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Abstract—The efficient generation of X-parameter1 macro-
models for nonlinear RF circuit blocks that capture the essential
nonlinear behavior of the system has become increasingly useful
and even necessary. Recent work on X-parameter computations
have provided clear relations between the X-parameters and
circuit moments. In this paper, we show how higher order multi-
dimensional moments evaluated using multi-point expansions can
be used to efficiently compute the X-parameters for two-tone
inputs, which are commonly found in general RF circuits.

I. INTRODUCTION

One of the key limitations of S-parameters, a widely
adopted modeling tool for microwave circuits and packages, is
that they are restricted to modeling linear and mildly nonlinear
circuits. Consequently, a tool for providing macromodels and
behavioral models for general nonlinear circuits and structures
is needed. In recent years, Poly-Harmonic Distortion [1] based
modeling techniques have been used to accurately characterize
nonlinear circuits and structures based on the linearization of
the nonlinear function relating the different harmonics of the
incident waves to the reflected waves in the frequency domain.
The complete set of such parameters is referred to as the X-
parameters of the structure, which in turn can be obtained
using simulation based methods [2,3] or using measurement
techniques [4] through commercial tools.

Recently, a direct relation between the X-parameters and
the first order moments of the Harmonic Balance (HB) solution
was presented [2]. However, a nonlinear steady-state solution
was still required at each operating point, and the computation
of the X-parameters themselves still required multiple solu-
tions of large and relatively dense linear systems of equations,
a significant computational bottleneck in the presence of multi-
tone RF signals. In [5], a new approach for the computation of
the X-parameters based on the multi-dimensional high-order
moments, as well as a multipoint expansion using a binary
search scheme was proposed. The proposed method signifi-
cantly reduced the number of HB solutions required. However,
the method in [5] is limited to circuits and packages with
single-tone inputs. In RF simulations, circuits with multi-tone
signals such as mixers are quite common, and therefore the
ability to efficiently compute multi-tone X-parameters becomes
necessary. Circuits with multi-tone inputs present significant
computational challenges due to the presence of a significantly
increased number of harmonic and intermodulation frequencies
in the system formulation. In this paper, we will show how

1X-parameters is a registered trademark of Agilent Technologies

the method proposed in [5] can be extended to cover the
computation of multi-tone X-parameters and highlight the
required modifications to the computation algorithm of both
the multi-dimensional moments using multi-point expansions
in addition to the binary search algorithm. We will show
that the method maintains its CPU cost advantage over the
traditional brute force approach.

II. MULTI-TONE RF CIRCUIT SIMULATION

A. System Formulation

The moments computation is based on the general Har-
monic Balance system formulation. For a nonlinear RF circuit
excited with a two-tone periodic input signal at the frequencies
ω1 and ω2, this formulation can be expressed as [6]:

AX + F (X) = Bdc +B + αeα (1)

In (1) X is the general solution vector containing the Fourier
coefficients of the voltage and current variables. A is a
block admittance matrix and F (X) is the vector of nonlinear
elements. Bdc contains the contributions of all dc sources
while B contains the Fourier coefficients of all the small-
signal sources including any additional small signal at the
two fundamental tones. Note that eα is an extremely sparse
vector that contains only two non-zero values of 1 at the
locations corresponding to the sine Fourier coefficients of the
two fundamental frequency tones. α is the voltage amplitude
of the fundamental tones and is assumed the same for both.

B. Two-Tone Frequency Mapping

When a circuit is excited with an input signal that contains
multiple tones, the signal is usually quasi-periodic, i.e. the two
input frequencies are non-commensurate, and are therefore not
multiples of each other. This problem is addressed through the
use of frequency mapping techniques presented in [6] known
as truncation methods. These methods are used to map actual
harmonic frequencies (including intermodulation terms) to
arbitrary artificial frequencies. In particular, the fundamentals
of the input signal are chosen to be multiples of some arbitrary
frequency so that the resulting signals will be periodic. In
this work, we will be using the Diamond truncation algorithm
which is applicable when the fundamental frequencies ω1 and
ω2 are close to each other. Consider the set of frequencies
given by

ωk = nω1 +mω2; (2)



The new artificial set of frequencies that are equally spaced
and do not overlap is given by ωk = α1nω1 + α2mω2, with
the scaling factors (α1 and α2) being

α1 = 1;α2 =
Hω1

ω2(H + 1)
(3)

In these relations H is the highest order of harmonics of ω1

and ω2 that is accounted for.

