peak positive moments and an over estimation of the peak negative moments. Although 

this method has a lot of advantages as it automatically considers coupling and mat-soil 

interaction, the implementation of such complex models in routine structural design 

software remains a challenge (Loukidis & Tamiolakis 2017). 

Balabusic et al. (2019) analyzed the design of beams resting on Winkler-type medium with 

a defined modulus of subgrade reaction (k) from a different perspective. A force zone (r) 

was defined under the loading points, and a subgrade modulus (k1) was used for that zone. 

The value of (k1) extends to locations at which the minimum bending moments were 

anticipated. A value (k2), less than (k1), was implemented for unloaded zones, and it was 

obtained by defining an exponential function (k2(r)). The geometrical location of the 

minimum bending moment along with the function (k2(r)) were first approximated, and 

the width of zone (r) and (k2) were then determined. The study included a numerical 

example showing the influence of implementing (k1) and (k2), and it was concluded that a 

reduction in the required steel reinforcement can be achieved.  
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2.6 Overview of Subgrade Models/Design Approaches 

For the Winklerian discrete approach, the accounting about the main components of 

Winkler’s model followed by the several “improved” versions done to overcome some of 

the inherent perplexities in the original model, highlight the fact that new levels of 

complexity lie in the appropriate quantification of the introduced parameters and the extent 

to which these models can be incorporated in commercially available software. On the 

other hand, the idealization of the soil mass as a continuum comes with mathematical 

sophistication if soil anisotropy or soil layering are to be accounted for, and that makes the 

proposed models computationally demanding and challenging to be implemented in 

routine design practices (Dutta and Roy 2002). Presented in Table 2 is a summary of the 

main advantages and disadvantages of each subgrade model previously discussed in 

sections 2.2 and 2.3. 

Table 3 presents a summary of the more recent subgrade modeling approaches discussed 

in section 2.5. The following summary highlights whether the influence of adopting such 

models on the resulting design of steel reinforcement is investigated or not. 

 

  



37 
 

Table 2: Summary of subgrade models 

Subgrade Model/Authors Advantages Disadvantages 

 

 

 

 

 

 

 

 

 

 

 

 

Winklerian Discrete Models 

Filonenko-Borodich 

(1940) 

Accounts for 

continuity among 

soil springs 

Difficulty in estimating a 

representative value of (T) 

Hatenyi (1950) 

Accounts for 

continuity among 

soil springs 

The incorporated elastic beam 

undergoes flexural deformations 

only 

Pasternak (1954) 

Accounts for 

continuity among 

soil springs 

The incorporated beam undergoes 

transverse deformations only 

Kerr (1964) 

Accounts for 

continuity among 

soil springs 

Resulting stresses are higher than 

the actual ones 

Horvath (1993) 

Accounts for 

continuity among 

soil springs 

The introduction of a non-realistic 

shear force renders the model 

inaccurate 

Elastic Continuum Models 

Vlasov (1949) 

Offers a more 

realistic 

idealization of the 

subgrade 

Restrictions are imposed on 

possible deformations 

Reissner (1958) 

Offers a more 

realistic 

idealization of the 

subgrade 

Resulting stresses are higher than 

the actual ones  
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Table 3: Summary of subgrade modeling approaches 

Modeling 

Approach/Authors 
Advantages Disadvantages 

Effect on Steel 

Reinforcement 

Liao (1995) A variable profile of ks 

values can be obtained 

 

Applicable for rigid slabs 

only 

 

Not investigated 

Daloglu and Vallabhan 

(2000) 

Offers an enhanced 

formulation of Winkler’s 

original model 

 

Complex derivation process 

of ks values 

 

Doesn’t apply for varying 

soil conditions 

Not investigated 

Worku (2009) 

Offers an enhanced 

formulation of Winkler’s 

original model 

 

Accounts for the change of 

(E) with depth 

Results in overestimated ks 

values 

 

Doesn’t present a general 

framework through which 

design software can be used 

Not investigated 

Wang et al. (2009) 
Accounts for the stiffness 

of the superstructure 

Complicated mathematical 

formulation 

Reduction in steel 

reinforcement is 

presented as a possible 

consequence but it is 

not investigated in 

detail 

Horvath and Colasanti 

(2010) 

Eliminates the drawbacks 

of the common discrete 

models 

Complicated mathematical 

formulation 

 

Assumptions must be made 

regarding the introduced 

parameters in case of 

varying soil conditions 

Not investigated 

Showdhary (2012) 

The results are in close 

agreement with that of a 

detailed finite element 

analysis 

The method becomes 

impractical in case of 

complex geometry 

 

An approximate uniform 

bearing pressure must be 

assumed 

A reduction in 

maximum bending 

moments is reported 

but not steel 

reinforcement 

Lee et al. (2015) 

Reflects a more realistic 

behavior of flexible 

foundations in terms of 

settlement 

Complicated mathematical 

formulation 
Not investigated 

Loukidis and Tamiolakis 

(2017) 

Considers coupling and 

mat-soil interaction 

 

The subgrade is idealized 

as a 3D continuum 

 

Sophisticated software 

implementation 

A reduction in 

maximum bending 

moments is reported 

but not steel 

reinforcement 

Balabusic et al. (2019) 
Model is based on varying 

ks values 

Assumptions must be made 

regarding the location at 

which the minimum bending 

moment occurs 

Reduction in steel 

reinforcement is 

presented as a possible 

consequence but it is 

not investigated in 

detail 
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2.7 Literature Gap 

The Discrete Area Method is considered the “Ultimate Pseudo-Coupled Method” and it 

was shown to provide a close agreement between the predicted and actual settlements in 

the case studies presented by Ulrich (1991). Nevertheless, an elaborate overview of the 

literature shows a lack of a comprehensive study evaluating the impact of implementing 

the Discrete Area Method on the design of mat foundations especially in regard to potential 

steel savings. From an economic perspective, steel savings become significantly important 

in the case of massive mat foundations supporting high-rise buildings.  

It was also revealed that a detailed methodology through which the Discrete Area Method 

could be adopted utilizing currently employed design software has not been proposed. 

Therefore, there is a need for a comprehensive parametric study to evaluate the influence 

of adopting the complete spatial variability of the modulus of subgrade reaction on the 

design outcomes of large mat foundations. This can be achieved by tackling the impact of 

multiple design parameters such as loading magnitude, the subgrade’s modulus of 

elasticity and mat geometry. 
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Chapter Three 

 

Methodology 

3.1  General 

The steps described in the ACI’s special publication (SP 152) for the Discrete Area 

Method are adopted in this work (Horvilleur & Patel 1995; Horvath 1995). Two 

commercially available software are used to conduct the analysis. SAFE (CSI 2016) is 

used to obtain the soil reaction pressure resulting from the applied loading. Settle3 

(Rocscience 2009) is used to obtain the settlement profile and the corresponding modulus 

of subgrade reaction due to the mat base pressures obtained from SAFE. 

