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On Hughes” Model for Pedestrian Traffic: Interpreting

Real-World Results

Fadi J Kaldawi

ABSTRACT

In this thesis, we explore the modeling and application of the pedestrian flow
model proposed by Roger L. Hughes in 2002, a system of a hyperbolic conservation
law to describe crowd densities (p) and an Eikonal equation to describe the path

potential (¢) of this crowd:

pi — div(pf*(p)Ve) = 0

1
||V¢||:m

Throughout this work, we explain this model in the context of a one dimensional
walking facility, like a bridge or a hallway, and a two dimensional one, such as
an open room with obstacles and obstructions. We revisit the motivation for
the model, as well as properties and qualities of the resulting weak entropy so-
lutions, some of which will aid in understanding numerical results. After this,
we describe numerical methods to use in order to solve the eikonal equation for
the path potential, then use this quantity to solve the conservation law for the
density after a certain time step. With these methods established, we proceed
to provide meaningful simulations in both the 1D and 2D cases, describing what
our results mean from a mathematical perspective, then a real-life explanation,
alongside a brief critique of the simulated situations with comments on how to

improve the walking facility conditions from a design perspective.

Keywords: Pedestrian flow, Pedestrian traffic, Conservation law, Eikonal equa-

tion, Hughes model, Fast-sweeping method, Godunov scheme, Characteristics
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Chapter 1

Introduction

In a world where population growth is on the rise, and overcrowding in public
places and expansive locales is becoming more and more of a prevalent problem,
the study of pedestrian behavior proves to be important. Without proper care
given to this topic, we not only ignore the potential for real-life pedestrian-related
disasters that can happen in critical circumstances, but we also fail to learn from
these mistakes that have happened throughout history. An example given in [1]
is the overcrowding incident that occurred during the nineties in Saudi Arabia’s
Jamarat Bridge, due to high crowd densities and cramming issues during the time
of the pilgrimage to Mecca. This was modeled mathematically at the time, see
[2]. Another example from history, which has been studied from a mathematical
crowd dynamics standpoint (see [3]), goes back to the Hundred Years War: the
Battle of Agincourt, a march lead by King Henry V which directed a massive
11,000-man army from Southampton to Normandy. A more recent event of the
past was the opening day of the London Millenium Footbridge in the year 2000,
when the bridge was closed on day one due to lateral vibrations occurring from
the crowds walking across.

Not only does studying pedestrian traffic using mathematical modeling help
us understand past disasters, but it also helps us in the present to build a better

understanding of how people behave in large crowds and, in turn, learn from his-



tory to prevent said disasters in the future by making the necessary changes to
improve. Such studies are extremely important in events in which large crowds are
gathered in one, oftentimes confined, location, such as social gatherings, political
demonstrations, Black Friday sales every November, and many more. Similarly,
the manner in which people behave or travel should be carefully studied in emer-
gency situations like fires, earthquakes, hurricanes, and other disasters, especially
when considering emergency exits and protocols designed to avoid further pedes-
trian complications. Even in more mundane instances, such as a simple grocery
store or an airport terminal, it is interesting to examine the behavior of the
average person or crowd of people in order to anticipate path choices and route
strategies. For an even tamer example, look no further than computer games that
try to emulate pedestrian actions and reactions to a dynamic world around them
(example: Grand Theft Auto); in such examples, a solid mathematical model to
work with can be a great help in perfecting a competent Al in these games.
When we want to model pedestrian behavior and flow, many factors come into
play that will dictate and describe the movement of people within the bounds
of a certain walking facility. Some of these attributes include the average walk-
ing speed, varying heights/sizes of people, local conditions such as nearby dense
crowds or the conditions of the walking facility itself such as an unexpected di-
vider or a dead end up ahead. Plenty of models reflecting the relationship between
pedestrian speed, density, and flow, for instance, have been formulated and de-
tailed in past literature, some of which including the Greenshields, Underwood,
bell-shaped, and other models as seen in [4]. The walking facility itself, with its
unique conditions and attributes, also factors in to the speed-density relationship;
conditions will vary depending on the confines of the location, whether it’s side-
walks, stairways, or a more open room, and each case would need a particular
speed-density model to accompany it [5]. That being said, finding a concrete
model to accurately fit a certain scenario is not a ’one size fits all’ concept. Dif-

fering factors and features, like but not limited to the ones listed here, can greatly



impact how a particular model takes shape.

When studying pedestrian flow, it is also important to note the two different
viewpoints to take into consideration, the first being the distinction between the
microscopic and the macroscopic models. In the microscopic model, individual
people are considered as their own entities and are treated as such in the calcu-
lation. This has its uses examples like queuing models [6], where the movement
of the individual is more interesting to analyze than that of the masses. In con-
trast, the macroscopic model considers larger groups of pedestrians as one entity,
neglecting the individual movement of each individual in these clusters. Macro-
scopic modeling is especially useful in studies of fluid and gas dynamics [7] and,
as a topic closer to home in this paper, traffic models [8]. A recent study by
[9] improves upon a previously-existing model developed by R.L. Hughes (which
we will see later), and explores a one-dimensional case in, first, the macroscopic
case, then the microscopic case. Their work on these models is a quintessential
example of comparing and contrasting the same situation in both senses.

The second important viewpoint is the difference between a predictive and
reactive user equilibrium model. This concept is related to how people devise a
route strategy, in other words, how they plan to get from point A to point B.
Sources like [10] describe a ’predictive’ user equilibrium model, which assumes
that pedestrians have perfect knowledge about their surroundings and environ-
ment to allow them to make a more calculated, idealistic decision for a route
strategy. On the other hand, a more realistic situation is one where pedestrians
don’t have this perfect information, and may be unfamiliar with the walking facil-
ity or the potential circumstances surrounding it. It also takes into consideration
sudden, unexpected changes such as overcrowding or an exit closing entirely. In
such a case, they base their decision-making and route strategy on instantaneous
information picked up on the spot and use that to dictate their decisions. This
user equilibrium model is called a ’'reactive’ one, and is described further with a

comparison with the predictive one found in [11].



With this in mind, we turn to a pedestrian flow model proposed by R. L.
Hughes [12], a model that views crowds as a ’thinking fluid’ (i.e., a macroscopic
model) and assumes that people make decisions based on instantaneous informa-

tion (i.e., a reactive user equilibrium model). The model is defined by Hughes as

follows:
pr — div(pf*(p)Ve) = 0 (1.1)
1
Vol = [0 (1.2)

Here, x denotes the position in some region 2 € R%. ¢t > 0 denotes the time.
p(x,t) is the crowd density at a given position and time. ¢ is known as the
potential, and determines the ‘common sense’ of the crowd, which we will discuss
in Chapter 2. f(p) = 1 — p, the right hand side of the Eikonal equation, models
the existence of a maximum density for future numerical simulations, normalized
at 1, and also impacts the maximum pedestrian walking speed, which we explore
later in this paper.

For the rest of this paper, we revisit Hughes’ model in both a one dimensional
case - that of a hallway or corridor - and a two dimensional case - that of a more
free, 2D single-floored room confined between four walls - and revisit previously
established revisions of the model when we discuss methods of solving numerically.
We establish motivation for both cases and discuss the existence of weak entropy
solutions for the system in 1D. We explore existing numerical algorithms for
finding solutions to the system of equations (1.1) and (1.2) in both one and two
dimensions, and run different simulations to investigate how varying initial data
sets (such as initial conditions for pedestrian densities, a change in the allowed
pedestrian speed, and other spatial conditions like obstructions or obstacles in the
2D case) behave under these algorithms. Once we've performed these simulations,
we then reflect upon each case, giving an explanation from a mathematical and
real-life perspective, and follow up with a critique on the surrounding conditions

(like initial densities, obstacles, choices of exits, and more) to see how the design



of the walking facility can be improved upon. Finally, as we wrap things up, we
discuss how these results can contribute to a better society and improve on life as

a whole, as well as mention future research directions and options for this field.



Chapter 2

Hughes’ Model: Motivation and

Existence Theory of Solutions

In this section, we discuss and provide details and motivation for Hughes’ model
in both a one-dimensional and two-dimensional case. Do note that we represent
these cases slightly differently due to the added detail and complexity present
in the two-dimensional case, though at its core, the two models branch from
the same base of R.L. Hughes” work (which we also note in Chapter 4 when we
perform simulations). Much of the motivation and work for both cases is inspired
by Hughes’ original work on the continuum model in his 2002 article (see [12]),

which can be referred back to for the in-depth formulation of this work.

