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Computation of X-Parameters using Multipoint
Moment Expansion
Raffi Toukhtarian, Graduate Student Member, IEEE, Marco T. Kassis, Graduate Student Member, IEEE,
Dani Tannir, Member, IEEE, Roni Khazaka, Senior Member, IEEE

Abstract—Recently X-parameters1 have been proposed as an
extension to the concept of S-Parameters in order to create
a macromodel that captures nonlinear behavior. In this paper,
we develop a relation between the X-parameters and circuit
moments. Higher order multidimensional moments are then
used to efficiently compute the X-parameters as a piece-wise
polynomial approximation with respect to input power. The
proposed approach is shown to be accurate and CPU efficient
compared to the brute force methods.

Fig. 1.

Nonlinear two-port network

Keywords—Nonlinear RF circuits, X-parameters, Harmonic Balance Moments.

I. I NTRODUCTION
S-parameters are an effective and widely used modeling tool
for microwave and high-frequency circuits and packages. They
can be measured using vector network analyzers or obtained
using simulation tools. The S-parameters of a structure or a
circuit block provide a complete macromodel in the frequency
domain, and can also be used to obtain a time domain
macromodel using techniques such as vector fitting [1] and
Lowener Matrix interpolation [2]. One of the key limitations
of S-parameters is that they are limited to modeling linear
circuits and structures. They are also used to model nonlinear
components, such as amplifiers, however such models are
simply a linear approximation around an operating point. As a
result they are only valid for small input signals. Consequently,
a tool for providing macromodels and behavioral models for
nonlinear circuits and structures is needed.
Modeling based on Poly-Harmonic Distortion [3] has been
proposed as a way to extend the concept of S-parameters
for accurately characterizing a subset of the nonlinear circuit
behavior. Poly-Harmonic Distortion is the linearization of the
nonlinear function relating the different harmonics of the
incident waves to the reflected waves in the frequency domain.
The complete set of such parameters is often referred to in the
literature as the X-parameters of the structure being modeled.
They can be obtained using simulation based methods [4,5] as
well as using dedicated measurement techniques [6,7] that can
be provided by commercial tools. Note that the computation
of the X-parameters is done at different operating points thus
resulting in different sets of X-parameters for each input power
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of the fundamental frequency. Furthermore, similarly to Sparameters, the X-parameters are frequency dependent. Therefore, in order to capture an inclusive behavior of the circuit,
the X-parameters must be computed at different frequencies
as well as at different operating points (amplitude levels).
Recently, X-parameters have been related to the Volterra series
of a network and used for nonlinear time-domain modeling and
simulation [8,9].
Recently, we presented a direct relation between the Xparameters and the first order moments of the Harmonic
Balance (HB) solution [4]. This provides a convenient and
relatively efficient method for computing the X-parameters.
However, a nonlinear steady state solution is still required at
each operating point, and the computation of the X-parameters
themselves still requires multiple solutions of large and relatively dense linear systems of equations. Higher order moments
of the Harmonic Balance solution with respect to the fundamental tone have been presented in the literature for improving
the CPU cost of obtaining the Harmonic Balance solution and
for intermodulation distortion analysis [10–14]. In this paper,
we propose a new approach that builds on the resutls of [4]
and propose a method for the computation of X-parameters
which is based on multi-dimensional high-order moments, as
well as a multipoint expansion using a binary search scheme.
The proposed method significantly reduces the number of HB
solutions required and provides an efficient macromodel based
on Poly-Harmonic Distortion. In comparison with the bruteforce approach described in [4] we observe a significant CPU
speed-up as shown in the examples.
II. OVERVIEW X-PARAMETERS
The S-parameters of a linear circuit describe a relationship
between the incident and reflected waves at different ports of a
network. Consider the two port network shown in Fig. 1. In this
network, S-parameters relate A1 and A2 to B1 and B2 . Such
a relationship assumes linear behaviour of the network where
a single frequency is present and the superposition principle
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applies. Similarly, for a nonlinear circuit, the Poly-Harmonic
Distortion model (or X-parameters) relates the reflected waves
to the incident waves of different harmonics at different ports
[3]. The incident and reflected waves are defined as
Aij =