3.2  SAFE 

SAFE is a finite element software that is used to calculate the shear forces and moments 

of the concrete mat foundation. It can be also utilized to get the distribution of the soil 

pressure acting on the base of the mat. The mat is modeled as a 2D dimensional thick slab 

element supported on discrete elastic springs defined by the modulus of subgrade reaction. 

A thick-plate formulation is used to account for shear deformations because large span to 

thickness ratios are anticipated (CSI 2016). This formulation is also important for regions 

where a concentration of bending stress occurs especially at column locations. 

A mesh convergence analysis is first performed in which the size of the square mesh 

elements ranged from 0.25 to 2.5 m. This analysis is performed for each mat size before 

the initiation of the iterative procedure. The mesh size is deemed suitable whenever 
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performing any analysis with finer mesh sizes produces negligible changes in the bending 

moment, shear forces and steel reinforcements.  

The advanced iterative procedure is based on dividing the mat-subgrade contact area into 

small rectangular areas where the contact pressure can be practically considered constant 

(Horvilleur & Patel 1995). Each rectangular element is later assigned a different modulus 

of subgrade reaction. 

3.3  Settle3 

In this study, an analytical settlement design method is adopted using Settle3 (Rocscience 

2009). Settle3 is a three-dimensional software that computes immediate and long-term 

settlements under surface loads such as structural foundations and embankments 

(Rocscience 2009). Complex soil profiles and loading conditions can be created using this 

software. Settle3 allows for inserting 3-dimensional load distribution, while vertical 

settlements are calculated in one dimension assuming that only vertical settlements can 

occur. Strains at each element are calculated from the 1D modulus and effective stresses 

which in turn are obtained using the Boussinesq method in a homogeneous, semi-infinite 

half space (Rocscience 2009). The soil is modeled with a layer thickness that is at least 

two times the mat width. Immediate settlement is addressed in this study without 

consideration of water effect (long term deformation, pore water pressure).  

3.4  Iterative Process 

The new tool in Settle3 is used to automate the iterative analysis. The soil reaction pressure 

at the base of the foundation generated by SAFE is introduced as a flexible load in the 

Settle3 model. Then, the immediate settlement at the middle of each previously defined 
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element is calculated, and the modulus of subgrade reaction (ks) is deduced by dividing 

the pressure by the resulting settlement. The set of ks values is then generated and 

conveyed to the SAFE model for the next iteration. This iterative process continues until 

the settlement profiles from SAFE and Settle3 converge. 

A sample convergence is illustrated in Figures 7 and 8 for the mat where the span length 

is 15 m, number of spans is 3, Q = 12000 kN and E = 2000 MPa. The final settlement 

profiles from SAFE (Fig. 7) and Settle3 (Fig. 8) are almost identical. 

 

Figure 7:Settlement profile obtained from SAFE after finalizing the iterative process. 
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Figure 8:Settlement profile obtained from Settle3 after finalizing the iterative process. 

 

3.5  Uniform Modulus of Subgrade Reaction 

The generated design outcomes after the implementation of a variable ks are then 

compared to those of three cases (A, B and C) in which each foundation is modeled with 

uniform ks values. 

In case (A), the uniform ks value is chosen as the weighted average of the first generated 

set of the variable ks values, and it is calculated based on equation 37. 

𝑊𝑒𝑖𝑔ℎ𝑡𝑒𝑑 𝐴𝑣𝑒𝑟𝑎𝑔𝑒 =  
∑ 𝑘𝑠𝑖 × 𝑤𝑖

𝑁
1

∑ 𝑤𝑖
𝑁
1

                           (𝐸𝑞. 37) 

(wi) is the weight of each ks value, and it is calculated as the frequency of occurrence of 

the distinct ks value across the entire shallow foundation. (N) is the total number of the 

generated ks values. 
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In case (B), the uniform ks value is chosen as the rigid modulus of subgrade reaction kR, 

that can be calculated assuming the foundation is infinitely rigid using equations 38 and 

39 (Fraser & Wardle 1976, Holtz 1991). 

 

𝑘𝑅 =
𝐸

𝐶𝑓𝐵(1−𝑣𝑠
2)

                                            (𝐸𝑞. 38)                                       

 

𝐶𝑓 =
0.85 (

𝐿

𝐵
)0.45

[1+0.1(2+
𝐿

𝐵
)

𝐵

𝐻
]
1+𝑒5𝑣𝑠

3                                  (𝐸𝑞. 39)                                

 

where E is the soil’s Young Modulus; B and L are the width and length of the mat 

respectively; vs is the subgrade’s Poisson’s ratio; H is the height of the soil layer beneath 

the mat and Cf is a correction factor. 

In case (C), the uniform ks value is chosen as the simplest value of modulus of subgrade 

reaction obtained as the ratio of the average uniform distributed load on the foundation 

divided by the maximum settlement, as shown in equation 40. 

 

𝑘𝑠 =
𝑞𝑎𝑣𝑒𝑟𝑎𝑔𝑒

∆𝑚𝑎𝑥
                                                (𝐸𝑞. 40)                                      

 

where qaverage is the sum of all column loads divided by the total mat area and Δmax is the 

maximum observed settlement.  
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3.6  Steel Reinforcement Analysis 

The focus of this research work is on the potential steel savings resulting from adopting 

the correct spatial variability of the modulus of subgrade reaction in the mat foundation 

design. The critical areas of top and bottom steel reinforcement are determined using 

SAFE, and that is done for each mat designed with multiple ks values. 

The resulting percentages of top and bottom steel reinforcement differences are calculated 

in reference to the same foundation designed with a uniform modulus of subgrade reaction 

ks according to equation 41.  

(𝐴𝑠,𝑚𝑎𝑥)
𝑘𝑠,𝑢𝑛𝑖𝑓𝑜𝑟𝑚

−  (𝐴𝑠,𝑚𝑎𝑥)
𝑘𝑠,𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒

(𝐴𝑠,𝑚𝑎𝑥)
𝑘𝑠,𝑢𝑛𝑖𝑓𝑜𝑟𝑚

× 100                      (𝐸𝑞. 41)                          

  where As,max is the maximum area of steel reinforcement calculated in the models with 

uniform or variable ks values. 

Design strips are drawn over the foundation covering the entire footprint as shown in 

Figure 9. The percentages of steel saving/addition resulting from the implementation of a 

variable ks are shown at the edges and the middle of the critical design strips where the 

maximum required areas of steel reinforcement are observed. The mat at hand is 

symmetrical indicating that the results are the same at both edges. 
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Figure 9: Design strips 

All the calculations are performed while taking into consideration the minimum steel 

reinforcement required by ACI 318-19 (ACI 2019). A value of (0.00%) indicates that both 

areas of the required steel reinforcement, for the uniform and the variable ks cases, fall 

below the required minimum reinforcement. The percentages of steel saving/addition are 

presented and thoroughly discussed in Chapter 4.  