2.1 The One-Dimensional Case

We begin with an exposition of the one-dimensional Hughes” model, denoted by
the pair of equations (1.1) and (1.2), restated below: a scalar conservation law

and an eikonal equation respectively:

pi — div(pf*(p)Ve) =0



1
Vol = [0

We describe the derivation of Hughes” model as a motivation, namely following
the likes of the work provided in [13]. To begin, we consider a one-dimensional
domain Q2 = [a, b] (we take this as [—1, 1] in our future methods and computations)
with two exits at + = a and x = b. This walking facility can be visualized as a 1D
structure or room such as a bridge or hallway. Our two variables are the crowd
density p(z,t) and the potential ¢(x,t). First, we note that the p(z,t) satisfies

the continuity equation:

pi(x, 1) = V- (p(a, )v(z, 1)) = 0 (2.1)

Here, the velocity v(x,t) is represented by the following ‘polar decomposition
notation’:

Tz, t) = |5z, 1) 22, 1), |2(x,b)] = 1 (2.2)

7 is the directional unit vector, parallel to the gradient of the potential, ¢, the
variable that dictates the ‘common sense of the task’, represented in the model
by the boundary of our domain 0€2. Recall that the model is macroscopic; that
being said, we consider crowds of pedestrians as a single homogeneous entity
with a common goal and behavior. For this model, our assumptions of how
people think or behave - in other words, what this ‘task’ dictates - is that they
try to minimize travel time to get from point A to point B, and that they tend to
account for locations of high densities and try to avoid them in an instantaneous,
reactive manner. We represent this in the form of an Eikonal equation of the

potential ¢, along with an associated boundary condition, as follows:

1
Vol = — > ¢loa =0 (2.3)



The arrangement of the level sets of ¢ is ‘density driven’, and it follows that:

Vo(x,t)

A1) = g, 1)

— (1-p)Vs (2.4)

Replacing 2" in (2.2), we return ¢ to the continuity equation (2.2) to find that it
is, indeed, satisfied, and corresponds to Hughes’ model given by equations (1.1)

and (1.2).

2.2 Analysis of the 1D Solutions

Before we move to the motivation for the 2D case, we address some noteworthy
properties about the system of equations (1.1) and (1.2) and its respective so-
lutions. Some of these properties will help us further understand the numerical
results that we will see in Chapter 4, while others are important for understanding
the underlying proof for the existence of these solutions.

To start, we follow a common modification to the 1D model as done in sources
like [13], [14], and [15]. This will ease our calculations when we perform numerical
simulations later, and make for an easier study of possible initial conditions and
the resulting behavior. To this end, we make an assumption to only take into
consideration the ‘viscosity solution’ for the Eikonal equation (1.2) (see [16] for
more about viscosity solutions to equations of this form). As a direct result,

we witness a unique turning point in our solutions, call it zo(¢) and it is given

zo(t) 1 1 1
[, = /M Ok (25)

In terms of interpreting our results from a real-life perspective, the "turning point’

implicitly as follows:

in 1D can be seen as the point where crowds split up into two different paths.
We see this split very clearly in the figures in Chapter 4, and bring it up again
in our in-depth interpretation of each simulation.

From this, we conclude that, using the conditions surrounding this turning



point, and the fact that |¢.| = ¢.sgne, (where sgn represents the sign function),

the conservation law (1.1) becomes:

We will use equation (2.6) instead of (1.1) for our work on Hughes’ model in 1D
throughout this paper.

Next, we note some of the characteristic findings in order to better understand
our results. Experiments performed in [13] compared different values of constant
initial density data across the whole computational domain, namely values that
were under, over, and exactly 1/2. We state the results from this source that we

will use in our interpretations later:

e For p(xz,0) = 1/2, characteristics are vertical lines parallel to the vertical

axis.

e For p(z,0) < 1/2, characteristics point away from the turning point. In this

case, there is no need for extra boundary conditions for the crowd density.

e For p(z,0) > 1/2, characteristics point inward relative to the turning point.
In this case, we need additional Dirichlet boundary conditions for the crowd
densities to not only make up for missing information on the boundaries,
but also to accurately visualize characteristic data in our results (as well
as make sense of it realistically). We will implement this practice in our
simulations later (Note: typically, these boundary conditions are less than

or equal to 1/2 in this context).

Finally, we briefly address the existence of weak entropy solutions, and present
some of the properties surrounding it. A thorough examination of these solutions
and their properties, which this overview is based off of, can be found in [14].
While the existence of solutions for both conservation laws and eikonal equations

(in this case, viscosity solutions, as mentioned previously) individually has been



well-established in a variety of past literature, determining such an existence proof
for the coupled system (2.6) and (1.2), however, is not as straightforward. In such
a case, what we desire is the existence of a class of solutions called ‘weak entropy
solutions’.

First, we set F(x,t,p) = pf(p)sgno,, and for simplicity, we deal with the

following system:

pr — F(z,t,p) =0, 2€Q,t>0 (2.7)
1

bo| = = (2.8)

| f(p)
Equations (9) and (10) are accompanied by the following initial and boundary

conditions:

p(fﬁ,()) =P T E [07 1] (29)
p(£1,t) =0, ¢(£1,£) =0, t > 0 (2.10)

We denote the system defined by equations (2.7) through (2.10) as system (*)
for ease of notation. We now provide two definitions, as seen in [14]: one to give
meaning to what a weak solution to equations (2.7) and (2.8) is, and one that
adds in the entropy condition for conservation laws with discontinuous fluxes.

Definition 2.1: A function p € L>®°(R* x ) is a weak solution to problem (*)

if, for all ¢ € C°(R x 2), the following equality holds:

') 1 1
/ / (pi6y + Fla.t, p)ba)dadt + / pr(2)(z, 0)d = 0
0 -1 1

If we make another assumption that p € C°(R™; L1(Q)) N BV(RT x ), the p is

a weak solution to system (*) if and only if it satisfies the following:
pr = (pf(p))e =0,1>0, x €] = 1, zo(t)[

Pt + (pf(p))x =0,t>0, 2 €]$0(t)7 1[
p(l‘,O) =P, X E] - 171[

10



where xy(t) is the turning point of the system, defined implicitly as before in
equation (2.5). This addition is useful when we add in the entropy condition, as
we do for the next definition.

Definition 2.2: A function p € C°(R*; L'(Q)) N BV (R x Q) is a weak entropy
solution of system (*) if the Kruzkov entropy inequality, stated below, holds for

all k € [0, 1] and for all test functions ¢ € C°(R x Q; R*):

0 [7 [ oo+ vt top Rypdadt + [ 1or = biotz. o)
() [ (F(p07.0) = £
Fsgn®) [ (F(p(-17.0) — F)(-1 0
+ 2/000 f(R)(xo(t), t)dt

(2.11)

Here, ®(x,t, p, k) = sgn(p—k)(F(z,t, p)—F(x,t, k)) and the boundary conditions
are in what is called ‘weak form’ (see [17]), where the traces of the solutions
satisty:

f(p(=17,1)) = f(k), for all k € [0, p(—17, 1)]

fp(17,1)) = f(k), for all k € [0, p(17,1)]

By [15], this implies that p(—1%,¢) < 1/2 and p(17,¢) < 1/2. (Note that this
is directly related to the study of whether or not we require Dirichlet boundary
conditions for the densities, which we’ve seen earlier in this section.)

The important step towards proving that weak solutions (as defined in Def-
inition 2.1) to system (*) also satisfy the entropy condition (2.11) is to recover

the Rankine-Hugoniot (RH) condition, as defined below:

F(p*)+ F(p™) = do(t)(p™ —p7)

where p™ = p(zd (t),t) and p~ = p(x, (t),t) are the left and right traces of p at

the turning point x(t). If we take a suitable test function v that vanishes along

11



the turning point, we can easily recover the RH condition. If p(-, %) is continuous
at the turning point, then the RH condition simplifies to f(p(x(t),t)) = 0, and
p(ao(t),t) € {0,1}.

The work surrounding these weak entropy solutions laid out in [14] describes
in detail the entropy condition at the jump discontinuity, the characteristic speeds
before and after the turning point (depending on which side has the higher crowd
density), the maximum principle that bounds the crowd density from above (pre-
vents the value of p from exploding), and, like we’ve mentioned before, recovering
the RH condition to arrive at our conclusion. The reader may refer back to this

source for the in-depth proof of each property and step.

2.3 The Two-Dimensional Case

The approach for the two-dimensional case starts similarly to our work in one
dimension; however, we make adjustments and additional considerations in our
notation in order to better understand the sense of people’s movement in 2D,
as well as highlight behavioral attributes such as walking speed and pedestrian
discomfort. This modeling and motivation follows similarly to the one performed
by Ling Huang in reference [18], which can be referred back to for more details
on this reformulation. Note that details like the existence of solutions and math-
ematical properties of the final system of equations are not mentioned here; for
more details on those, the reader may refer to Hughes’ original work [12].

We consider a domain §2, this time, meant to describe an open room or space,
like a railway, foyer, public park/attraction, or any other open walking facility
of a similar nature. Its boundary, call it I', is split into three parts for ease of
notation. We define I', to be the entrance, where people will enter Q2 (Reference
[18] uses this entry boundary, but in Chapter 4, we focus more on evacuation
than entry and passage). We then assign I'y to be the exit(s), or the destination
that people will evacuate €2 from, and I'j, to be the hard boundaries, such as walls

or obstacles, that people navigate around or away from to travel from point A

12



(could be I',, but for the purposes of our simulations in Chapter 4, we will take
the case where point A is any interior point of ) to point B (the exit T'y).
Similar to the 1D case, our motivational work begins with the continuity

equation, this time in two dimensions:

pt(ﬁayat)_‘_v' (p(l’,y,t)ﬁ(l’,y,t)) =0 (212)

Much of the variables we defined before return, but with a definition in 2D;
p(x,y,t) is the pedestrian density at a certain location and time, (z,y) € Qis a lo-
cation in the domain, ¢ is the time in seconds, and ¥(z, y, t) = (vi(z,y,t), ve(z,y,t))
is the velocity vector at a certain location and time with an  and y component.
We further define a vector F = p(z,y,t)d(z,y,t) = (Fi(z,y.t), Fa(z,y,t)) for
ease of use later.