Vij + Z0 Iij
√
2 Z0

(1)

Bij =

Vij − Z0 Iij
√
2 Z0

(2)

where Vij , Iij , Aij ,and Bij are the j-th harmonic of the voltage, current, incident wave, and reflected wave respectively at
port i. Z0 is the reference impedance. The Poly-Harmonic Distortion model is derived by linearizing the non-linear functions
that relate the reflected waves to the incident waves at different
ports and frequencies in the spectral domain. The linearization
point is defined by a set of incident waves ALP . ALP
ql refers
to the l-th harmonic of ALP at port q. Usually, ALP is chosen
such that ALP
= 0 for all q and l except for ALP
11 . The
ql
reasoning behind this choice is that RF circuits usually operate
with fundamental tone dominated inputs and small reflected
waves A2 from the following network. The nonlinear functions
relating the reflected waves to the incident waves may be nonanalytic [3]. Therefore, the real and imaginary parts of the
incident waves are treated as separate inputs of the function
during the linearization as can be seen in (3).


LP
Bpk = Bpk


∂Bpk
Re
(∆A
)
ql
∑  ∂ Re (Aql )



+


∂Bpk
q,l
Im (∆Aql )
+
∂ Im (Aql )

where X ∈ RN is a vector containing the Fourier coefficients
of the voltage and current variables of the Modified Nodal
Analysis formulation [16]. Note that, in this Harmonic Balance
implementation the unknowns are the signals’ Fourier series
coefficients written in terms of the sines and cosines and
therefore all terms in (5) are real. A ∈ RN ×N is a block
admittance matrix and F (X) ∈ RN is the vector of nonlinear
elements. B dc contains the contributions of all dc sources. B
contains the Fourier coefficients of all the small-signal sources
including any additional small signal at the fundamental tone.
Since the phase of A11 is set to 0, the fundamental tone is a
sine wave. Therefore, eα is composed of a 1 at the location of
the sine Fourier coefficient of the fundamental tone and zeroes
at all other entries. α is set to be the voltage amplitude of the
fundamental tone.
The relationship between the Fourier coefficients and the
X-parameters as derived in [4] is,
(

X
Spk,ql

∂bpk
1 ∂ b̂pk
1 ∂âpk
∂apk
+
−
−
=
∂âql
2 ∂ b̂ql
2 ∂âql
∂ b̂ql
(
)
∂bpk
∂apk
i
+
−
∂âql
∂ b̂ql

X
=(
Tpk,ql

(3)

In (3), Aql = ALP
ql + ∆Aql where ∆Aql is the deviation from
the linearization point, and B LP is the set of reflected waves
when the incident waves are equal to ALP . The reflected waves
are written in terms of the incident waves and their complex
conjugate as shown in (4).
∑(
)
X
X
LP
Spk,ql
∆Aql + Tpk,ql
∆A∗ql
(4)
Bpk = Bpk
+
q,l
X
X
X
X
LP
Spk,ql
and Tpk,ql
are the X-parameters. Spk,ql
, Tpk,ql
, and Bpk
are functions of the amplitude of the incident wave and the
fundamental frequency. For conciseness, the dependence on
amplitude and frequency in the nomenclature of the reflected
waves and the X-parameters is dropped. Moreover, the PolyHarmonic Distortion model discussed in this section models
time invariant systems, where a delay at the input will result in
the same delay at the output. The reference phase is chosen to
be the phase of A11 and is set to zero without loss of generality.

III. S YSTEM F ORMULATION
Consider a nonlinear RF circuit, such as a Low Noise
Amplifier (LNA), with a periodic input signal. The Harmonic
Balance equations [15] of the circuit can be expressed as
AX + F (X) = B dc + B + αeα

2

(5)

)

∂apk
∂apk
∂bpk
∂bpk
)−(
+
−
)i
∂âql
∂âql
∂ b̂ql
∂ b̂ql

(6)