3.7  Parametric Study 

A parametric study is proposed to study the effect of varying the applied column loads, 

the modulus of elasticity of the underlying soil/rock, the span length and number of spans 
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on the steel reinforcement design when the exact and complete spatial variability of the 

modulus of subgrade reaction is adopted. 

The focus of this work is on high rise buildings and towers that would be supported by 

large shallow foundations on soft/strong rock. Therefore, span lengths of 10, 12 and 15 m 

are investigated in this work. For each span length, 3 and 6 spans in each direction are 

modeled.  

The spacing between the columns is kept constant in both directions for all studied cases. 

Two values of vertical loads (Q = 6000 and 12000 kN) are investigated for each mat. This 

load is applied on the columns based on the tributary area served. This is a realistic 

assumption by which the load on the interior columns is exactly Q, the one on the edge 

columns is Q/2, and the load on the corner columns is Q/4.  

For every load/column, the analysis is performed using three values of the modulus of 

elasticity of the soil/rock (E), 100, 1000 and 2000 MPa.  

In this research work, a total of 36 distinct cases, each with a different combination of 

parameters, are thoroughly investigated. The studied parameters are summarized in Table 

4. 

Table 4: Proposed parameters 

Span length (m) 10 12 15 

Number of spans 3 6 

Q (kN) 6000 12000 

E (Mpa) 100 1000 2000 

 



48 
 

In a typical design, the mat foundation acts either as a rigid or as a flexible plate governed 

by its thickness. The thickness is defined for each case based on the punching shear criteria 

at the critical load transferred by the columns of the superstructure. 

It should be also noted that applying a uniform gross pressure on the mat designed with a 

uniform ks results in negligible steel reinforcements as uniform settlement occurs with no 

generated bending moments, therefore column loads are applied instead in this study. 
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Chapter Four 

 

Results and Discussion 

4.1 Variation of Steel Reinforcement 

This chapter discusses the variation of critical areas of steel reinforcement of the same 

foundation designed with a uniform and a variable modulus of subgrade reaction ks. The 

resulting percentages of top and bottom steel reinforcement are presented in Tables 5 

through 10. 

It should be noted that assigning higher loads to the interior columns induces higher 

settlements in the center of the foundation and, thus, leads to the generation of tensile 

stresses at the bottom and compressive stresses on the top of the foundation section. 

Therefore, the maximum bottom areas of steel reinforcement are observed below the 

interior columns. On the other hand, maximum top areas of steel reinforcement are 

observed at the edges of the foundation.  

Figures 10 and 11 show the distribution of the required areas of top and bottom steel 

reinforcement respectively for a specific mat having the following parameters: span 

length: 15 m, number of spans: 3, Q: 6000 kN and E: 100 MPa.  It can be clearly seen that 

the bulk of the required top reinforcement is located along the edges of the foundation 

while that of the bottom reinforcement is witnessed below the central columns. 
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Figure 10: Top steel layout – 3 spans 

 

Figure 11: Bottom steel layout – 3 spans 

The general distribution of steel reinforcement is compatible with foundations modeled 

with 6 spans in each direction. A similar steel layout is observed for the mat having the 
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same span length, Q and E as the one having 3 spans in each direction. The top and bottom 

steel layouts are illustrated in Figures 12 and 13 respectively. 

 

Figure 12: Top steel layout – 6 spans 
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Figure 13:Bottom steel layout – 6 spans 

 

In Tables 5 through 10, the resulting percentages of steel saving/addition are presented for 

the 36 total distinct combinations of input parameters (span length, number of spans, Q 

and E) and for the three uniform moduli of subgrade reaction (cases A, B and C) which 

values are also included. Steel savings are highlighted in green while percentages required 

in addition are highlighted in red.   
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Table 5: Variation of steel reinforcement for span length of 10 m and Q = 6000 kN 

Q = 6000 kN 

(Span Length = 10 m; Number of Spans = 3)   (Span Length = 10 m; Number of Spans = 6) 

  E=100 MPa     E=100 MPa 

    Top Bottom       Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 4528 23.56% 26.83% 1.38% -27.69%   A 2066 15.02% 21.66% -23.75% -8.56% 

B 4802 23.42% 26.42% 1.38% -27.31%   B 2440 14.72% 20.81% -23.08% -8.50% 

C 2089 25.32% 31.54% 1.51% -33.10%   C 1030 16.00% 24.78% -26.03% -8.99% 

  E=1000 MPa     E=1000 MPa 

    Top Bottom       Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 45078 38.90% 4.10% 4.91% 2.53%   A 22160 28.14% 14.51% -0.99% 1.95% 

B 48020 38.45% 3.15% 4.84% 2.49%   B 24404 27.72% 14.39% -0.87% 1.81% 

C 9273 45.38% 21.42% 5.53% 0.17%   C 6526 33.15% 14.82% -4.28% 3.06% 

  E=2000 MPa     E=2000 MPa 

    Top Bottom       Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 93937 32.72% 1.10% 8.68% 11.23%   A 50347 35.76% 12.95% 7.01% 4.64% 

B 96040 32.49% 1.02% 8.62% 11.16%   B 48807 35.96% 13.08% 7.05% 4.71% 

C 11830 44.79% 19.37% 9.89% 11.07%   C 9405 43.02% 15.16% 5.01% 6.88% 
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Table 6: Variation of steel reinforcement for span length of 10 m and Q = 12000 kN 

Q = 12000 kN 

(Span Length = 10 m; Number of Spans = 3)   (Span Length = 10 m; Number of Spans = 6) 

  E=100 MPa     E=100 MPa 

  
Top Bottom   

  
Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 4654 0.00% 0.00% 0.00% -97.91%   A 2367 0.00% 0.00% -82.73% -64.22% 

B 4802 0.00% 0.00% 0.00% -98.40%   B 2440 0.00% 0.00% -82.64% -64.18% 

C 2259 0.00% 0.00% 0.00% -100.3%   C 1053 0.00% 0.00% -84.32% -65.41% 

  E=1000 MPa     E=1000 MPa 

 

 
Top Bottom    

 
Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 41811 0.00% 0.00% 0.00% -30.20%   A 22160 0.00% 0.00% -25.15% -7.09% 

B 48020 0.00% 0.00% 0.00% -30.42%   B 24404 0.00% 0.00% -24.48% -7.05% 

C 10207 0.00% 0.00% 0.00% -41.45%   C 6526 0.00% 0.00% -28.00% -7.59% 

  E=2000 MPa     E=2000 MPa 

  
Top Bottom   

  
Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 83960 0.00% 0.00% 0.00% -15.68%   A 50347 0.00% 0.00% -15.48% -2.23% 