In a similar manner to the 1D case, we define the potential function ¢(z,y, t),
which determines the path that pedestrians will choose to traverse, which is used
in an Eikonal equation later. Like before, the velocity vector is represented in a

polar decomposition form:

v(x,y,t) = ||v(z,y,0)||2(z,y,1), ||[Z(z,y,t)]| =1 (2.13)

Like before, z"is the directional unit vector, parallel to the gradient of the

potential ¢. In a similar sense to before, we can view this unit vector as:

Sy 1) = (2.14)
IVo(z,y, 1)
We can now view the x and y velocities as follows:
¢$(I7y’t) ¢y(x7yat)
vi(z,y,t) = u(z,y,t) c=—————, and vqo(z,y,t) = u(z,y,t) = ———
IV (z,y, 1)l IVo(z,y, 1)l
(2.15)

Here, u(x,y,t) is defined to be the ‘isotropic pedestrian speed’ (i.e, the same

13



speed regardless of direction), for a given location and time. Note that, according
to the work done in [18], it is defined to be a function of density and location,
e, u(z,y,t) :=U(p(z,y,t),z,y). We can use this function u to define a formula

for the norm of our previously defined vector F:

—

F(z,y,t) = (p(x,y, t)vi(x,y,1), p(z,y,t)va(z, 9, 1)) (2.16)

1@y, )] = ulz,y, )p(, y, 1) (2.17)

We introduce a new attribute in this reformulation (mentioned by Hughes in
his original 2002 work as well). We wish to account for the discomfort of pedes-
trians in each instance of the experiment time through a function g(z,y,t) :=
G(p(z,y,t),z,y), which illustrates the behavior of pedestrians avoiding overly

crowded areas. This discomfort function satisfies the following:

1
oty = (@ w @ .ol = gy ula.y.t)  (2.18)

We continue in line with [18] and define what is called the cost function. Its goal
is to represent the local cost per unit distance of movement at a certain time
t, i.e., how time-efficient (or, inversely, how time-expensive) will a certain path
be in the immediate future. This cost value depends on the conditions of the
walking area in question - location, time, and the local population density - i.e,
c(x,y,t) := C(p(z,y,t),z,y,t). This cost function ties in directly to defining the
potential phs in an Eikonal equation.

In order to satisfy the conditions on the potential - minimizing travel time and
avoiding overcrowded paths bearing in mind instantaneous information available
at the current time - for some location (z,y) € 2, Huang establishes another

condition as follows:

L@y D)y Gy, =0 (2.19)
r,y,t)
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From this formula, we clearly see that F (z,y,t) and =V o(x,y,t) are parallel
and pointing in the same direction. From this, the authors of [18] further show

that

IVo(z,y, )] = clx, y, 1) (2.20)

The original source goes into further detail about how this formulation of equa-
tions (2.19) and (2.20) guarantee path efficiency; the full proof and path compar-
ison is left for the reader to refer back to.

The Eikonal equation (2.20) is used to find the potential at a given location
(x,y) and time ¢ (much like we will do with equation (1.2) in the 1D case). As
we've mentioned previously, it guarantees that pedestrians will take the most
time-efficient, least cost-expending path to reach the destination (I'y). Accom-
panying it is a condition similar to the 1D case, in which, on the exit boundaries
[y of a given domain, we fix ¢(z,y,t) = 0 for (z,y) € I'y. This condition further
reassures that each path that pedestrians take is the most cost-efficient one.

Before formalizing a system of differential equations, the same authors of [18]

give a specific definition for the cost function to be used later:

1
Ulp(x,y,t),z,y)G(p(r,y,t),z,y)

Clp(z,y,t),2,y,1) = (2.21)

We show that this satisfies Hughes’ model; first, use equation (2.19) to get:

ﬁ(az,y,t)

——— = —u(x,y,t)g(x,y,t)Vo(z,y,t 2.22
ol (z,y,t)g(z,y,t)Vo(z,y,1) (2.22)

We replace F and ||F|| by their values to get:

U(x7y7t) = —UQ(I’,y,t)g(%,y,t)vqb(l',y,t) (223)

Take the norm on both sides, and we get:

1
u(x,y,t)g(x,y,t)

IVo(x,y, )l = (2.24)
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This result is exactly that of equation (2.18) and satisfies Hughes” Model.
Finally, we are left with the following set of differential equations that we are

to work with and solve for:

—

pi(z,y,t) + V- F(z,y,t) =0 (2.25)
Ulp(z,y.t), 2, y)p(x,y,t) = | F(z,y,t)]] (226)
F(z,y,t)
Cp(x,y,t),x,y,t)— Vo(z,y,t) =0 2.27
(p(z,y,1), 7,y )HF(:L',y, )H+ o(x,y,t) (2.27)
IVo(x,y,t)|| = Clp(z,y,t)x, y,t) (2.28)

Equations (2.25) through (2.28) are accompanied by the following initial and

boundary conditions:

p(z,y,0) = pr(z,y), V(z,y) € Q (2.29)
o(z,y,t) =0, V(z,y) €Ty (2.30)

Here, p; is simply the initial pedestrian density of the domain at time ¢ = 0.
It is good to note that in equation (2.30), we could’ve taken ¢ to be equal to
any constant, but setting it equal to zero ensures that pedestrians will take the
most cost efficient, time-saving route, while avoiding heavy crowds, to reach their
destination, based on the information they observe on the spot.

In the next chapter, we describe numerical methods to approximate solutions
for both the 1D and 2D models, using equations (2.6) and (1.2) for the 1D case,
and (2.25) through (2.30) for the 2D one. After that, we run simulations under
different initial conditions and explore how these algorithms may behave under
these changes. We also provide a critique of these simulations, and what im-
provements can be made to the walking facility to facilitate the easier passage of

pedestrians.
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Chapter 3

Numerical Solution Algorithms

We now explain the numerical algorithms used for the numerical simulations
shown in Chapter 4, as well as a set of steps on how to solve each set of PDE’s.
Section 3.1 goes over the two primary methods used in the 1D case, while Section
3.2 describes the three major methods/extensions used when we move to the 2D

case.

3.1 The One-Dimensional Case

In this section, we go over a solution algorithm in order to solve the Hughes’
model in one dimension. Some similarities in methods persist for both the one
and two-dimensional cases, but each will be discussed individually and treated
slightly differently from the other. For the one-dimemsional case, we solve the fol-
lowing coupled system of partial differential equations that we saw in the previous

section, restated below:

pe — (pf(p)sgn(¢z))z =0 (3.1)
Vol = —— (3.2)
~ flp) '
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Recall that f(p) =1 — p. All of our simulations are done in the spatial interval
[—1,1] with the initial and boundary conditions p(z,0) = pr(z), p(£1,t) = pp,
and ¢(£1,t) = 0.

To solve the one-dimensional system, we will first use the fast sweeping method
[19] to solve the eikonal equation (3.2), then we will use the Godunov scheme for
scalar conservation laws to solve equation (3.1) [20].

Before discussing the methods and algorithms used, we set the space and time
discretization. The walking facility in question - the hallway - is set to be the
interval [—1, 1] C Rin all work done in this paper in 1D. The interval is discretized
by N + 1 gridpoints, indexed from 0 to N. This domain is then divided into cells
of the form I; = [:EZ;%, xH%], each centered at the corresponding z; = Az, with
i € Z, and h = Ax being the space step between x; and x;,1 for all ¢ (in our
simulations, we take h = 1072?). In a similar manner, the time domain is set to
start at zero with increments of kK = At separating each point in time t" = nAt
(in our simulations, we take k = 1073). The result is time intervals of the form

I = [, 741,

3.1.1 The Fast-Sweeping Method

The fast-sweeping method used in our examples is based off of work done by
Hongkai Zhao (see [19]) for solving Eikonal equations, like (3.2), of the general
form:

[Vu(z)| = g(z), € R

It is accompanied by a boundary condition u(x) = ¢(z) for x € T' C R", where
' is the boundary of the computational domain. In our model, ¢(x) = 0 for all
boundary points, corresponding to our boundary conditions on the potential ¢,
and g(p) = ﬁ = 1%/). Details about the approach and general procedure of the
fast sweeping method, as well as other applications, are discussed by Zhao in [19].

In short, we apply upwind differencing to the interior points of €2 for the Eikonal
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equation to get the following:

[(¢i — min(¢i1, ¢i—1))+]2 = h292(pi), 2<i<N-1

where

z ifx>0
(v)" =
0 ifz<0

Here, h is the space step between gridpoints, and the subscript ¢ determines
the ¢ at a certain gridpoint z;, for i = 2,...N — 1. (Consequently, we have a
total of N gridpoints ranging from index 1 to N.) Note that the above shown
applies for a ‘sweep’ from the left side of the interval to the right. For the fast-
sweeping method, we must also apply another ‘sweep’ in the opposite (right to
left) direction, in other words, moving from i = N —1,...2.

