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Abstract—X-parameters1 are a useful tool for modeling the
nonlinear behaviour of RF circuits and devices. Techniques for
their efficient computation as well as measurement have been
presented in recent publications. In this paper, we propose
a method for efficiently computing a required subset of X-
parameters using the adjoint technique. This approach provides
significant speed-up in cases where only a subset of the X-
parameters are needed.

Index Terms—Nonlinear RF circuits, X-parameters, Adjoint
Method.

I. INTRODUCTION

S-parameters are commonly used in RF and microwave
circuit design in order to model linear passive blocks as well
as nonlinear circuits which are linearized around an operating
point. However, despite their widespread use and advantages,
S-parameters are incapable of describing key nonlinear device
behaviours such as harmonic and intermodulation distortion.
X-parameters are an extension to S-parameters, which allow
for the modeling of nonlinear circuit behaviour by using a
Poly Harmonic Distortion (PHD) based model [1]. Several
approaches have been proposed in the literature to compute
the X-parameters. This includes time domain approaches such
as Latency Insertion Method [2]. Another type of simulation
method is the use of Harmonic Balance moments to compute
the X-parameters for circuits excited with single or multiple
input frequencies [3–5]. This approach allows for the compu-
tation of a complete set of X-parameters for the given system.
However, for some applications, it may not be required to
compute the complete set of X-parameters, for example for
determining port to port isolation, conversion gain, stability
analysis, etc [6]. This paper presents a general adjoint based
method for computing the required subset of X-parameters.
The proposed approach is based on the fact that the X-
parameters were reformulated in [3,4] as a sensitivity with
respect to a parameter β. The proposed method is shown to
be as accurate while considerably faster for the computation
of some subsets of X-parameters.

II. OVERVIEW X-PARAMETERS

For a given multiport system, the input and output power
waves, as shown in Figure 1, are defined as [7,8]

Ai,j =
Vi,j + Z0iIi,j

2
√
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(1)
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Bi,j =
Vi,j − Z0iIi,j
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(2)

where Vi,j is the j-th harmonic of the voltage at port i, Ii,j
is j-th harmonic of the current at port i, and Z0i is the
characteristic impedance at the same port. The function Fp,k(.)
describes the relationship between the input and the output
power waves at different ports and different harmonics for a
nonlinear system. This can be written mathematically as [8],

Bp,k = Fp,k(A1,1, A1,2, ..., Aq,1, ..., Aq,l) (3)

The PHD model is derived by linearizing the system in the
spectral domain [4]. The linearization point, defined by ALP ,
is chosen as a set of large signal input waves [8]. For the
cases of the power amplifiers and LNAs, the most obvious
choice is to use A1,1 as the linearization point, where A1,1

is the fundamental tone at port 1 (usually port 1 is the input
port). But for the case of a mixer circuit, there are two large
signals present, one of them is applied at the Local Oscillator
i.e. port 1, and the other large signal is at the Radio Frequency
input port i.e. port 2. Therefore, the set of input waves A1,1

and A2,1 are chosen as the linearization points, where A1,1

and A2,1 are the input waves for the fundamental tone at the
local oscillator (port 1) and RF input (port 2) respectively.
The output waves of the linearized system are described by
the following equation [3],

Bp,k = BLPp,k +
∑
q,l

(
SXp,k;q,l∆Aq,l + TXp,k;q,l∆A

∗
q,l

)
(4)

where ∆Aq,l is the deviation from the linearization point
of input waves, and BLPp,k is the response to the linearized
point input. The terms SXp,k;q,l and TXp,k;q,l represent the X-
parameters of the system and are defined as follows [8]

SXp,k;q,l =
1

2

(
∂Bp,k(A)

∂ Re (Aq,l)
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A=ALP

− j ∂Bp,k(A)

∂ Im (Aq,l)
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)
(5)



TXp,k;q,l =
1

2

(
∂Bp,k(A)

∂ Re (Aq,l)
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+ j
∂Bp,k(A)

∂ Im (Aq,l)

∣∣∣
A=ALP

)
(6)

Equations (4)-(6), include the real and imaginary parts of
the input waves to account for nonanalytic systems [8].