B 96040 0.00% 0.00% 0.00% -16.45%   B 48807 0.00% 0.00% -14.92% -2.27% 

C 13007 0.00% 0.00% 0.00% -33.16%   C 9405 0.00% 0.00% -19.73% -2.50% 
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Table 7:Variation of steel reinforcement for span length of 12 m and Q = 6000 kN 

Q = 6000 kN 

(Span Length = 12 m; Number of Spans = 3)   (Span Length = 12 m; Number of Spans = 6) 

  E=100 MPa     E=100 MPa 

    Top Bottom       Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 3744 22.88% 16.31% 0.00% -30.73%   A 1725 17.55% 14.48% -46.03% -19.31% 

B 4023 22.68% 15.52% 0.00% -30.06%   B 2039 17.21% 13.47% -44.00% -18.78% 

C 1482 24.78% 27.37% 0.00% -41.31%   C 747 18.72% 19.21% -55.39% -22.40% 

  E=1000 MPa     E=1000 MPa 

    Top Bottom       Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 37772 40.73% 8.31% 0.00% 10.46%   A 19563 35.25% 22.00% 3.14% 6.67% 

B 40233 40.34% 8.16% 0.00% 10.21%   B 20392 34.99% 21.84% 3.24% 6.60% 

C 6473 48.75% 11.43% 0.00% 9.46%   C 4604 41.24% 23.38% -5.20% 7.69% 

  E=2000 MPa     E=2000 MPa 

    Top Bottom       Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 74556 35.50% 4.96% 0.00% 22.66%   A 39130 41.25% 18.01% 20.91% 19.16% 

B 80466 34.75% 4.26% 0.00% 22.19%   B 40784 40.86% 17.66% 20.80% 18.97% 

C 8278 48.12% 10.00% 0.00% 25.58%   C 6609 50.30% 23.73% 16.64% 22.51% 
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Table 8:Variation of steel reinforcement for span length of 10 m and Q = 12000 kN 

Q = 12000 kN 

(Span Length = 12 m; Number of Spans = 3)   (Span Length = 12 m; Number of Spans = 6) 

  E=100 MPa     E=100 MPa 

  
Top Bottom   

  
Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 3919 26.34% 23.44% -0.60% -46.44%   A 1749 19.40% 20.70% -86.87% -59.06% 

B 4023 26.27% 23.27% -0.55% -46.22%   B 2039 19.25% 20.00% -85.22% -58.15% 

C 1732 27.59% 27.57% -0.60% -52.87%   C 834 19.84% 23.86% -93.57% -62.32% 

  E=1000 MPa     E=1000 MPa 

 

 
Top Bottom    

 
Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 36515 32.94% 3.95% 2.40% -4.60%   A 17907 26.04% 8.40% -17.36% -1.11% 

B 40233 32.48% 2.76% 2.35% -4.45%   B 20392 25.54% 8.54% -16.34% -1.11% 

C 7339 37.52% 19.06% 2.54% -10.98%   C 5190 28.93% 14.85% -20.08% -3.49% 

  E=2000 MPa     E=2000 MPa 

  
Top Bottom   

  
Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 71377 32.23% 0.00% 5.11% 3.80%   A 38330 35.68% 8.26% -3.17% 6.71% 

B 80466 31.35% 0.00% 5.01% 3.74%   B 40784 35.38% 8.12% -2.92% 6.59% 

C 9141 39.82% 17.36% 5.58% -1.34%   C 7350 40.44% 12.75% -10.53% 6.30% 
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Table 9:Variation of steel reinforcement for span length of 15 m and Q = 6000 kN 

  

Q = 6000 kN 

(Span Length = 15 m; Number of Spans = 3)   (Span Length = 15 m; Number of Spans = 6) 

  E=100 MPa     E=100 MPa 

    Top Bottom       Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 2909 27.90% 12.50% 0.00% -20.40%   A 1380 19.58% 12.71% -20.88% -2.83% 

B 3250 28.14% 11.39% 0.00% -19.80%   B 1636 19.14% 11.68% -20.01% -3.21% 

C 918 30.54% 22.90% 0.00% -31.40%   C 465 21.61% 19.87% -26.32% -1.00% 

  E=1000 MPa     E=1000 MPa 

    Top Bottom       Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 29874 33.60% 0.00% 0.00% 14.10%   A 15699 28.18% 6.87% 6.66% 6.09% 

B 32495 32.80% 0.00% 0.00% 13.70%   B 16358 27.93% 6.67% 6.64% 5.99% 

C 4116 43.00% 8.80% 0.00% 14.80%   C 2889 35.21% 9.48% 3.44% 8.68% 

  E=2000 MPa     E=2000 MPa 

    Top Bottom       Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 56476 28.00% 0.00% 0.00% 25.40%   A 31283 33.96% 1.79% 17.05% 13.94% 

B 64990 26.80% 0.00% 0.00% 24.30%   B 32717 33.54% 1.41% 16.88% 13.76% 

C 5317 42.70% 5.89% 0.00% 30.00%   C 4185 43.66% 9.94% 16.90% 17.77% 
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Table 10:Variation of steel reinforcement for span length of 15 m and Q = 12000 kN 

Q = 12000 kN 

(Span Length = 15 m; Number of Spans = 3)   (Span Length = 15 m; Number of Spans = 6) 

  E=100 MPa     E=100 MPa 

  
Top Bottom   

  
Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 3124 26.00% 19.20% 0.00% -49.32%   A 1402 16.35% 18.03% -33.94% -10.41% 

B 3250 25.90% 18.90% 0.00% -48.71%   B 1636 16.13% 17.01% -33.19% -10.57% 

C 1121 28.00% 27.33% 0.00% -64.00%   C 554 17.36% 23.40% -38.00% -11.00% 

  E=1000 MPa     E=1000 MPa 

 

 
Top Bottom    

 
Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 30209 35.10% 0.00% 0.00% 2.59%   A 14697 22.71% 7.36% -4.26% 1.25% 

B 32495 34.70% 0.00% 0.00% 2.61%   B 16358 22.31% 7.31% -3.97% 1.10% 

C 2365 42.31% 17.40% 0.00% 0.00%   C 3374 27.57% 12.07% -10.17% 4.08% 

  E=2000 MPa     E=2000 MPa 

  
Top Bottom   

  
Top Bottom 

  
ks,uniform 

(kN/m3) 
Edge Center Edge Center 

  
  

ks,uniform 

(kN/m3) 
Edge Center Edge Center 

A 52808 35.14% 0.00% 0.00% 14.00%   A 31293 28.36% 5.81% 6.01% 5.89% 

B 64990 33.60% 0.00% 0.00% 13.39%   B 32717 28.10% 5.66% 6.03% 5.82% 

C 5866 43.50% 13.58% 0.00% 10.00%   C 4747 35.09% 9.82% 0.61% 8.77% 
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For top steel reinforcement, the results confirm that adopting a uniform ks value in design 

leads to constant over design irrespective of the uniform ks value assigned (Cases A, B, 

and C). Top steel savings are observed at the edges and towards the center of the critical 

design strips. However, this is not observed in cases where the minimum reinforcement 

criterion governed in the top portion of the mat as observed for the foundations having a 

span length of 10 m and Q of 12000 kN. This specific case will be later discussed in section 

4.3. 