In a simpler manner for the one-dimensional case, we can describe the algo-

rithm in the following four steps:

1. Set an initial guess for the potential, call it ¢°?. For this guess, fix the
boundary values as per the boundary condition given (in 1D where the
endpoints are both considered exits, ¢(£1,¢) = 0), and set all other values
very large (in the simulations in Chapter 4, we set them to 10'?). The
boundary values will remain the same throughout our computations, while

the interior points will change with each iteration.

2. For each interior gridpoint ¢;, for + = 2,...N — 1, we apply the following
algorithm for a sweep’ in the left-to-right direction. In 1D, this can simply

reduce to the following:

¢r” = min(min(¢%, ¢2%%) + hg(p;), ¢

The superscript ‘old’ represents the previous guess that we use to determine

anew guess (the initial value), while ‘new’ represents the new approximation
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that will replace the old.

3. Repeat step 2, but this time, we find ¢; for : = N — 1,...2, performing a

second 'sweep’ from right to left.

4. If the following convergence condition is satisfied:
lorew — 6| < &

for some small positive value § (in our simulations, we will take § = 107?),
and for all x € Q\T" then we are done and proceed to solve the conservation
law. If not, we assign the value of ¢™* to ¢°¢ and repeat steps 2 and 3,

and continue in this loop until the above convergence inequality is satisfied.

Once we have our potential approximations, we proceed to the next step to

find the pedestrian density at each gridpoint.

3.1.2 The Godunov Scheme

A hyperbolic conservation law of the form w; + F(u), = 0 can be solved in a
number of ways, with one of the most common being the Godunov scheme. In
equation (3.1), our unknown variable is p, and F(p) = —pf(p)sgn(¢,). The full
derivation of the Godunov scheme can be seen in Randall LeVeque’s work [20].
Here, we state the resulting scheme used in our simulations. At a certain gridpoint
x; at time "', given we know the pedestrian density at this same gridpoint at
the previous time step t", we can find the new density using upwind differencing,

and reach the following difference method:

2

n n k n n
pi+1 :pz —_— E(Fl'f'% —Fi_l)
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where Fl’; ; is the Godunov flux, and, to avoid solving and Riemann solvers, can
2

be approximated using:

min  F(0) if pi < piy

) L = Py <0<pi’y
ity :
max F(6) if pi', < pP
+1 —= M4
Pl =O<p}

Here, h represents the spatial step (like before), while k represents the given
time step between " and t"*!. F (without the bar) is the same one defined before
to fit equation (3.1).

With this newfound p at the new time for each gridpoint, the process is
repeated for the next time step, finding new potential approximations for the
new density values with the fast-sweeping method, then finding the new density
approximation using the Godunov scheme, and so on for the experiment’s total

duration.

3.2 The Two-Dimensional Case

For the two-dimensional case, we will follow the following process, loosely based
off of that by [18], but using extensions of the methods we’ve seen in 1D, in order

to arrive at the updated density values at each new time step:

1. For a given cost function, find C'(p(x,y,t),z,y,t). (We prescribe this in our

simulations).

2. Using this cost function, solve the eikonal equation (2.28) using the fast
sweeping method [19].

—

3. Find ||f(z,y,t)|| using equation (2.26).

4. Find f(x,y,t) using equation (2.27).

5. Find the 2D Godunov flux approximations in order to solve the scalar con-

servation law (2.25) [20].
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These steps are performed over three forward FEuler steps, and using the total-
variation-diminishing Runge-Kutta method as a corrector step to ensure accuracy.
We now discuss the details of each of the key algorithms mentioned above and

how they change in two dimensions.

3.2.1 The Godunov Flux in 2D

We return to the well-known Godunov scheme that we’'ve seen previously in the
1D case and extend its definition into 2D. While other high-order schemes do exist
for solving 2D hyperbolic conservation laws, such as the WENO scheme (see [21],
for instance), we opt for the easy-to-solve Godunov scheme with a numerical flux
approximation. Like before, we begin with a 2D conservation law denoted by
pi + F(p)z =0, (here, F(p) is defined the same way it was in Chapter 2, Section
3) and we perform the following upwind differencing to give us the 2D differencing

method that we use later

d 1, - _

n n n 1 n
alii = _h_z(Fi—i-%J - Fi—%g’) pVigrs Fi,j—%) (3:3)
Here, h, and h, are the space steps in both the  and y directions respectively, and
Fi'jrl i is the numerical Godunov flux in the = direction, which will be calculated
27

similarly to before in the previous section:

min  F(0) if Pi; < Pt

o PEiSOSP
L1 . =
1+3.J .
max  F(0) if p?, . < pl.
i+1,7 — M,
Piy1;SOSPT; ’ ’

Similarly a definition for the numerical Godunov flux in the y direction, ang I
is analogous. Using the Godunov flux as opposed to other alternatives is in its
simplicity to implement (as opposed to the WENO scheme) and great accuracy
(as opposed to schemes like the Lax-Friedrichs one). These fluxes will be used in
equation (3.3), and we use the right hand side of this equation when we perform

the three Euler steps for the TVD Runge-Kutta method. We see this implemen-
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tation later in this chapter.

3.2.2 The Fast-Sweeping Method

Like we’ve seen in the 1D case, when solving for the cost potential, we are dealing
with an Eikonal equation like the one seen in equation (2.28). We note this
Eikonal equation is a special case of steady-state Hamilton-Jacobi equations. We
would like to find an approximation to the viscosity solution, similar to the work
found in [16]. The importance of this solution is physical relevance for a variety
of applications, including our pedestrian model. Numerical methods for viscosity
solution approximations for Hamilton-Jacobi equations bear similarities to those
for solving conservation laws. To this end, it is possible extend a scheme like the
third or fifth-order WENO scheme for conservation laws (for more details, see [22],
[21], and [23]) to WENO schemes designed to solve Hamilton-Jacobi equations
(see [24]). Instead, however, we will use the much simpler fast-sweeping method
by Zhao [19], which is an extension of the method we’ve seen previously in the

1D case, seen first in the following discretization:

[(¢ij — min(Pis1 g, ¢io15)) T + [(¢15 — min(ds i1, ¢ij—1)) "> = hc};

where 2 < i < N, —1 and 2 < j < N, — 1. Here, (4,7) is the index pair for
(x,y), and N, and N, are the number of gridpoints in the = and y directions
respectively. We also note that ¢; ; = C(p(x;,y;,t)2;, y;,t) (which we prescribe in
step 1) and h is the spatial step (which we are assuming to be the same in both
the vertical and horizontal directions).

Much of the initialization here is very similar to before, where we fix the
boundary condition on the exits to zero for all sweeps, and set all other values at
the other gridpoints as high numbers that will be updated later (usually taken to
be 10'2). One key difference is that in the 1D case, we only performed two sweeps

in the left and right directions. In 2D, however, we now sweep in four directions,
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defined as follows:

1)i=1:N,,j=1:N,
2)i=N,:1,j=1:N,
3) i 1, j=N,:1
4)i=1:N, j=N,:1

As we loop through each sweep, we update the solution as follows with this

extension of the fast-sweeping method from the simple 1D case to 2D:

. ld 7
b = min(¢gy, éi)
where,
Q_S mln( xgun ymzn) +Cljh lf |¢zmzn ymm‘ > Cz h
" grmin 4 ymm \/ 2c2.h? — (¢min — gbi’;”m)?) otherwise
and
; . ld ld
= min(@7 5, 97 )
n - ld ld
b= min(OfF, 977

We finally denote the convergence condition similarly to the 1D case by the

following:

|[¢?" — ¢™*|| < 6, for some convergence threshold § > 0

The only difference is that the norm is performed in two dimensions instead of

one. In our simulations, we will take § = 1077,

3.2.3 The third-order Total Variation Diminishing

Runge-Kutta time discretization

Before we proceed to simulations, we address a corrector step that we perform

to apply time discretization to equation (3.3). In order to maintain the stability
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of spatial discretization, we will use the third-order total variation diminishing
(TVD) Runge-Kutta method, shown in detail by Shu and Osher in [25]. This

method, moving from p" to p"*, is given by:
p) = p" + AtL(p")

3., 1
P = 20"+ (00 + AtL(p™))

4
ntl _ L on 20 (9 @)
P =gt 5P+ ALL(p))

where L(p) is the right-hand side of equation (3.3).

With our key methods before us, we now proceed to put these into practice
with some numerical simulations. In the next chapter, we use the methods de-
scribed here to craft meaningful real-world examples and see how Hughes” model

behaves under these different initial conditions.
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Chapter 4

Simulations and Interpretations

In this chapter, we implement the schemes and methods explained in Chapter 3
in both the 1D and 2D cases. We will describe each in terms of mathematics and
in terms of real-life interpretation. In some cases, we also provide a brief critique
of how the walking conditions can be improved for the easier evacuation of people

from the domain.