III. ADJOINT METHOD FOR X-PARAMETERS

The adjoint method is one of the most versatile tools for
sensitivity analysis for linear as well as nonlinear circuits for
both time and frequency domain simulations [9–11]. In this
paper, we use the adjoint formulation for the computation of
a subset of X-parameters.

A. Harmonic Balance Formulation

The Harmonic Balance (HB) formulation of a nonlinear
system is given by the following expression [12],

AX + F (X) = BDC +BRF +BLO (7)

where matrix A ∈ RN×N represents the contribution of linear
elements, F (X) ∈ RN contains the equations for nonlinear
elements, where N is the order of HB equations. BDC ∈ RN
contains the contributions of independent DC sources. BRF ∈
RN and BLO ∈ RN contain the contributions of RF input
and local oscillator respectively. X ∈ RN represent the HB
solution.

B. Relationship between X-Parameters and Harmonic Balance

The relationship between the Fourier coefficients and X-
parameters is derived in [3,4], this is shown in equations (8)-
(9).

SXp,k;q,l =

(
∂ap,k
∂âq,l

+
∂bp,k

∂b̂q,l
− 1

2

∂b̂p,k

∂b̂q,l
− 1

2

∂âp,k
∂âq,l

)

+ j

(
∂ap,k

∂b̂q,l
− ∂bp,k
∂âq,l

) (8)

TXp,k;q,l =

(
∂ap,k
∂âq,l

− ∂bp,k

∂b̂q,l

)
− j

(
∂ap,k

∂b̂q,l
+
∂bp,k
∂âq,l

)
(9)

In (8) and (9), ap,k and bp,k are the cosine and sine coefficient
of the k-th harmonic of voltage at port p. The terms ap,k and
bp,k are the entries of the HB solution vector, X . Whereas the
terms âp,k and b̂p,k are the cosine and sine coefficients of k-th
harmonic of port source-voltage p. As can be seen in afore-
mentioned equations, the computation of the X-parameters
requires the computation of the derivatives of entries of the
HB solution vector, X , with respect to the cosine and sine
coefficients of the port source-voltage. In other words, we
need to compute ∂X/∂âp,k, and ∂X/∂b̂p,k. For notational
elegance, let âp,k and b̂p,k be denoted by β, therefore we can
say that we need to compute ∂X/∂β for a given value of p and
k. The computation of the derivatives of HB solution vector

with respect to the Fourier coefficients of port source-voltage
are formulated in [3,4] as[

A+
∂F (X)

∂X

∣∣∣∣
X=XLP

]
∂X

∂β
= eβ (10)

XLP is the Harmonic Balance solution at the linearization
point, ∂F (X)/∂X is the Harmonic Balance jacobian matrix,
and eβ is the sparse vector with zeros at all its entries except
at position of β where it is set to 1. To find the derivative of X
with respect to different ports and/or different harmonics i.e.
different β, a new eβ vector is created and the system shown
in (10) is solved multiple times for different eβ . Using the
equations (8)-(9) and ∂X/∂β the X-parameters are computed
for all ports at all harmonics. The formal solution to the
equation (10) can be written as,

∂X

∂β
= T−1eβ , where T =

[
A+

∂F (X)

∂X

∣∣∣∣
X=XLP

]
(11)

Equation (11) computes the derivative with respect to all the
entries. To compute the required subset of X-parameters we
do not require to compute all entries of ∂X/∂β.