The percentages in decrease, and accordingly the areas of top steel reinforcement savings, 

are almost identical for cases A and B compared to that of case C. This is because 

designing the foundation with a very low uniform value of ks calculated based on the 

maximum settlement (case C) results in an extremely overdesigned foundation, and this 

applies for E = 100, 1000 and 2000 MPa.  

As for the soil’s Young modulus, as E increases and the subgrade is stronger, top steel 

savings increase especially at the edges of the foundation. This trend is obvious in 

foundations having 6 spans in each direction. For case A of the mat having a span length 

= 15 m and Q = 12000 kN, top steel savings at the edges increase from 16.35% to 22.71% 

to 28.36% as E increases from 100 to 1000 to 2000 MPa respectively. The same trend is 

observed for cases B and C with a higher increase in case C as top steel savings at the 

edges increase from 17.36% to 27.57% to 35.09% as E increases to 2000 MPa. On the 

other hand, an opposite trend is observed for top savings at the center of the foundation. 

As the subgrade is stronger, percentages in saving are seen to decrease. For the same mat 

discussed above, top steel savings towards the center decrease from 18.03% to 7.36% to 

5.81% as E increase from 100 MPa to 2000 MPa.  
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Doubling the value of Q dictates an increase in the mat’s thickness to prevent punching 

shear failure. The main difference in the resulting percentages associated with the increase 

in the thickness is that the minimum reinforcement criterion might govern. This 

observation is mostly prominent in foundations having a span length of 10 m. Aside from 

that, a clear pattern describing the change of steel saving/addition as a result of increasing 

the load/column only is not observed in this study. 

As for bottom areas of steel reinforcements, the impact of implementing a variable ks 

seems to be highly sensitive to the value of the modulus of elasticity of the soil/rock. 

Varying the modulus of subgrade reaction under the mat shows that a localized increase 

in bottom steel reinforcement occurs below the interior and edge columns for a mat resting 

on a weaker subgrade (E = 100 MPa). Therefore, assuming a uniform ks value results in a 

significantly under designed bottom steel reinforcement detail. This under design is 

significantly evident in case C where the uniform ks value is the lowest.  

For stronger soil/rock conditions (E = 1000 and 2000 MPa) and Q = 6000 kN, we observe 

that assuming a uniform ks mostly results in an over designed bottom steel reinforcement 

detail, similarly to top steel reinforcement. For Q = 12000 kN, i.e., a thicker mat 

foundation, most of the cases show that varying the ks value under the mat dictates an 

increase in the required bottom steel reinforcement. It should be noted that the magnitude 

of such increase drops as the value of E increases. The effect of the soil’s Young modulus 

on the variation of bottom steel saving/addition will be further addressed in section 4.2.  
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4.2 Variation of The Modulus of Subgrade Reaction 

This section discusses the variation of the final profiles of the moduli of subgrade reaction. 

The entire process described in section 3.4 is implemented to derive a unique set of ks 

values for each mat foundation characterized with different design parameters (span 

length, span number, Q and E).  

Plots showing the variation of ks along with the ks values implemented for cases A, B and 

C are illustrated for three sample foundations. The input parameters of each mat 

foundation are summarized in the Table 11.  

Table 11: Input parameters for foundations 1, 2 and 3 

Label Span length (m) Span number (m) Q (kN) 

1 10 3 6000 

2 12 3 12000 

3 15 6 6000 

 

The value of the subgrade’s Young modulus highly influences the resulting ks profiles, 

therefore, the same plots are presented for each value of E. Figures 14, 15 and 16 plot the 

variable ks values along the edge and the center of the foundation where the critical top 

and bottom design strips are observed. E is 100 MPa for all three cases. 
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Figure 14: ks profiles for foundation (1) 

 

Figure 15: ks profiles for foundation (2) 
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Figure 16:The distribution of ks for foundation (3) 

Regardless of the input parameters, a general trend in the variation of ks is observed. The 

maximum ks is observed at the corners of the mat beyond which it sharply drops as we 

approach the center of the foundation. This is expected because as the iterative process 

progresses, high ks values are assigned to locations where the soil reaction pressure is high 

and vice versa. Although a lower fraction of Q is being applied at the corner columns, the 

highest soil reaction pressure is observed at the corners of the mat foundation.  

It is also observed that small peaks are witnessed below the interior columns. The ks values 

at the edges are significantly greater than the uniform ks values for cases A and B. The 

maximum ks ranges from 3.2*kR to 2.6*kR at the corners. It then fluctuates around 0.5*kR 

towards the center of the mat. All the resulting variable ks values are greater than the 

conservative ks implemented in case C. 
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This observation is in accordance with the findings of Loukidis and Tamiolakis (2017) in 

terms of the ks being almost uniform for the large central region of the mat and the sharp 

increase observed as we approach the corners. Plots illustrating the final ks distribution of 

all the investigated cases are shown in appendix A. 

Figures 17 through 22 plot the variable ks values for the same foundations shown before 

but for an E of 1000 and 2000 MPa. As the soil becomes stiffer and E increases, the 

modulus of subgrade reaction significantly increases. This observation applies regardless 

of the distribution of ks whether uniform or variable. 

 

Figure 17: The distribution of ks for foundation (1) and E = 1000 MPa 
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Figure 18: The distribution of ks for foundation (2) and E = 1000 MPa 

 

Figure 19: The distribution of ks for foundation (3) and E = 1000 MPa 
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Figure 20: The distribution of ks for foundation (1) and E = 2000 MPa 

 

Figure 21: The distribution of ks for foundation (2) and E = 2000 MPa 
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Figure 22: The distribution of ks for foundation (3) and E = 2000 MPa 

 

It is specificlly noted for the variable ks that the increase in the value of E triggers a 

significant increase in ks below the loaded columns especially when compared to the kR 

value implemented for each mat. This behavior is attributed to the distribution of the soil 

reaction pressure at the base of the mat. As the soil becomes stiffer and ks becomes larger, 

a concentration of soil reaction pressure occurs beneath the loaded columns, and the 

minimum soil reaction pressure that occurs at the middle of the individual spans slightly 

varies. 