4.1 The One-Dimensional Case

We begin with the one-dimensional case by setting the stage for what we will
be simulating. Consider a one-dimensional hallway with no branching paths
and two exits on both sides; that is, in our computational domain Q = [—1, 1],
the points 1 and -1 are the destinations which people in the hallway wish to
reach (before we end this subsection, we will explore what happens when we
block off one exit). The previously mentioned behavioral attributes, to minimize
travel time and avoid high-density crowds, remain in play, which translates to the
potential at the boundary points being zero at all times. This forms the boundary
condition for the potential: ¢(+1,¢) = 0 for all ¢ > 0. The initial densities
across the hallway are given by p;(z) = p(z,0) for all z € [—1, 1], and additional

homogeneous Dirichlet boundary conditions whenever necessary, pp = p(£1,1).
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As mentioned in Section 3, we discretize the computational domain 2 with spatial
steps Az = 1072, and the timestep between each iteration is At = 1073,

Let’s begin with a simple example of initial data where p;(x) = 0.8 for all
x € Q with the addition of a Dirichlet boundary condition pp = 0.5 (see Chapter
2 for details). Figure 4.1 shows this simulation in action, showing the relationship
between the density and position at a certain time, with notable time steps shown
and labeled accordingly, over a 3-second total experiment time.

t=05 t=1 t=1.25

0.8 ————— . 08 — — 08
| | N L
07 07 . 07 .
.
06 06 06 .
.

Figure 4.1: Snapshots of the change in p for p;(x) = 0.8 and Dirichlet boundary
condition pp = 0.5

First, we note that with such a high density of people across the entire walk-
ing facility, it would make sense for it to take some time before the hallway is
completely cleared out. If we were to take half the initial density of people (say,
pr(xz) = 0.4 for all z € ), the experiment would take roughly half the time for
all pedestrians to make their way through an exit.

The hallway starts off being entirely packed with a consistent density of people
through the whole path. That being said, with densities towards both exits being
relatively similar, the split that occurs between those who choose to exit from
the left and the right is an even one straight down the middle, with the path that

people choose depending mostly on their initial position; that is, those who start

27



before the point x = 0 (the halfway point from end to end) tend to the left, and
those to the right of z = 0 tend to the right. This causes a drastic dip in the
crowd density in the middle of the hallway, which is being cleared out first. This
notable sudden change in densities represents the respective shock waves in both
directions.

Unfortunately, those who started towards the middle face the dilemma of
overcrowding, which stalls them from getting to their nearest exit sooner. Due to
the high densities of people closer to the exit trying to make their way out, these
incoming crowds are brought to a near halt as they wait for the crowd closer to
the exit to ease up and leave the hallway, making more room for them to pass
and depart as well. We can visually see this, especially in the first few snapshots
in Figure 4.1.

What’s also noteworthy is the density values close to the exits. Observe
the first graph for t = 0.5. We notice a steady, smooth drop in pedestrian
density at these exits as we approach x = +1, in part due to the lower density
of people we set to be at the boundaries (the Dirichlet boundary condition).
Mathematically, these are the manifestation of the rarefaction waves in play.
What this could represent realistically is that crowds eventually trickle down into
a more manageable, lower-density ones to make for the easier transition of people
as less total people are present in the hallway at once, gradually reducing the
overcrowding issue.

Moreover, we notice that shortly before t = 1.25, the rarefaction and shock
waves meet. Think of the constant densities between the shocks and rarefactions
in previous graphs as people waiting, or progressing more slowly, until they can
"funnel through’ and make their way to the exit more easily in a less-crammed
space (the rarefaction parts). When the shock and rarefaction meet, then this
funneling of people will occur more easily. Judging by how long it takes for the
hallway to nearly clear out (more than 3 seconds), it will still take some time for

those waiting to make their exit, since the overall densities in the hallway are still
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rather high. Finally, we note that when the shock finally meets the boundary
(just after 3 seconds), it indicates that the hallway is effectively cleared out.
This example showed a scenario where the entire hallway started with the
same density levels all around. However, what if we had a situation in which
these densities were not so evenly spread? What if one end of the hallway was
more congested than another? We take this case as our second example, with

initial condition:

0.7 if z €[0.4,1]
pr(z) =
0 elswhere

It is accompanied by a Dirichlet boundary condition, like before, set to pp = 0.5.

t=0.25 t=0.5 t=0.75
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Figure 4.2: Snapshots of the change in p for a one-sided initial condition

Figure 4.2 shows this simulation in action across the timespan of 2 seconds.
We set the initial position for all people in the hallway to be close to the rightmost
exit. Those that are closer to the right exit will, obviously, make their way through
with few issues. However, those that aren’t so close are not as fortunate, and have
two choices: stay nearby in the crammed environment until things clear up, or
turn around and make their way to the left exit. For a fraction of these people,
the latter option is more appealing, and we see this from the very first snapshot
with an uneven split of people abandoning the heavy crowds and making their

way through the empty side of the hallway in order to leave from the alternate
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exit. This smaller crowd also manages to distribute itself more evenly than the
dense, crammed group waiting at the right exit. In contrast, we notice that with
the smaller group heading for the left, the curve representing their densities is
flattening as they approach the left, making for less cramming. It is still worth
noting, however, the fraction of people who remain in the crowd to the right and
do not reconsider their path. To them, since they are near the exit, the existence
of a heavy crowd doesn’t outweigh the proximity to the way out, so they remain
and wait.

Shortly after the 2-second mark, the hallway is cleared out. Surprisingly, the
dense crowd to the right made their way out entirely before the ones who strayed
away to the left. Examples like this are intriguing case studies in path efficiency:
is it more time-efficient to wait in the crowd while close to the exit, or turn away
and find an alternative? In this example, we witness both of these options in
play. While in this case, it appeared that waiting paid off for those who did (as
they evacuated sooner than the others who made their way to the left), but this
result is certainly not an absolute. Different scenarios, and different pedestrian
splits, will give way to different results.

Next, we explore a more intricate example with different densities across the
hallway, and see how crowds behave under these conditions. Take the following

piecewise example:

0.65 if z € [~0.5, —0.25]
pr(z) =14 03 ifze[-0.1,0.3]
0.85 if z € [0.5,0.9]

We apply our algorithm with this initial data and view snapshots at every
1/4 of a second for this process in Figure 4.3. (Note: the source code for this
simulation can be found in the Appendix.)

Let’s explore this example present in the snapshots and interpret from both

a mathematical and real-life perspective. For ease of notation, we will call the
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Figure 4.3: Snapshots of the change in p for the new piecewise initial condition

leftmost starting crowd Group A, the middle one Group B, and the rightmost one
Group C. Starting from ¢ = 0.25, we notice multiple jumps (shocks) that break
up parts of the solution. The most notable ones appear in parts that split up
Group A from B and Group B from C, and noticeable ones in Groups A and C on
their way to their respective closer exit. Given the higher initial crowd densities
of Groups A and C (compared to B), we see a situation comparable to what we
saw in the second example with overcrowding at locations of higher densities,
giving rise to these shocks. To put it into real-life perspective, members of Group
B have to make a decision about the most travel-effective route. Considering that
the left is slightly less crowded, joining Group A and navigating to the left exit
is the more appealing option. Meanwhile, Groups A and C suffer from extreme
overcrowding, and some members of Group C even try to turn away to try and join

Group B and navigate to the left exit. Simply put, in the beginning, we witness
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a great mishap of cramming, especially as we approach the exit boundaries.

A similar story can be said as we progress into t = 0.5 and ¢t = 0.75. Most of
group B is making their way to the left with Group A, though there are still a
few in the crowds that haven’t quite committed to a direction. As we progress,
especially evident in Figure 4, we notice that a small amount of people from Group
B try to change course to the farther exit (the right one) due to the overcrowding
disaster at the closer one (this can be seen in the small, ever so slight oscillations
in the snapshot for ¢ = 0.5). This is a clear example of the reactive nature of
the model in play, how people tamper with their travel route depending on the
development of the immediate events before them. If a route appears too crowded
or conditions change, they will make changes. Meanwhile, while some members
of Group C remain committed to their route, despite the intense traffic (since
they are so close to the exit anyway), a select few that are farther away, closer to
the shock in the figure, try to make their way to the other side of the hallway for
the alternative exit, since the wait in the heavy crowd is no long as cost efficient
as changing course.

Moving forward to ¢ = 1 and ¢t = 1.25, Group B and those who strayed from
Group C have completely joined Group A, making for the more appealing exit
route in the eyes of the pedestrians in the immediate situation. The overcrowd-
ing of Group A and the remainder of Group C, however, has yet to completely
diminish. We still see high densities of people in these groups in such a small
interval, evidence that it is still far too crowded for a smooth transition out of
the hallway.

Going forward, we note that Group C completely exits the hallway shortly
after ¢t = 1.5, while Group A continues to funnel out through the left exit. Time
goes on, and Group A presses on until the hallway is nearly cleared out entirely
around ¢t = 2.25. This progression moved rather quickly now that the rest of
the hallway was cleared, and only their group remained.All in all, this simulation

serves as a solid showcase of how pedestrians can alter their travel route based
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on immediate circumstances (mainly seen with Group B), and how intense over-
crowding in one area, like we were given in the initial condition for Groups A and
C, can hinder a smooth transition of crowds making their way to funnel into an
exit, even if it’s so nearby.