C. Adjoint Formulation for selecting desired entries

To compute the required entries of ∂X/∂β, we use the
selector vector, dp,k, where p and k denote the port and
harmonic number of interest. The vector dp,k ∈ RN×2 is
sparse matrix with a 1 located at each column at the position
of ap,k and bp,k. Then the derivative of cosine and sine entries
of interest with respect to β is given by,

∂φ

∂β
= dTp,k

∂X

∂β
(12)

Defining the adjoint solution vector Xa as,

(Xa)T = dTp,kT
−1 ⇒ T TXa = dp,k (13)

Using equations (11), (13), and (12), we get a set of following
two equations required to compute desired entries of ∂X/∂β,

T TXa = dp,k (14)

∂φ

∂β
= (Xa)Teβ (15)

The adjoint solution for derivatives of cosine and sine entries
of interest can be obtained by solving equations (14) and (15).
The advantage of using the adjoint formulation is that the
matrix T remains constant for a given linearization point.
Therefore, if it is required to compute a different set of X-
parameters, the same LU decomposition of T that was used
to solve equation (14) can be used [9].

Equations (14) and (15) show the computation of the
derivative of desired entries of X with respect to a single β
as an example. The same adjoint solution vector can be used
to compute the derivatives of these desired entries of X with
respect to any β. To compute the X-parameters with respect
to all ports and harmonics, the vector eβ is replaced with a
matrix B. The structure of matrix B is defined as follows

B = [e1,1, ..., e1,l, ..., eq,1, ..., eq,l] (16)



where eq,l is a sparse vector with 1 located at sine and cosine
indices of the port q and harmonic l. Then the matrix of
solutions of derivatives of desired entries of X is given by
the following set of equations,

T TXa = dp,k (17)

∂Φ

∂β
= (Xa)

T
B (18)

where ∂Φ/∂β denotes the matrix of the derivatives of required
entries of X with respect to all values of β.

IV. NUMERICAL EXAMPLE

For the purpose of demonstrating the accuracy and ef-
ficiency of the adjoint method, a 3-port mixer example is
considered as shown in Fig. 2. The local oscillator input at port
1 is excited with a 1GHz, 0.1V source. The input at port 2 of
the mixer is provided with a signal at an amplitude of 1mV
and frequency of 100MHz. The third port is the output port
with a 50Ω load impedance. All the mixer ports are matched
to the impedance of 50Ω.

The mixer circuit was simulated using 80 harmonics and
inter-modulation terms, which resulted in HB MNA equations
of the order 12236. To test the accuracy of the proposed
method, a complete set of X-parameters was computed using
the proposed adjoint method as well as using the HB moments
method which is presented in [4]. The maximum magnitude
of the relative error between the two methods was found
equal to 7.90 × 10−15 for SX1,11;1,11 and 4.90 × 10−15 for
TX1,12;1,12 and the average relative error was found to be
equal to 2.52 × 10−19. This shows that the X-parameters
obtained using the adjoint algorithm are consistent with the HB
moments algorithm. Next, in order to determine the CPU time
efficiency of the adjoint method, a subset of X-parameters was
computed using the adjoint as well as using the HB moments
method. The computation of the required subset using the
adjoint method resulted in an over all speed up of 2.65 times
compared to HB moments method. As shown in section III-C,
the adjoint method is more time efficient because the adjoint
solution computes the derivative of the entries of interest in the
vector ∂X/∂β at once with respect to all possible variables
β. The CPU cost comparisons are shown in Table I. As can be
seen in Table I, the HB moments method requires 17.84s to
compute the derivatives of HB solution vector, whereas the
adjoint method only requires 1.67s to compute the adjoint
solution, which results in 10.6 times speed up in favor of the
adjoint method.

V. CONCLUSION

In this paper, the adjoint method was proposed for effi-
cient computation of a subset of X-parameters. The approach
presented in the paper computes a required subset of entries
in the derivative of HB solution vector. It was shown that
the proposed algorithm is more time efficient than the HB
moments algorithm while maintaining the same accuracy.
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Fig. 2. Mixer Example

TABLE I
COMPARISON OF COMPUTATION TIMES FOR ADJOINT AND HB MOMENTS

METHOD

Type of Computation HB Moments Method Adjoint Method
HB Moment Vector 17.84 s –
HB Adjoint Solution – 1.67 s
X-parameters 0.027 s 0.0102 s
Total Time 17.87 s 1.68 s
Speed-up Of Unique Parts – ×10.6
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