This observation is clearly illustrated in Figures 23 and 24 showing the distribution of the 

soil reaction pressure for the 3 values of E along the edge and the center of foundation (2) 
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respectively. Plots showing the variation of the soil reaction pressure for all the studied 

cases are presented in appendix A. 

 

Figure 23: Soil reaction pressure along the edge of foundation (2)  

 

The concentration of soil pressure beneath the columns, which is a result of the increase 

in E and ks, occurs also in foundations modeled with a uniform ks. However, this increase 

is not as significant as what was previously shown for foundations analyzed with a variable 

ks.  
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Figure 24: Soil reaction pressure along the center of foundation (2) 

 

For foundations supported by a variable ks, the increase in the soil bearing pressure at the 

columns is accompanied by a significant jump in the ks values at the same location. The 

increase in E results in a more uniformly distributed settlement across the entire 

foundation. As the differential settlements decrease, the maximum positive moment which 

controls the critical bottom areas of steel and the maximum negative moment which 

controls the critical top areas of steel, significantly drop.  

For foundations supported by a uniform ks, the concentration of the soil bearing pressure 

resulting from the increase of E forces the mat to deflect more beneath the loaded columns 

especially that the same ks is implemented across the entire foundation. This induces an 

increase in the maximum positive moment and a slight decrease in the maximum negative 
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moment. This explains why as E increases to 1000 and 2000 MPa, higher top steel savings 

are observed. In addition to that, implementing a uniform ks results in under designed 

bottom reinforcements for E = 100 MPa, but the percentages required in addition decrease 

as E increases, and in most other cases the design results of the uniform ks cases show that 

bottom steel reinforcements are now being over designed. 

4.3 Span Length: 10 m & Q: 12000 kN 

For the investigated foundations having a span length of 10 m and Q = 12000 kN, the mat 

is modeled with a relatively large thickness of 2.9 m to avoid punching shear failure. The 

minimum reinforcement criterion governs in the top portion of the mat regardless of the 

distribution of the modulus of subgrade reaction. As a result, a comparison of the resulting 

steel savings after the implementation of a variable modulus of subgrade reaction cannot 

be established. 

As for the bottom portion of the mat, a significant increase in bottom reinforcement detail, 

up to 100%, is mainly observed toward the center of the foundation. This is attributed to 

the change in the final settlement profiles generated after the implementation of a variable 

ks.  

Figures 25 and 26 plot the settlement profiles along the center of the mat foundation where 

the maximum bottom areas of steel are witnessed for 3 and 6 spans respectively. Each plot 

displays the resulting settlement of the same mat modeled with a variable ks and the three 

uniform ks values of cases A, B and C. The subgrade’s Young modulus (E) is equal to 100 

MPa. 
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The settlement profiles of cases A and B are almost identical as close ks values are assigned 

for each. Due to the conservative assumption of a very small ks value for case C, the mat 

settles significantly more compared to cases A and B. Although the settlement differs in 

magnitude among cases A, B and C, the final settlement profiles are almost identical for 

the three uniform ks cases. This is mainly due to the high rigidity of the mat and the 

implementation of a uniform ks along the entire footprint of the foundation. This 

observation is applicable to foundations with 3 and 6 spans.  

For cases A, B and C, the mat settles more at the edges compared to the center. This causes 

the bottom portion of the mat at the center to be in compression. Consequently, the 

required bottom areas of steel are very small.  

For the variable ks, it is seen that the mat settles more at the center forming a dish. This 

induces tension in the bottom face of the mat, and additional bottom steel reinforcements 

are now required. Therefore, high percentages of steel (up to 100%) are required in 

addition for cases A, B and C.  



72 
 

 

Figure 25: Settlement profiles for the foundation having 3 spans 

 

 

Figure 26: Settlement profiles for the foundation having 6 spans 
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The new settlement profile is a result of the derived set of ks values. Figures 27 and 28 

plot the resulting variable ks values generated after the iterative process was over along 

with the ks values implemented for cases A, B and C for the mat foundations modeled with 

3 and 6 spans respectively. The plots shown are along the center line and the edges of the 

foundation and E is 100 MPa.  

The maximum ks is observed at the corners of the mat, and it sharply drops to form a 

plateau that extends from x = 5 to 25 m for 3 spans and from x = 10 to 50 m for 6 spans. 

For 3 spans, the maximum ks is 3.5kR and it decreases to reach 0.5kR at the center of the 

foundation. A similar pattern is observed for the mat having 6 spans. The maximum ks 

reaches 2.5kR at the corners, then it sharply decreases to 0.6kR at the center. For 3 and 6 

spans, all the generated variable ks values are greater than the conservative ks implemented 

in case C. Due to the high rigidity of the mat, no noticeable peaks are observed below the 

columns.  

It is important to mention that as E increases from 100 to 2000 MPa, the percentages of 

bottom steel required in addition significantly decrease (-100% to 33% for 3 spans & -

84% to 19% for 6 spans) in accordance with what was previously explained in section 4.2.  
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Figure 27: The distribution of ks for the foundation having 3 spans 
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Figure 28: The distribution of ks for the foundation having 6 spans 
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4.4 Relative Stiffness Factor 

In order to investigate the influence of the mat rigidity on the resulting steel 

savings/addition after the application of a variable ks, the relative stiffness factor (Rs), 

which is a measure of the foundation’s rigidity with respect to the soil, is calculated for 

each case based on equation 7 proposed by Meyerhof (1953). Graphs showing the 

variation of steel percentages with respect to Rs are plotted for case A. Similar trends are 

observed for cases B and C. 

𝑅𝑠  =  
𝐸𝑚𝑑3

12𝐸𝑆𝐵3                                           (𝐸𝑞. 42)                                       

𝐸𝑚 : Modulus of elasticity of the concrete. 

𝑑 : Thickness of the mat. 

𝐸𝑆: Soil’s Young modulus. 

𝐵: Width of the mat. 

It is important to note that as Rs increases, the mat becomes more rigid, and a mat 

foundation is characterized as rigid if Rs is greater than 0.5. 

Figures 29 and 30 plot the top steel savings at the edge and the center of the critical design 

strip, respectively. Critical design strips are the ones where the highest top steel areas are 

observed. The critical design strip is witnessed at the edge of the foundation regardless of 

the values of Q, E or the total mat size. 
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Figure 29: Percentage variation of top steel reinforcement (Edge) 

 

Figure 30:Percentage variation of top steel reinforcement (Center) 
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It can be clearly observed, except for instances where the minimum reinforcement 

criterion governed, that implementing a uniform ks value results in an overdesigned top 

steel reinforcement. The application of a variable ks shows that steel savings up to 40% at 

the edges and 25% towards the center can be achieved.  