Finally, we address a modification to our model to illustrate a slightly different
case. Most of the circumstances are the same, except for the boundary conditions.
Previously, we worked with a hallway in which both endpoints were exits. Now,
we consider a case in which only one of the boundaries is an exit. Without loss
of generality, assume that, in the hallway defined by Q = [-1,1], x = 1 is an
exit, while z = —1 is a dead end (a wall). In this case, the boundary condition
on the potential changes so that ¢(1,¢) = 0, while ¢(—1,¢) is treated like any
other interior point, set to a high value, and not fixed with the fast-sweeping

method. We turn to Figure 4.4 and observe the progression of pedestrians in
such a scenario.
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Figure 4.4: Snapshots of a single-exit case where p;(x) = 0.75 with Dirichlet
boundary condition p(1,t) = 0.5.

Figure 4 is based off of a simulation in which the right exit is open, while the
left one is replaced by an impassable wall. The initial condition for density is given

to be pr(z) = 0.75 for all z € [—1,1) and p(1,¢) = 0.5 as the Dirichlet boundary
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condition. The simulation abides by the same spatial and time discretization
as before, and run for 6 seconds. The densities drop towards the right exit, as
expected, but it takes a very long time for the hallway to become even close
to being cleared, as there’s still a good number of people who haven’t reached
the right exit by the end of the simulation. This is partly due to the relatively
high crowd density across the whole walking facility and the lack of any other
options or possible routes for people to take. This absence of an alternative forces
pedestrians to abide by one route and march towards the only exit in the corridor,

and in turn, results in an increase in time to clear the way.

4.2 The Two-Dimensional Case

We now move from a one-dimensional corridor to a two-dimensional walking space
with much more in the way of possibilities and applications. In our examples,
we focus namely on evacuation; that is, we will always start off with an initial
condition across the entire domain to determine where people begin at time zero,
and their goal is to make their way to the nearest exit. We consider a room
of dimensions © = [0,100] x [0,50]. The exact nature of the boundaries (walls
or exits) will be specified in each individual case. We take a uniform spatial
discretization Az = Ay = 1 and time step At = 0.1. Like before, we take into
consideration the aforementioned assumptions about crowd behavior to determine
the potential on the exit boundaries, that is ¢(z,y,t) = 0 for (x,y) € T'y for all
t>0.

We also prescribe some of the functions defined previously, with assumptions
to keep some of the variables in line with the 1D case. We consider the following
speed-density relationship (similar to Greenshields’ traffic flow model, see [4] for
details):

U(p) =1—p, for all (z,y) € Q

By this definition, the maximum walking speed is 1 (can be considered as meters
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per second for a unit, if the reader chooses for visualization purposes), but when
the crowd density equals its 1, movement is completely halted, much like in the
1D case, making it the maximum density for these simulations. We also consider
no extra discomfort from external factors, i.e., G(p) = 0. Finally, we define the

cost function, which determines our cost potential in the Eikonal equation (2.28):

These factors remain consistent in both of our provided examples. Note that with

these choices of U, C, and G, we observe that when we calculate f(z,y,t) and

its norm using (2.26), then (2.27):

—

Flayt) = ((11___;;/) V(1 - )

This reduces back to the original Hughes’ model that we saw in the beginning in
equations (1.1) and (1.2).

Now, we give the details for our first simulation. Consider a walking facility
with no obstacles in place and two exits along the left and right boundaries.
The initial crowd composition is a group of density p;(z,y) = 0.4 situated at
the gridpoints (z,y) that are a part of the subset [40,60] x [20,30] C Q. This
placement choice is close to the center of the computational domain, and it serves
to demonstrate in a simple manner how this small crowd splits up and chooses a
path to the nearest exit, and how the crowd behaves on their way out. Despite
its lack of complexity, the situation is applicable to real-life situations like a large
sports stadium, where a crowd (in this case, it could be the sports teams) may
be condensed in the center of the field at the end of a game, and make their way
to one of the two respective exits on the far ends after the sporting event, such as
soccer, basketball, or football, comes to a close. (Note: the source code for this

simulation can be found in the Appendix.)
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Figure 4.5: Snapshots of our first 2D simulation where p;(z) = 0.4 in the rectangle
[40,60] x [20, 30], showing the pedestrian flow in time at three different intervals.

We turn to Figure 4.5 to view the propagation of the crowd from their starting
point in the middle at time zero to the exits. The study lasts for 60 seconds, and
we display the crowd densities at the initial time ¢ = 0, then for t = 15, 30,
and 45 seconds. We observe at t = 15 that the crowd evenly splits down the
middle; those on the left side of the domain will march towards the left exit,
and those on the right side will head for the right one, as expected. With no
obstacles or obstructions before them, the pedestrians are free to move forward
without any external limitations. Interestingly enough, with more elbow room,
the crowd spreads out vertically, shown in the density spreads up and down on
both the left and right groups, making for less dense crowding in the middle
and more convenient passage. Similarly, we also notice some density spreading
happening horizontally as well. With no external factors in the way, the crowds
on the left and right sides can move at full speed without any need to stop. As
a consequence, those who are behind also have more room to move forward and
not be as crammed as initially.

This trend continues as time presses on, with the general maximum densities

at one point decreasing progressively as people can spread out more in the open
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room, traversing away from more crowded spaces by going around (explaining
the curving and spreading in the vertical direction). Eventually, both crowds
arrive at their exit boundaries with no overcrowding or bottlenecking. It takes
just over 60 seconds for the domain to completely clear out. Overall, the walking
facility was convenient for this crowd to split up and spread out and avoid any
sort of pedestrian complications. This example was relatively easy to process
due to the lack of obstacles or overcrowding, but not only can it be applied or
visualized in real-life crowd-based situations, it also sets the standard for how a
tame evacuation generally looks under these circumstances compared to what we
will see next.

Next, we take a walking facility of the same dimensions with a single exit on
only a part of the right boundary; that is, I'y = {(x,y) : = 100,15 < y < 35}.
The rest of the boundaries are walls. We also add in three obstacles in the interior

of €2, defined as follows:

Py ={(x,y) : (z,y) € [30,40] x [10,20]}

Pg ={(z,y) : (x,y) € [30,40] x [30,40]}
D ={(x,y) : (x,y) € [60,80] x [10,40]}

P, and Pg can be visualized as pillars, being small structures placed side by side
and in line with one another, while D can be seen as a divider, having great
vertical length and standing in front of the designated exit. We account for these
obstacles the same way that we would for walls; that is, we simply ignore them in
the computation of the potential and the density. Our crowd of pedestrians will
begin from the far left in the rectangle [0, 10] x [10, 40], with a starting density of
pi(x,y) = 0.6. While not as direct as our previous example, it is very possible for
large crowds to be presented with a situation to travel from point A to point B
like this one, navigating through narrowing corridors as such and re-convening on

the other side. For a detailed visualization of the starting conditions, see Figure
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4.6.

ji
Pillars  Divider

Figure 4.6: Layout of the walking facility at ¢ = 0 with details of the obstructions
and initial crowd location.

We are interested in seeing how crowds behave in their travels from the far
left of the walking facility to the narrow exit on the far right, and how the crowds
evolve while passing by various obstacles. Figure 4.7 shows overhead snapshots
of the densities at time t = 30, 60,90, and 120 seconds. We describe the crowd
behavior as a whole from ¢ = 0 until ¢ = 120.

The crowd starts in their initial positions, as previously established, and
pressed to the right in the direction of the exit. As seen before, those in the
front move forward and make some room for those behind to spread out a bit,
making for a less crammed crowd as a whole. Not long into their progress, how-
ever, they encounter their first obstacle: navigating around the two pillars Py
and Pg. There are three available paths to take to pass this barrier: from above,
below, or through the middle. Depending on the initial vertical position of the
crowds, they will funnel through one of these three options, whichever is closer.
We notice the splitting begins before the crowds even reach the pillars; this is an
example of pedestrians taking in instantaneous travel data and tampering with
their routes accordingly.

One important remark to make about the first graph at t = 30 is the spike
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Figure 4.7: Snapshots of our second 2D simulation (with obstacles and a smaller
exit boundary) where pr(z) = 0.6 in the rectangle [0, 10] x [10,40], showing the
pedestrian flow in time at four different times.

in density that occurs on the top left edge of Pg and the bottom left edge of Pj.
The densities at these corners is significantly higher than any other point, even
with the narrower path that could give way to bottlenecking. This could be at
the hands of people attempting to save time by moving close to this corner, but
accumulating in the process. Such crowding has the potential to spread to the
rest of an already-thin corridor and cause issues for those taking these respective
routes. While they manage just fine in our simulations, this crowding issue is still
noteworthy when considering possibilities for higher densities of people and even
narrower paths that could present themselves in different situations. This can all
add up to a less-than-ideal walking experience for those involved.

Regardless, the crowds carry on despite needing to travel through a smaller,
thinner space than before, all without causing too much overcrowding besides at
the two corners. We do expect, however, higher densities through these narrower
corridors than the more evenly spread ones before. The snapshot at ¢ = 60 shows
these higher densities (in the three higher-density locations above, in between,
and below the pillars).

Once the middle group gets through the pillars, we note that in the graph
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for t = 30, and even moreso in that of ¢ = 60, the middle group splits up in
the upward and downward direction to join one of the two other groups after
passing between the two pillars. Once again, they receive new information of a
large divider D in front of them. Since they cannot pass through the middle,
they must make an immediate decision and move to either the left or the right
(or up or down from our perspective) in order to proceed. In doing so, they meet
up with the upper or lower groups, whichever is closer.