(7)

where apk is the cosine coefficient of the k-th harmonic of
the voltage at port p and bpk is the sine coefficient. âpk is the
cosine coefficient of the k-th harmonic of the voltage source
at port p and b̂pk is the sine coefficient. apk and −bpk are
the real and imaginary parts of the phasor representation of
the k-th harmonic of the voltage source at port p respectively.
Similarly, the same is true for âpk and −b̂pk . apk and bpk are
elements in vector X, while âpk and b̂pk are elements in the
vector B. According to (6) and (7), in order to calculate the
full set of X-parameters, derivatives of X with respect to âpk
and b̂pk for all ports and harmonics should be obtained. Note
that the Fourier coefficient derivatives have different values for
different values of α. Differentiating (5) with respect to β an
element in B results in
[
]
∂F (X)
∂X
A+
= eβ
(8)
∂X X=X(α) ∂β
eβ is a selector vector composed of zeros except at the location
of the element represented by β in B. Equation (8) must
therefore be solved multiple times, once for each entry in B
and its corresponding eβ . The vector of nonlinear elements’
Jacobian is evaluated at different values of α for different
operating points. The CPU cost of the full set of X-parameters
is dominated by the calculation of the value of X(α) and the
LU decomposition of the left hand side matrix for each value
of α.
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IV.

H IGHER O RDER M OMENTS WITH - RESPECT- TO
F UNDAMENTAL T ONE

Let

The multi-dimensional Taylor series expansion of the Harmonic Balance solution X in equation (5) at α = α0 and
β = 0 can be written as
X(α, β) ≈

n ∑
m
∑
i=0 j=0

∂i∂j X
i!j!∂αi ∂β j

β∆α

(9)

α=α0 ,β=0

where α = α0 + ∆α. ∆α and β are the large and small
signal deviations from the expansion point, respectively. The
moments are the coefficients of the Taylor series expansion in
(9) and are thus defined as
M i,j =

∂i∂j X
i!j!∂αi ∂β j

(10)
α=α0 ,β=0

In the following sections we will present an efficient method
for computing these multi-dimensional moments as well as
their relation to the X-parameters.
A. Harmonic Balance Solution Moments
In this section, an overview of the computation of the single
dimensional moments with respect to the fundamental term is
presented. For the full details of the algorithm, the reader is
invited to refer to [12,13].
Taylor series expansion of the Harmonic Balance solution
with respect to the fundamental tone can be written as
X(α) ≈ M 0,0 +M 1,0 ∆α+M 2,0 ∆α2 +M 3,0 ∆α3 +... (11)
In order to find M 0,0 , M 1,0 , ..., M n,0 , let the Taylor series
expansion of the nonlinear vector F (X) in (5) be written as
the Taylor expansion
F (X) = D 0 + D 1 ∆α + D 2 ∆α2 + D 3 ∆α3 + ...

3

(12)

Replacing the Taylor series expansions of X and F (X) in (5)
will result in

∂F (X)
= T 0 + T 1 ∆α + T 2 ∆α2 + T 3 ∆α3 + ...
∂X
It can be shown that D n can be expressed as
n−1
1∑
(n − j)T j M n−j,0
D n = T 0 M n,0 +
n j=1

A

i=0

M i,0 ∆αi +

n
∑

D i ∆αi = B dc + (α0 + ∆α)eα (13)

i=0

To solve for M 0,0 , we set ∆α to 0 and obtain
AM 0,0 + D 0 = B dc + α0 eα

(14)

If α0 = 0, solving for M 0,0 becomes equivalent to solving
the DC solution of the circuit. In order to solve for M 1,0 , we
equate the coefficient of ∆α1 in (13) to obtain
AM 1,0 + D 1 = eα

(15)

Similarly, if we need to solve for M n,0 for n > 1 the
coefficient of ∆αn are equated to obtain
AM n,0 + D n = 0

(16)

(18)

T n can be calculated using M 0,0 , M 1,0 , ...M n,0 . For more
details refer to [12]. Replacing (18) in (16) will result in

[A + T 0 ] M n,0

n−1
1∑
=−
(n − j)T j M n−j,0
n j=1

(19)