At the edges, higher top steel savings can be seen for more flexible foundations. As the 

mat becomes more rigid and Rs increases, the percentages of steel savings drop to 25% 

and 15% for mats with 3 and 6 spans respectively. An opposite trend is observed at the 

center. If we disregard the 0.00% data points, we can see that top steel savings increase as 

Rs increases.  

A mat foundation having 6 spans is more flexible especially if the other parameters 

including (Q), (E) and (d) are the same as the mat modeled with 3 spans. The resulting 

percentages of top steel saving are close for 3 and 6 spans, however, the data points 

corresponding to 6 spans are shifted to the left where Rs is smaller, and the mat foundation 

is more flexible.   

Figures 31 and 32 plot the percentages of bottom steel saving/addition at the edge and the 

center of the critical design strips respectively. The location of the critical design strip 

where the maximum bottom areas of steel occur varies depending on the number of spans. 

However, in most cases the critical strip is located around the interior columns where the 

load/column is Q. 
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Figure 31:Percentage variation of bottom steel reinforcement (Edge) 

 

Figure 32:Percentage variation of bottom steel reinforcement (Center) 
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At the edges, the minimum reinforcement criterion mostly governs for 3 spans. As for 6 

spans, bottom steel savings are present in cases where the mat is very flexible and the Rs 

value is less than 0.0001. As Rs increases, the implementation of a variable ks shows that 

the mat is being poorly designed, and a localized increase of bottom steel is required.  

The highest areas of bottom steel are observed towards the center of the critical design 

strip. As a result, the minimum reinforcement criterion doesn’t frequently govern for 

foundations with both 3 and 6 spans. Bottom steel savings are observed for low Rs below 

0.0001. As Rs increases, the obtained data show that using a uniform ks results in under 

designed bottom reinforcement, and a localized increase up to 100% is required. 
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Chapter Five 

 

Conclusion 

 

In common practice, practitioners may still be using a uniform value of the modulus of 

subgrade reaction in the design of shallow foundations to avoid the complexities 

associated with implementing the exact spatial variability of the modulus of subgrade 

reaction ks. This thesis presents the drawbacks of implementing such a simplistic approach 

and shows that using the new tool developed in Settle3 and with proper cooperation 

between structural and geotechnical engineers, a more accurate representation of the real 

behavior of shallow foundations can be achieved.  

The Discrete Area Method is considered the “ultimate” Pseudo-coupled method. It retains 

the simplicity of Winkler’s original model and overcomes the shortcomings associated 

with the discontinuity of soil springs. This work presented an established framework 

through which routine 3D design software can be utilized to accurately predict the 

behavior of the subgrade and design accordingly.  

The Discrete Area Method is adopted to produce a variable set of the modulus of subgrade 

reaction for large shallow foundations while varying the span length, number of spans, 

load applied and the modulus of elasticity of the subgrade. The steel results were compared 

to the same mat designed with three different uniform moduli of subgrade reaction. The 

results showed that designing the mat foundation with a uniform modulus of subgrade 

reaction that is calculated based on the maximum settlement yields the poorest design.  
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If the mat is resting on a weak foundation soil, implementing a variable ks lead to a 

significant drop in the top steel reinforcements and an increase in the bottom steel 

reinforcements at localized areas around the interior columns only. On the contrary, for 

stronger foundation soil, the results showed that designing a large shallow foundation with 

a uniform ks value could result in an over designed top and bottom steel reinforcement. 

The effect of implementing a variable ks on the steel design of mat foundation was shown 

to be influenced by the level of rigidity of the mat. Flexible foundations with very low 

relative stiffness factor (Rs) had the highest steel savings after implementing a variable 

modulus of subgrade reaction. However, as Rs increased, the results showed that large 

shallow foundations supported by a uniform ks are being under designed and additional 

bottom steel reinforcements are required. 
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Appendices 

 

Appendix A: Resulting profiles of the modulus of subgrade reaction, 

settlement and soil reaction pressure. 

The following labeling will be used in this appendix to refer to the presented plots: (Span 

length – Span number – Subgrade’s Young modulus (E) – Load/Column (Q)).  A plot 

caption that includes (10-3-100-6000) indicates that the span length is 10 m, 3 spans in 

each direction, E = 100 MPa and Q = 6000 kN.  

• 10-3-100-6000 

 

Figure 33: ks distribution for the mat (10-3-100-6000) 
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Figure 34: Settlement profiles (10-3-100-6000) 

 

Figure 35: Distribution of soil reaction pressure (10-3-100-6000) 
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• 10-3-1000-6000 

 

Figure 36: ks distribution for the mat (10-3-1000-6000) 
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Figure 37:Settlement profiles (10-3-1000-6000) 

 

Figure 38: Distribution of soil reaction pressure (10-3-1000-6000) 
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• 10-3-2000-6000 

 

Figure 39: ks distribution for the mat (10-3-2000-6000) 

 

Figure 40: Settlement profiles (10-3-2000-6000) 
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Figure 41: Distribution of soil reaction pressure (10-3-2000-6000) 

• 10-3-100-12000 

 

Figure 42: ks distribution for the mat (10-3-100-12000) 
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Figure 43: Settlement profiles (10-3-100-12000) 

 

Figure 44: Distribution of soil reaction pressure (10-3-100-12000) 
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• 10-3-1000-12000 

 

Figure 45: ks distribution for the mat (10-3-1000-12000) 

 

Figure 46: Settlement profiles (10-3-1000-12000) 
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Figure 47: Distribution of soil reaction pressure (10-3-1000-12000) 

• 10-3-2000-12000 

 

Figure 48: ks distribution for the mat (10-3-2000-12000) 
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Figure 49: Settlement profiles (10-3-2000-12000) 

 

Figure 50: Distribution of soil reaction pressure (10-3-2000-12000) 
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• 10-6-100-6000 

 

Figure 51: ks distribution for the mat (10-6-100-6000) 

 

Figure 52: Settlement profiles (10-6-100-6000) 
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Figure 53: Distribution of soil reaction pressure (10-6-100-6000) 

• 10-6-1000-6000 

 

Figure 54: ks distribution for the mat (10-6-1000-6000) 
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Figure 55: Settlement profiles (10-6-1000-6000) 

 

Figure 56: Distribution of soil reaction pressure (10-6-1000-6000) 
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• 10-6-2000-6000 

 

Figure 57: ks distribution for the mat (10-6-2000-6000) 

 

Figure 58: Settlement profiles (10-6-2000-6000) 
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Figure 59: Distribution of soil reaction pressure (10-6-2000-6000) 

• 10-6-100-12000 

 

Figure 60: ks distribution for the mat (10-6-100-12000) 
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Figure 61: Settlement profiles (10-6-100-12000) 

 

Figure 62: Distribution of soil reaction pressure (10-6-100-12000) 
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• 10-6-1000-12000 

