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Abstract—Sensitivity analysis is an important part of the
design process and facilitates critical steps such as optimization,
design centering and yield analysis. X-parameters are a recently
proposed modeling and design tool for RF circuits. In this paper
we propose a closed form method for evaluating the sensitivity
of X-parameters with respect to linear circuit components. The
proposed method is evaluated in comparison to brute force
perturbation in terms of accuracy and computational cost.

Keywords—Sensitivity Analysis, Nonlinear RF circuits, X-
parameters, Taylor series expansion.

I. INTRODUCTION

One of the key requirements of electronic design automa-
tion tools is the ability to estimate the effect of changes in
one or more of the parameters in a circuit on its model. This
is commonly known as sensitivity analysis, and it facilitates
model optimization, design space exploration, and yield anal-
ysis [1]. This is especially important for microwave and high-
frequency circuits, where linear and nonlinear circuit elements
are subject to change due to parasitic effects and other external
factors, making the design process more complicated.

Recently, the Poly-Harmonic Distortion [2] models, com-
monly known as X-parameters, have been used to create com-
prehensive frequency domain models for nonlinear circuits.
The subject of this paper, is the computation of the sensitivity
of X-parameters with respect to linear circuit elements. One
of the classical approaches to senstivity analysis is using
the perturbation method, which uses the difference between
the nominal and perturbed models to evaluate the rate of
change with respect to a parameter using difference equations.
However, as seen in [3], it has its limitations. These include
the difficulty in finding the optimal value of the perturbation
parameter, as well as the absence of a closed form sensitivity
term. Alternatively, method of the derivatives [3] presents a
concise way of finding the sensitivity with respect to a linear
parameter. Despite its strengths, the latter method in its stan-
dard form would prove to be inefficient for X-parameters, since
differntiating the Harmonic Balance (HB) Jacobian matrix
would result in an unusable tensor.

Consequently, we present in this paper a method of cal-
culating the first derivative of the X-parameters with respect
to the value of a linear element in the circuit. This is derived
from the Taylor series expansion of the HB and X-parameter
moments, similar to [4–7]. This results in a closed form value
for the linear sensitivity of the X-parameters with regards to
changes in a linear circuit element’s magnitude.

II. OVERVIEW X-PARAMETERS

The Poly-Harmonic Distortion model linearizes the non-
linear functions relating the reflected and incident waves for

different ports and frequencies. The linearization point is
defined by a set of incident waves ALP . ALP

ql refers to the l-th
harmonic of ALP at port q. The reflected waves are written
in terms of the incident waves and their complex conjugate as
shown in (1).

Bp,k = BLP
p,k +

∑
q,l

(
SX
p,k;q,l∆Aq,l + TX

p,k;q,l∆A∗
q,l

)
(1)

where ∆Aq,l is the deviation from the linearization point, and
BLP is the set of reflected waves when the incident waves are
equal to ALP , and SX

p,k;q,l and TX
p,k;q,l are the X-parameters.

SX
p,k;q,l, T

X
p,k;q,l, and BLP

p,k are functions of the amplitude of
the incident wave and the fundamental frequency.

III. SYSTEM FORMULATION

Consider a nonlinear RF circuit, such as a Low Noise
Amplifier (LNA), with a periodic input signal. The Harmonic
Balance equations [8] of the circuit can be expressed as

A(λ)X + F (X) = Bdc +B (2)

where X ∈ RN is a vector containing the Fourier coefficients
of the voltage and current variables of the MNA formulation
[9]. A(λ) ∈ RN×N is the block admittance matrix, as a
function of λ the perturbation independent variable of a circuit
parameter. F (X) ∈ RN is the vector of nonlinear elements.
Bdc ∈ RN contains the contributions of all dc sources and
B ∈ RN contains the Fourier coefficients of all the small-
signal sources including any additional small signal at the
fundamental tone.

The relationship between the Fourier coefficients and the
X-parameters, as shown in [7], is

SX
p,k;q,l =

(
∂ap,k
∂âq,l

+
∂bp,k

∂b̂q,l
− 1

2

∂b̂p,k

∂b̂q,l
− 1

2

∂âp,k
∂âq,l

)

+

(
∂ap,k

∂b̂q,l
− ∂bp,k

∂âq,l

)
i

(3)

TX
p,k;q,l =

(
∂ap,k
∂âq,l

− ∂bp,k

∂b̂q,l

)
−

(
∂ap,k

∂b̂q,l
+

∂bp,k
∂âq,l

)
i (4)

Differentiating (2) with respect to β an element in B results
in [

A+
∂F (X)

∂X

∣∣∣∣
X=X(λ)

]
∂X

∂β
= eβ (5)

eβ is a selector vector composed of zeros except at the location
of the element represented by β in B. The vector of nonlinear
elements’ Jacobian is evaluated at the nominal case of λ = 0,
and the perturbed case of λ = λ1, to calculate the X-parameter



matrices SX
p,k;q,l and TX

p,k;q,l for both cases. The sensitivity
with respect λ is then calculated using the standard difference
method. Despite the simplicity of the perturbation method, its
limitations are finding a suitable value for λ1, which would
require multiple CPU expensive calculations of X-parameters.
The following section describes the proposed method which is
based on the moments of the the Taylor series expansion with
respect to λ.