Once past the pillars, the next hurdle that these crowds face is the divider D.
It is rather large and, unlike before, only has two options for passage. As noted
before, the middle group splits up to meet up with the upper and lower groups to
pass through. The width of these narrow corridors between the upper and lower
bounds of the divider and the walls of €2 is the same width of those seen between
the pillars and the walls previously. While that might mean that we shouldn’t
see any other pedestrian issues due to similar hallway widths, we notice that this
isn’t necessarily the case. From the snapshot at ¢ = 60, we notice similar spikes
in density at the top left and bottom left corners of D, their existence justified
by the same argument as that of the pillars. We notice that these densities grow
and spread out through the hallway as more crowds pass through, evident in the
more yellow-green marks in the snapshot for ¢ = 90 (like we’ve seen in the pillar
case). These heavy-density markers and be seen even in the fourth snapshot for
t = 120.

Finally, once the divider D is maneuvered around, the crowds come together
in the middle to pass through the exit, which is only a small part of the right
boundary. With the crowds converging together and trying to make their way
through a small exit, we notice that while they disperse into less dense crowds
again, they eventually cluster together again and make for serious overcrowding
at the exit mark, clear through the yellow lines along the exit (they are nearly
maxed out at a density of 1). This phenomenon persists up until the entire

walking facility is cleared with a slow progression of pedestrians out the exit.
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Overall, we can extract some interesting conclusions from this experiment.
First, and obviously, thinner corridors make for more overcrowding. A critique
to improve the walking conditions of this room is to have wider hallways to get
around obstructions, and more path options wherever applicable. Second, sharp
corners that people must turn around are not ideal for an end goal to avoid
overcrowding. A possible solution for this would be to try to make rounded edges
along obstacles. This has the potential to facilitate for easier traversal of crowds,
and make more room for more people to funnel through more smoothly. Third,
the more empty space, the more opportunities for people to spread out and make
for a less dense walking environment; this was seen in both examples and having
such open spaces is encouraged to keep this spread. Finally, the smaller the exit,
the more risk for overcrowding there. Wherever possible, either having more exit
options or a wider exit would do wonders to improve the walking conditions of

this case study.
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Chapter 5

Conclusions and Moving Forward

Throughout this paper, we’ve had a look at Hughes’ model for pedestrian traffic
from both a theoretical and practical perspective. We started off with some
motivation to familiarize ourselves with the derivation of the model in both one
and two dimensions, as well as some brief analysis of the solutions to the systems.
We then proceeded to go over a solution algorithm for each case, with efficient
methods to solve the given Eikonal equations (using the fast-sweeping method)
and the conservation laws (using the Godunov scheme). We described the process
for all the relevant algorithms. With these in mind, we presented numerical
results under different initial conditions, describing what we saw mathematically
and gave a real-life interpretation and critique for the simulations performed.
This research has the potential to shed light on the development of walking
facilities in the making. With a heavy focus on evacuation, as we've seen in
Chapter 4’s simulations, we are able to better visualize how people behave in a
certain walking space with their primary objective being to exit. As mentioned in
the introduction, it’s important to study crowd behavior in emergency situations
such as fires, earthquakes, hurricanes, and other natural disasters that can happen
rather suddenly with constant changes. It can even apply to more specialized
locations like laboratories or hospitals in case of the release of hazardous materials

into the air. Efficient evacuation is critical in these worst-case scenarios, and being
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able to properly design rooms and buildings with such escape routes in mind can
be the difference between life and death. With an algorithm like the one we’ve
used, we can test different initial conditions for crowd densities at the start of an
evacuation, set other parameters like walking speed, a cost function (like we’ve
seen in the 2D case) and obstacles that stand in the way, and interpret interesting
results like when and where overcrowding might occur, where an alternative exit
might be optimal, and how much time it takes for a particular crowd to completely
evacuate. All of these factors should be handled with care in order to properly
craft an ideal solution for bettering such protocols.

Furthermore, this research can certainly be expanded upon to emulate more
crowd-related scenarios. First, this paper does have a heavy focus on evacuation -
that is, the crowds are already in a certain area and need to leave through one of
the available exit points. Research has already been (and is being) conducted on
scenarios where people enter from a particular entry point and navigate a walk-
ing facility to reach the exit. The model presented in our research can certainly
benefit from the addition of an inflow boundary in order to further expand our
options and emulate different types of walking scenarios. Second, an interesting
expansion to the model would be a jump into the third dimension, that is, de-
scribe a situation of a multi-floored building and determining the crowd behavior
across facilities like stairs. However, at least in the case of humans, we cannot
physically move freely in a 3D space, as opposed to 1D or 2D. Restrictions would
have to apply in order to keep this sort of study grounded. Its application, how-
ever, to describe evacuation scenarios in buildings several stories high, like schools
or business towers, to get from a certain part of the inside of the building, down
a flight of stairs, and through an appropriate exit, is a fascinating prospect to
explore and ponder over. Third, we can account for different definitions of the
potential. We assume that people behave somewhat rationally and try to mini-
mize their travel time and avoid dense crowds. While it would be complicated,

it would be interesting to experiment with more extreme situations and different
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goals that people may have in mind, especially because people behave erratically
in emergency situations like fires and earthquakes. Another possibility for de-
velopments includes dynamic changes to the walking facility, such as if an exit
opens or closes, or a new obstacle appears in the way of pedestrians. Incorpo-
rating these into the model would expand the scope of experimental possibilities.
Finally, the study doesn’t even have to stop at humans. Vehicle traffic in busy
cities is just as great a problem and hindrance as pedestrian traffic. Modeling
the movement of cars and trucks on the busy commute during peak hours to and
from the overpopulated big city where most people work, for example, will help
us better understand the sources of high vehicle congestion on the roads, as well
as pave the way to adjusting for these problems, such as road expansion, building
alternative path facilities like bridges, and other options. The options that such
a model provides and inspires are plentiful, and give way to interesting future

research projects.
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Appendix: Matlab Code

clear; %Code for our third example in Section 4.1

—1:dx:1; %space discretization

dx = 107 (—2); x
N = length(x);
ttime = 2.25;
dt = 10°(—3); T = ttime/dt; t = 0:dt:ttime; %time discretization and total time
increments over 1.5s
%initial condition, set below
rho = zeros (1,N);
for i = 1:N,
if x(i) > —0.5 & x(i) <= —0.25,
rho(i) = 0.65;
end
if x(i) > —0.1 && x(i) <= 0.3,
rho(i) = 0.3;
end
if x(i) >= 0.5 && x(i) <= 0.9,
rho(i) = 0.85;
end
end
writerObj = VideoWriter (' HughesIDHall2 . avi');
writerObj.FrameRate = 50;
open (writerObj);
for i = 1:T,
phil = 10"12%xones(1,N); phil(1) = 0; phiI(N) = 0; phi = zeros(1,N);
phitester = phil;
%set the potential to zero at the exits, and high numbers elsewhere
while norm(phitester — phi) > 10°(—9),
phi = FastSweep (phil ,rho(i,:) ,dx); %fast sweeping method, see Zhao
(2005)
phitester = phil; phil = phi;
end
rhoNEW = Godunov (rho(i,:) ,phi,dx,dt);
Time = t (i) %for me to keep track of what time we're at

rho(i+1,:) = rhoNEW;
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plot (x,rho(i+1,:),'—"); ylim([0,0.9]);
pause (0.001); %creates a mini—video of the pedestrian densities as time
marches on.
Frame = getframe(gcf);
writeVideo (writerObj, Frame);
end
figure (2)
subplot (3,3,1)
plot(x,rho(0.25/dt,:) ,'—'); title('t = 0.25"');
subplot (3,3,2)
plot(x,rho(0.5/dt,:),'—'); title('t = 0.5");
subplot (3,3,3)

plot(x,rho(0.75/dt,:) ,'—'); title('t = 0.75"');
subplot (3,3,4)
plot (x,rho(1/dt,:),'—'); title('t = 1');

subplot (3,3,5)

plot(x,rho(1.25/dt,:),'—'); title('t = 1.25"');
subplot (3,3,6)

plot(x,rho(1.5/dt,:),'—'); title('t = 1.5");
subplot (3,3,7)

plot(x,rho(1.75/dt,:) ,'—'); title('t = 1.75"');

subplot (3,3,8)

plot (x,rho(2/dt,:) ,'—'); title('t = 2');
subplot (3,3,9)
plot (x,rho(2.25/dt,:) ,'—"); title('t = 2.25");

close (writerObj);

function y = FastSweep (phil ,rho,dx)
N = length(rho); f = ones(1,N)./func(rho); %setting up the function f on
the rhs of the eikonal eq.
phiF = zeros(1,N); phiFF = phiF; %allocating variables
phiF (1) = philI(1); phiF(N) = phil(N); %boundary cond. for the potential

for i

2:N—1, %first sweep: left to right
P = min(phil (i—1),phil(i+1));
phiF (i) = min(P + dx*f(i),phil(i));
end
phiFF (1) = philI(1); phiFF(N) = phil(N); %boundary cond. for the potential
for i = N—1:—1:2, %second sweep: right to left
P = min(phiF (i—1),phiF (i+1));
phiFF (i) = min(P + dx*f{ (i) ,phiF(i));
end
y = phiFF;

end

function f = Godunov(rhol ,phiX, dx,dt)
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lam = dt/dx;
N = length(rhol); rhoNEW = rhol;
H = zeros(1,N—1); %variable allocation
for i = 1:N—1, %setting up the Godunov flux at each node
M = linspace(rhol(i),rhol(i+1),100);
Gr = gradient (phiX(i:i+1));
P = —1xF(M,Gr(1));
if rhol(i+1) >= rhol(i),
H(i) = min(P);