C. Overview of Multi-tone X-Parameters

For a nonlinear circuit, the X-parameters relate the reflected
waves to the incident waves of different harmonics at different
ports [1]. The incident and reflected waves are defined as

Ai,[n,m] =
Vi,[n,m] + Z0Ii,[n,m]

2
√

Z0
;Bi,[n,m] =

Vi,[n,m] − Z0Ii,[n,m]

2
√

Z0
(4)

where Vi,[n,m], Ii,[n,m], Ai,[n,m], and Bi,[n,m] are the voltage,
current, incident wave, and reflected wave, respectively, at
port i, at harmonics n and m from (2). Z0 is the reference
impedance. The model is derived by linearizing the non-linear
functions that relate the reflected waves to the incident waves
at different ports and frequencies in the spectral domain. The
linearization point is defined by a set of incident waves ALP .
ALP

q,[n,m] refers to the n-th and m-th harmonics of ALP at port

q. Usually, ALP is chosen such that ALP
q,[n,m] = 0 for all q, n

and m except for ALP
1,[1,1].

The X-parameters of the nonlinear system will be referred
to as SX

p,[n,m];q,[j,k] and TX
p,[n,m];q,[j,k], which are functions

of the amplitude of the incident wave and the fundamental
frequencies. The reference phase is chosen to be the phase
of A1,[1,1] and is set to zero without loss of generality.
The relationship between the Fourier coefficients and the X-
parameters as derived in [2] is,

SX
p,[n,m];q,[j,k] = (5)
(

∂ap,[n,m]

∂âq,[j,k]
+

∂bp,[n,m]

∂b̂q,[j,k]
−

1

2

∂b̂p,[n,m]

∂b̂q,[j,k]
−

1

2

∂âp,[n,m]

∂âq,[j,k]

)

+

(

∂ap,[n,m]

∂b̂q,[j,k]
−

∂bp,[n,m]

∂âq,[j,k]

)

i

TX
p,[n,m];q,[j,k] = (6)
(

∂ap,[n,m]

∂âq,[j,k]
−

∂bp,[n,m]

∂b̂q,[j,k]

)

−

(

∂ap,[n,m]

∂b̂q,[j,k]
+

∂bp,[n,m]

∂âq,[j,k]

)

i

where ap,[n,m] is the cosine coefficient of the n-th and m-
th harmonics of the voltage at port p and bp,[n,m] is the sine
coefficient. âp,[n,m] is the cosine coefficient of the n-th and

m-th harmonics of the voltage source at port p and b̂p,[n,m]

is the sine coefficient. ap,[n,m] and −bp,[n,m] are the real and
imaginary parts of the phasor representation of the n-th and
m-th harmonics of the voltage source at port p respectively.

Similarly, the same is true for âp,[n,m] and −b̂p,[n,m]. ap,[n,m]

and bp,[n,m] are elements in vector X , while âp,[n,m] and

b̂p,[n,m] are elements in the vector B. According to (5) and (6),
in order to calculate the full set of X-parameters, derivatives

of X with respect to âp,[n,m] and b̂p,[n,m] for all ports and
harmonics should be obtained. Note that the Fourier coefficient

derivatives have different values for different values of α.
Differentiating (1) with respect to β (an element in B) gives

[

A+
∂F (X)

∂X

∣

∣

∣

∣

X=X(α)

]

∂X

∂β
= eβ (7)

eβ is a selector vector composed of zeros except at the location
of the element represented by β in B implying (7) must
be solved multiple times, once for each entry in B and its
corresponding eβ . The vector of nonlinear elements’ Jacobian
is evaluated at different values of α for different operating
points.