IV. CLOSED FORM SENSITIVITY ANALYSIS OF
X-PARAMETERS

Without loss of generality, when λ is the perturbation of
a linear circuit element we can write A(λ) = A0 + λA1.
Equation (2) then becomes

(A0 + λA1)X + F (X) = Bdc +B (6)

where A0 ∈ RN×N is the nominal HB MNA admitance
matrix, while A1 ∈ RN×N contains only the stamp of the
linear parameter to be perturbed. λ ∈ R is a scalar variable
parameterizing the perturbation. When λ = 0, the element
is at its nominal value. The following subsections present a
methodology to derive a closed form expression of the first
derivative of the X-parameters with respect to λ for sensitivity
analysis. The methodology uses the moments of the Taylor
series expansions, as in [4–7] to derive the sensitivity.

A. Sensitivity of the HB Solution with respect to λ

In this section, an overview of the computation of ∂X/∂λ,
the sensitivity of the HB solution, using the single dimensional
moments with respect to the perturbation parameter λ is
presented. Taylor series expansion of the Harmonic Balance
solution with respect to λ can be written as

X(λ) ≈ M0,0 +M1,0λ+M2,0λ
2 +M3,0λ

3 + ... (7)

where M1,0 = ∂X/∂λ|λ=0 is the desired sensitivity param-
eter, therefore all the following terms are truncated. In order
to find M0,0 and M1,0, let the Taylor series expansion of
the nonlinear vector F (X) in (2) be written as the Taylor
expansion

F (X) = D0 +D1λ+D2λ
2 +D3λ

3 + ... (8)

Replacing the Taylor series expansions of X and F (X) in (2)
will result in

(A0 + λA1)(M0,0 +M1,0λ) +
n∑

i=0

Diλ
i = Bdc +B (9)

To solve for M0,0, we set λ to 0 and obtain

A0M0,0 +D0 = Bdc +B (10)

Solving for M0,0 becomes equivalent to the HB solution of the
circuit. In order to solve for M1,0, we equate the coefficient
of λ1 in (9) to obtain

A0M1,0 +A1M0,0 +D1 = 0 (11)

Let
∂F (X)

∂X
= T 0 + T 1λ+ T 2λ

2 + T 3λ
3 + ... (12)

It can be shown that D1 can be expressed as [5,7]

D1 = T 0M1,0 (13)

Replacing (13) in (11) will result in

[A0 + T 0]M1,0 = −A1M0,0 (14)

giving the desired sensitivity expression in closed form.

In summary, we start with calculating M0,0 using (10)
where D0 = T 0M0,0. Next, D1 = T 0M1,0 is replaced in
(11) and M1,0 is computed. Afterwards, T 1 is calculated using
M0,0,M1,0 which is used in the next subsection IV-B.

B. Sensitivity of ∂X/∂β with respect to λ

As shown in (5), in order to obtain the X-parameters, the
derivatives of X with respect to β are required. Accordingly,
to calculate the sensitivity of the X-parameters with respect
to λ, the sensitivity of ∂X/∂β is needed. In this paper we
express ∂X/∂β using its first moment with respect to λ. The
Taylor series expansion of ∂X/∂β with respect to λ can be
written in terms of the multi-dimentional moments, defined
in [7], as follows

∂X

∂β
≈ M0,1 +M1,1λ+M2,1λ

2 +M3,1λ
3 + ... (15)

Similar to subsection IV-A, we truncate the above equation
at M1,1 = ∂2X/∂β∂λ

∣∣
λ=0

, representing the sensitivity. In
order to compute M1,1 in (15), we substitute the Taylor series
polynomials of ∂F (X)/∂X from (12) and ∂X/∂β from (15)
into equation (5) resulting in[

A0 + λA1 +
n∑

i=0

T nλ
n

]
(M0,1 +M1,1λ) = eβ (16)

In order to solve for M0,1, we set λ to 0 and obtain

[A0 + T 0]M0,1 = eβ (17)

Note that equation (17) is the same as equation (5). T 0 is equal
to the Jacobian ∂F (X)/∂X when ∆λ = 0 and λ = λ0. To
solve for M1,1, the coefficients of λ1 are equated in (16) to
obtain

[A0 + T 0]M1,1 = −(A1 + T 1)M0,1 (18)

Note that the left hand side matrix is the same as that in (5) and
(14), and T 1 is the same one calculated in subsection IV-A.