H(i) = max(P); %H is the Godunov flux

end
for j = 2:N—1,
thoNEW(j) = rhol(j) — lam=*(H(j) — H(j—1)); %calculating the new rho with

the Godunov scheme

end
f = rhoNEW;
end
function f = func(x),
N = length(x);
f = ones(1,N) — x;
end

function f = F(rho,phi),
f = sign (phi)*rho.*func(rho);

end

clear; format long; %Simulation of the first example in Section 4.2
dt = 0.1; dx = 1; dy = dx; Nx = 101; Ny = 51; ending = 60; T = dt:dt:ending;
%Nx is the number of points considered in the x direction.
%Same for Ny in the y direction. Reminder the grid is [0,100] x [0,50].
%dt: change step in time; dx and dy: change steps in x and y space.
Y%we will assume dx = dy for simplicity.
rho0 = zeros(Ny + 4,Nx + 4);
for 1 = 22:32,

for j = 42:62,

rhoO(i,j) = 0.4;

end
end
writerObj = VideoWriter (' Hughes2DRoomSimple. avi');
writerObj.FrameRate = 15;

open (writerObj);
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%Initial Condition is that people are situated in the center of the walking
space
%Note that we take two extra increments to each side, to account for ghost
points later.
rho = rho0O; %New rho, just to allocate this matrix for later.
%Flux components, just to allocate for later.
HV = 10712; %HV means high value for the FSM
%In this setup, F1 corresponds to the y flux, F2 for the x.
for t = l:ending/dt, %Experiment runs for 3 seconds, taking into account the dt.
for k = 1:3,
cost = ones(Ny+4,Nx+4)./U(rho0); %cost function, taking to be as it was
before in 1D.
phi0 = HV * ones(Ny + 4,Nx + 4);
%Here, we assume the initial potential at interior points is large.
phi0 (3:Ny+2,1:3) = 0; phi0 (3:Ny+2,Nx+2:Nx+4) = 0;
%Boundary condition for the 2 exits, we set phi to zero.
phiO (1:2,3:Nx+2) = HV; phi0(Ny+3:Ny+4,3:Nx+2) = HV; %IV means high value
phi = phi0; %New phi, just to allocate for later.
phitemp = zeros (Ny+4,Nx+4);
while norm(phi — phitemp) > 10°(—9)
phi = FSGuess(phi0,cost ,dx); %Fast—Sweeping method in all four
sweeping directions. See Zhao (2005)
phitemp = phiO; phi0 = phij;
end
NewF1l = zeros (Ny+4,Nx+4); NewF2 = zeros (Ny+4,Nx+4);
for i = 3:Ny+2,
for j = 3:Nx+2,
M = linspace(rho0O(i,j),rho0(i+1,j),100); P = linspace(rho0(i,j),
rhoO(i,j+1),100);
if rhoO(i+1,j) >= rhoO(i,j),
NewF1(i,j) = min(—1*(phi(i+1,j) — phi(i,j))*M.*(ones(1,100)—
M)."2); %Godunov Flux
else
NewF1(i,j) = max(—1*(phi(i+1,j) — phi(i,j))+M.*(ones(1,100)—
M)."2);
end
if rhoO(i,j+1) >= rhoO(i,j),
NewF2(i,j) = min(—1*(phi(i,j+1) — phi(i,j))*P.*(ones(1,100)—
P)."2);
else
NewF2(i,j) = max(—1+(phi(i,j+1) — phi(i,j))*P.*(ones(1,100)—
P)."2);
end

end
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end
if k=1, %first part of TVDRK
for i = 3:Ny+2,
for j = 4:Nx+1,
rho(i,j) = rhoO(i,j) + dt*L(NewF2(i,j—1),NewF2(i,j),
NewF1(i—1,j) ,NewF1(i,j),dx,dy);
%See L.m for details on how this function works.
end
end
rhotemp = rho0O; rho0 = rho;
else if k = 2, %second part of the TVDRK method .
for 1 = 3:Ny+2,
for j = 4:Nx+1,
rho(i,j) = 3/4xrhotemp(i,j) + (1/4)*(rho0(i,j) + dt+L(NewF2(
i,j—1),NewF2(i,j),NewF1(i—1,j),NewF1(i,j),dx,dy));
end
end
rho0 = rho;
YNow repeat again with this third rho.
else
for i = 3:Ny+2,
for j = 4:Nx+1,
rho(i,j) = 1/3*rhotemp(i,j) + (2/3)=*(rho0(i,j) + dt=*L(
NewF2(i,j—1),NewF2(i,j) ,NewF1(i—1,j) ,NewF1(i,j),dx,
dy));
end
end
rho0 = rho;
Y%new rho becomes the old, and we repeat everything for the next
time step.
Time = T(t)
%Outputting this for my tracking/debugging purposes.
clf;
X = 0:dx:Nx—1; Y = 0:dy:Ny—1;
grid = rho (3:Ny+2,3:Nx+2);
surf (X,Y, grid); colorbar; xlim([0,100]); ylim([0,50]); caxis
([0,0.5]); view(0,90);
pause (0.001) ;
%We don't take the ghost points into consideration when plotting
%which is why we only took rho (3:Ny+2,3:Nx+2).
%It also allows me to see the updated graph
Frame = getframe(gcf);

writeVideo (writerObj , Frame);

52




end
end
end
end
% close the writer object

close (writerObj);

function y = FSGuess(phi,c,h),
[Ny, Nx] = size(phi);
phiNEW = phi; phiOLD = phi;
for i = 3:Ny—2,
for j = 3:Nx—2, %Left Sweep
if phiOLD(i,j) "= 0;
a = min(phiOLD(i,j—1),phiOLD(i,j+1)); b = min(phiOLD(i—1,j) ,phiOLD (i
+1,3));
if abs(a—b) >= c(i,j)x*h,
phiNEW (i, j) = min(a,b) + c(i,])x*h;
else
phiNEW(i,j) = (a + b + (2*%c(i,j)"2 * h"2 — (a —b)"2)"(0.5))/2;
end
PhiNEW (i, j) = min(phiNEW (i, j) ,phiOLD(i,j));
end
end
end
phiOLD = phiNEW,;
for i = 3:Ny—2,
for j = Nx—2:—1:3, %Right sweep
if phiOLD(i,j) "= 0;
a = min(phiOLD(i,j—1),phiOLD(i,j+1)); b = min(phiOLD(i—1,j) ,phiOLD (i
+1,5));
if abs(a—b) >= c(i,j)x*h,
phiNEW (i, j) = min(b,a) + c(i,j)x*h;
else
phiNEW(i,j) = (a + b + (2*xc(i,j)"2 = h"2 — (a—b)"2)"(0.5))/2;
end
PhiNEW (i, j) = min(phiNEW (i, j) ,phiOLD(i,j));
end
end
end
phiOLD = phiNEW,;
for i = Ny—2:—1:3,
for j = Nx—2:—1:3,

if phiOLD(i,j) "= 0;
a = min(phi(i,j—1),phiOLD(i,j+1)); b = min(phiOLD(i—1,j) ,phiOLD (i+1,
i))s
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if abs(a—b) >= c(i,])x*h,
phiNEW (i, j) = min(a,b) + c(i,j)x*h;
else
phiNEW(i,j) = (a + b + (2xc(i,j)"2 = h"2 — (a — b)"2)"(0.5))/2;
end
phiNEW (i ,j) = min (phiNEW (i ,j) ,phiOLD(i,j));
end
end
end
phiOLD = phiNEW;
for i = Ny—2:—1:3,
for j = 3:Nx—2,
if phiOLD(i,j) "= 0;
a = min(phi(i,j—1),phiOLD(i,j+1)); b = min(phiOLD(i—1,j) ,phiOLD(i+1,
)s
if abs(a—b) >= c(i,])x*h,
phiNEW (i, j) = min(a,b) + c(i,j)x*h;
else
PhiNEW (i, j) = (a + b + (2xc(i,j)"2 = h"2 — (a — b)"2)"(0.5)) /2;
end
phiNEW (i, j) = min(phiNEW (i, j),phiOLD(i,j));
end
end
end
y = phiNEW;

end

function f = U(rho),
[Ny,Nx] = size(rho);
f = (ones(Ny,Nx) — rho);
Y%speed—density relationship , can be changed for a new simulation

end

function f = L(fli,f1f,f2i,f2f dx,dy)
f = (—1/dx).*+(f1f — f1i) — (1/dy).*x(f2f — f2i);
%simple formula for the right hand side of the discretized equation (30) in
the paper.

end
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