 

Figure 63: ks distribution for the mat (10-6-1000-12000) 

 

Figure 64: Settlement profiles (10-6-1000-12000) 
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Figure 65: Distribution of soil reaction pressure (10-6-1000-12000) 

• 10-6-2000-12000 

 

Figure 66: ks distribution for the mat (10-6-2000-12000) 
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Figure 67: Settlement profiles (10-6-2000-12000) 

 

Figure 68: Distribution of soil reaction pressure (10-6-2000-12000) 

 

 



106 
 

• 12-3-100-6000 

 

Figure 69: ks distribution for the mat (12-3-100-6000) 

 

Figure 70: Settlement profiles (12-3-100-6000) 
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Figure 71: Distribution of soil reaction pressure (12-3-100-6000) 

• 12-3-1000-6000 

 

Figure 72: ks distribution for the mat (12-3-1000-6000) 
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Figure 73: Settlement profiles (12-3-1000-6000) 

 

Figure 74: Distribution of soil reaction pressure (12-3-1000-6000) 

 

 



109 
 

• 12-3-2000-6000 

 

Figure 75: ks distribution for the mat (12-3-2000-6000) 

 

Figure 76: Settlement profiles (12-3-2000-6000) 



110 
 

 

Figure 77: Distribution of soil reaction pressure (12-3-2000-6000) 

• 12-3-100-12000 

 

Figure 78: ks distribution for the mat (12-3-100-12000) 
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Figure 79: Settlement profiles (12-3-100-12000) 

 

Figure 80: Distribution of soil reaction pressure (12-3-100-12000) 
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• 12-3-1000-12000 

 

Figure 81: ks distribution for the mat (12-3-1000-12000) 

 

Figure 82: Settlement profiles (12-3-1000-12000) 
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Figure 83: Distribution of soil reaction pressure (12-3-1000-12000) 

• 12-3-2000-12000 

 

Figure 84: ks distribution for the mat (12-3-2000-12000) 
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Figure 85: Settlement profiles (12-3-2000-12000) 

 

Figure 86: Distribution of soil reaction pressure (12-3-2000-12000) 
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• 12-6-100-6000 

 

Figure 87: ks distribution for the mat (12-6-100-6000) 

 

Figure 88: Settlement profiles (12-6-100-6000) 
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Figure 89: Distribution of soil reaction pressure (12-6-100-6000) 

• 12-6-1000-6000 

 

Figure 90: ks distribution for the mat (12-6-1000-6000) 
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Figure 91: Settlement profiles (12-6-1000-6000) 

 

Figure 92: Distribution of soil reaction pressure (12-6-1000-6000) 
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• 12-6-2000-6000 

 

Figure 93: ks distribution for the mat (12-6-2000-6000) 

 

Figure 94: Settlement profiles (12-6-2000-6000) 
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Figure 95: Distribution of soil reaction pressure (12-6-2000-6000) 

• 12-6-100-12000 

 

Figure 96: ks distribution for the mat (12-6-100-12000) 
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Figure 97: Settlement profiles (12-6-100-12000) 

 

Figure 98: Distribution of soil reaction pressure (12-6-100-12000) 
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• 12-6-1000-12000 

 

Figure 99: ks distribution for the mat (12-6-1000-12000) 

 

Figure 100: Settlement profiles (12-6-1000-12000) 
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Figure 101: Distribution of soil reaction pressure (12-6-1000-12000) 

• 12-6-2000-12000 

 

Figure 102: ks distribution for the mat (12-6-2000-12000) 
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Figure 103: Settlement profiles (12-6-2000-12000) 

 

Figure 104: Distribution of soil reaction pressure (12-6-2000-12000) 
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• 15-3-100-6000 

 

Figure 105: ks distribution for the mat (15-3-100-6000) 

 

Figure 106: Settlement profiles (15-3-100-6000) 
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Figure 107: Distribution of soil reaction pressure (15-3-100-6000) 

• 15-3-1000-6000 

 

Figure 108: ks distribution for the mat (15-3-1000-6000) 
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Figure 109: Settlement profiles (15-3-1000-6000) 

 

Figure 110: Distribution of soil reaction pressure (15-3-1000-6000) 
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• 15-3-2000-6000 

 

Figure 111: ks distribution for the mat (15-3-2000-6000) 

 

Figure 112: Settlement profiles (15-3-2000-6000) 
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Figure 113: Distribution of soil reaction pressure (15-3-2000-6000) 

• 15-3-100-12000 

 

Figure 114: ks distribution for the mat (15-3-100-12000) 
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Figure 115: Settlement profiles (15-3-100-12000) 

 

Figure 116: Distribution of soil reaction pressure (15-3-100-12000) 
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• 15-3-1000-12000 

 

Figure 117: ks distribution for the mat (15-3-1000-12000) 

 

Figure 118: Settlement profiles (15-3-1000-12000) 
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Figure 119: Distribution of soil reaction pressure (15-3-1000-12000) 

• 15-3-2000-12000 

 

Figure 120: ks distribution for the mat (15-3-2000-12000) 
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Figure 121: Settlement profiles (15-3-2000-12000) 

 

Figure 122: Distribution of soil reaction pressure (15-3-2000-12000) 
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• 15-6-100-6000 

 

Figure 123: ks distribution for the mat (15-6-100-6000) 

 

Figure 124: Settlement profiles (15-6-100-6000) 
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Figure 125: Distribution of soil reaction pressure (15-6-100-6000) 

• 15-6-1000-6000 

 

Figure 126: ks distribution for the mat (15-6-1000-6000) 
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Figure 127: Settlement profiles (15-6-1000-6000) 

 

Figure 128: Distribution of soil reaction pressure (15-6-1000-6000) 
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• 15-6-2000-6000 

 

Figure 129: ks distribution for the mat (15-6-2000-6000) 

 

Figure 130: Settlement profiles (15-6-2000-6000) 
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Figure 131: Distribution of soil reaction pressure (15-6-2000-6000) 

• 15-6-100-12000 

 

Figure 132: ks distribution for the mat (15-6-100-12000) 
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Figure 133: Settlement profiles (15-6-100-12000) 

 

Figure 134: Distribution of soil reaction pressure (15-6-100-12000) 
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• 15-6-1000-12000 

 

Figure 135: ks distribution for the mat (15-6-1000-12000) 

 

Figure 136: Settlement profiles (15-6-1000-12000) 
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Figure 137: Distribution of soil reaction pressure (15-6-1000-12000) 

• 15-6-2000-12000 

 

Figure 138: ks distribution for the mat (15-6-2000-12000) 
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Figure 139: Settlement profiles (15-6-2000-12000) 

 

Figure 140: Distribution of soil reaction pressure (15-6-2000-12000) 

 