III. MULTI-TONE MOMENTS BASED APPROACH

The Harmonic Balance solution X in (1) can be expressed
as a multi-dimensional Taylor series expansion at α = α0 and
β = 0 as

X(α, β) ≈

n
∑

i=0

m
∑

j=0

∂i∂j
X

i!j!∂αi∂βj

∣

∣

∣

∣

α=α0,β=0

β∆α (8)

where α = α0 + ∆α. ∆α and β are the large and small
signal deviations from the expansion point, respectively. The
multidimensional moments, which are the coefficients of the
Taylor series expansion in (8), are defined as

M i,j =
∂i∂j

X

i!j!∂αi∂βj

∣

∣

∣

∣

α=α0,β=0

(9)

Addressing the fundamental tones, a Taylor series expansion
of the Harmonic Balance solution can be written as

X(α) ≈ M0,0+M1,0∆α+M2,0∆α2+M3,0∆α3+... (10)

In order to determine M i,0, we need to express the derivative
of the nonlinear vector F (X) with respect to X as a Taylor
series expansion as given by

∂F (X)

∂X
= T 0 + T 1∆α+ T 2∆α2 + T 3∆α3 + ... (11)

T n can be calculated using M0,0 . . .Mn−1,0 [7], which
accordingly allows us to calculate Mn,0 using

[A+ T 0]Mn,0 = −

1

n

n−1
∑

j=1

(n− j)T jMn−j,0 (12)

Similarly, the Taylor series expansion of ∂X/∂β with
respect to α can be written in terms of the multi-dimentional
moments defined in (9).

∂X

∂β
≈ M 0,1+M1,1∆α+M 2,1∆α2+M 3,1∆α3+ ... (13)

From the above equation, the X-parameters can be com-
puted as a function of ∆α as outlined in section II-C. The
multi-dimensional moments M i,1 can be calculated, as shown
in [5], as follows

[A+ T 0]Mn,1 = −

n
∑

i=1

T iMn−i,1 (14)

Note that the left hand side matrix is the same as that in (7) and
(12). Evidently, the Moments of X are computed successively,



Fig. 1. Low Noise Amplifier

where the moment M 0,n−1 must be already computed before
proceeding to compute M0,n. In addition, the moments of
X/β M1,n are calculated after M0,n. The same binary search
algorithm presented in [5] is used here, in order to dynamically
add expansions and determine their location as needed.

IV. NUMERICAL EXAMPLE

The proposed algorithm is tested on the low-noise amplifier
(LNA) circuit shown in Fig. 1 with a two-tone input signal.
The accuracy and speed-up comparisons are relative to [2] in
a MATLAB implementation.

The circuit is treated as a two-port network, with an
input voltage at port 1 ramping from 0V to 34.4mV. This
corresponds to an input power range up to 2dB beyond the
1dB compression point, in order to demonstrate sufficient non-
linearity. The 1dB compression point can be found using the
DC moments as described in [8]. The operating frequencies
for the two tones are 1GHz and 1.01GHz. The number of
harmonics is 10, giving a total of 110 frequencies using
Diamond truncation. The order of the matrices is 11050.
Furthermore, three expansion points are requiredand 100 lin-
early spaced samples of the input voltage range are used to
calculate the X-parameters. The proposed algorithm calculates
the X-parameters in 10min39s, while the brute force algorithm
from [2] takes 48min7s, leading to a 4.52× speed-up. The
DC solution time for both cases is 0.97s. Fig. 2 displays
SX
2,[1,0];1,[1,0], which is the gain of the amplifier over the first

tone. The maximum absolute RMS X-Parameter error is equal
to 7.46 × 10−08 and happens at SX

2,[4,0];1,[−1,1], while the

maximum relative X-parameter error is equal to 7.15× 10−06

and happens at TX
2,[4,0];1,[4,0], shown in Fig. 3. The results

display accuracy for high and low order harmonics.

V. CONCLUSION

This paper presents a moment based approach to compute
the X-parameters of two-tone RF circuits with multi-point
expansions. Diamond truncation is used select the relevant
harmonics. These in turn are used to compute the circuit
moments that are linked to the X-parameters using closed form
expressions resulting in significantly reduced CPU cost while
maintaining high accuracy.
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