C. Sensitivity of the X-Parameters with respect to λ

In order to calculate the X-parameter’s sensitivity with
respect to λ, we differentiate (3) and (4) with respect to λ
to give the following equations, respectively

∂SX
p,k;q,l

∂λ
=

(
∂2ap,k
∂âq,l∂λ

+
∂2bp,k

∂b̂q,l∂λ

)

+

(
∂2ap,k

∂b̂q,l∂λ
− ∂2bp,k

∂âq,l∂λ

)
i

(19)

∂TX
p,k;q,l

∂λ
=

(
∂2ap,k
∂âq,l∂λ

− ∂2bp,k

∂b̂q,l∂λ

)

−

(
∂2ap,k

∂b̂q,l∂λ
+

∂2bp,k
∂âq,l∂λ

)
i

(20)



TABLE I. SAMPLE X-PARAMETERS AND THEIR SENSITIVITY VALUES

X-Parameter Sensitivity (Proposed) Sensitivity
(Perturbation, λ = 1 × 10−4)

Sensitivity
(Perturbation, λ = 1 × 10−3)

SX
2,1;1,1 −0.44640 − 7.78011i 1.11014 + 1.84413i 1.11006 + 1.84373i 1.10931 + 1.84013i

TX
2,1;1,1 0.91438 + 4.53409i 0.83426 + 3.54679i 0.83425 + 3.54621i 0.83421 + 3.54102i

SX
2,7;1,1 0.63671 + 0.52404i 1.14585 + 1.19990i 1.14543 + 1.19948i 1.14161 + 1.19570i

TX
2,7;1,1 0.06087 + 0.10380i −1.61815 − 0.82137i −1.61819 − 0.82146i −1.61856 − 0.82229i

SX
1,3;1,13 (4.15641 + 8.92581i) × 10−4 (1.86152 + 7.03193i) × 10−3 (1.86138 + 7.03026i) × 10−3 (1.86014 + 7.01527i) × 10−3

TX
1,3;1,13 4.73715 × 10−6 + 3.86980i × 10−4 (−1.40148 − 1.14843i) × 10−4 (−1.40363 − 1.16653i) × 10−4 (−1.42289 − 1.32942i) × 10−4

Fig. 1. Low Noise Amplifier

where the right hand sides of both (19) and (20) are to be
extracted from M1,1. This gives a closed form expression
of the first derivative of the X-parameters with respect to λ,
without a need for a λ value, as in the case of the perturbation
method. This also establishes the foundation for more general
sensitivity analysis tools, such as the adjoint method.

V. NUMERICAL EXAMPLES

The low noise amplifier shown in Fig. 1 is treated as
a two-port network, with an input voltage source at port 1
set to 78.62mV. This corresponds to an input power range
up to 2dB beyond the 1dB compression point, in order to
exhibit sufficient non-linear behavior. The operating frequency
is 1GHz, and the number of harmonics used is 15, creating HB
MNA matrices of order 1550. The circuit is designed such that
both input and output ports are matched to 50Ω.

The proposed approach is used to compute the sensitivity
of the X-parameters with respect to the conductance of resistor
Rs. The CPU cost for the proposed algorithm to compute
∂SX

pk,ql/∂λ and ∂TX
pk,ql/∂λ at all indices is 64ms, compared

to 108ms for the perturbation algorithm. This is equivalent to a
1.7× speed-up. The DC solution time for both cases is 0.38s,
and the time taken for the first Harmonic Balance solution step
and calculation of the nominal X-paremeters is 293ms.

When λ = 1 × 10−4, the maximum absolute RMS X-
Parameter error is equal to 5.97 × 10−04 and happens at
∂SX

2,7;1,1/∂λ, while the maximum relative X-parameter error is
equal to 0.99% and happens at ∂TX

1,3;1,13/∂λ, demonstrating a

suitable choice of λ for the perturbation method. However, for
λ = 1×10−3, the maximum absolute RMS X-Parameter error
increases to 5.97 × 10−03 and also happens at ∂SX

2,7;1,1/∂λ,
while the maximum relative X-parameter error rises to 9.36%
at ∂TX

1,3;1,13/∂λ. This shows that the choice of λ value signif-
icantly impacts the accuracy of the perurbation method, hence
the cost of finding a suitable λ would add to the algorithm’s
cost, but not to our proposed method since it requires no
λ value. Table I shows sample X-parameters and their first
derivatives with respect to λ. The equations used to calculate
the RMS and relative errors are outlined in [7].

VI. CONCLUSION

In this paper, a moment based method for the computation
the first order sensitivity of the X-parameters with respect to
linear elements is presented. The proposed algorithm relies on
the efficient computation of the circuit moments, parameterized
by a perturbation coefficient, to derive a closed form for the
sensitivity expression. The method avoids the need for repeated
Harmonic Balance simulations and difference based methods
seen in the method of perturbation. The efficiency and accuracy
of the prposed method is demonstrated.
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