In summary, we start with calculating M 0,0 using (14)
where D 0 = T 0 M 0,0 . Next, D 1 = T 0 M 1,0 is replaced
in (15) and M 1,0 is computed. Afterwards, T n is calculated
using M 0,0 , M 1,0 , ...M n,0 which is used in (19) to calculate
the next moment M n+1,0 .
B. ∂X/∂β Moments
As shown in (8), in order to obtain the X-parameters,
the derivatives of X with respect to β are required. In this
paper we express ∂X/∂β using its higher order moments with
respect to α. The Taylor series expansion of ∂X/∂β with
respect to α can be written in terms of the multi-dimentional
moments defined in (10).
∂X
≈ M 0,1 + M 1,1 ∆α + M 2,1 ∆α2 + M 3,1 ∆α3 + ... (20)
∂β
From the above equation, the X-parameters can be computed
as a function of ∆α as outlined in section II. In order to
compute the multi-dimensional moments M i,1 in (20), we
substitute the Taylor series polynomials of ∂F (X)/∂X from
(17) and ∂X/∂β from (20) into equation (8) resulting in
[
] n
n
∑
∑
n
A+
T n ∆α
M n,1 ∆αn = eβ
(21)
i=0

n
∑

(17)

i=0

In order to solve for M 0,1 , we set ∆α to 0 and obtain
[A + T 0 ] M 0,1 = eβ

(22)

Note that equation (22) is the same as equation (8). T 0 is equal
to the Jacobian ∂F (X)/∂X when ∆α = 0 and α = α0 . To
solve for M n,1 for n > 0 the coefficients of ∆αn are equated
in (21) to obtain
[A + T 0 ] M n,1 = −

n
∑

T i M n−i,1

(23)

i=1

Note that the left hand side matrix is the same as that in (8)
and (19). Algorithm 1 shows the pseudo code of the method.
As can be seen, the Moments of X are computed successively,
where the moment M 0,n−1 must be already computed before
proceeding to compute M 0,n . In addition, the moments of
X/β M 1,n are calculated after calculating M 0,n .
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Algorithm 1 Moments Pseudo Code
1: Calculate M 0,0
2:
(A + T 0 )M 0,0 = B dc + α0 eα
3: Calculate M 0,1
4:
(A + T 0 )M 0,1 = eβ
5: Calculate M 1,0
6:
(A + T 0 )M 1,0 = eα
7: Calculate T 1 using M 1,0 [12]
8: Calculate M 1,1
9:
(A + T 0 )M 1,1 = T 1 M 0,1
10: for j = 2 : n do
11:
Calculate M j,0
∑j−1
12:
(A + T 0 )M j,0 = − 1j i=1 (j − i)T i M j−i,0
13:
Calculate T j using M 1,0 , ..., M j,0 [12]
14:
Calculate M j,1
∑j
15:
(A + T 0 )M j,1 = i=1 T i M j−i,1
16: end for

V.

Algorithm 2 Binary Search Algorithm Pseudo Code
1: Choose N + 1 initial expansions points
▷ Example: At
DC, 70%, 95%
2: Each pair of expansion points create a region
(R1 , R2 , . . . , RN )
▷ Region is a range of alpha values
spanning between 2 expansions
3: for i = 1 : N do
4:
C HECK(Ri )
5: end for
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:

B INARY S EARCH A LGORITHM

Our goal is to use the multi-dimensional moments in order to
approximate the X-parameters as Taylor series expansions with
respect to α. However, such an approximation is only valid
for a limited range of ∆α. In order to cover the entire desired
range of α, multiple expansion points are needed, resulting
in a piece-wise polynomial approximation. To that end, a
binary search scheme is used to select the expansion points.
Additional expansions are added until all adjacent expansions
have overlapping results between them up to a user defined
accuracy. Such an approach guarantees accurate results over
the entire target range of α. Once all of the expansion are
obtained, the piece-wise polynomial approximation is evaluated in order to obtain ∂X/∂β. The values of the Fourier
coefficient derivatives at the right-hand side of (6) and (7) are
obtained from ∂X/∂β, and the X-parameters are computed.
As a practical consideration we typically use more moments
for the expansion at dc because the Jacobian T 0 in (8) and
(23) is sparser [10,12] and the moment computation is more
CPU efficient. The details of the algorithm are outlined in
Algorithm 2.
VI.

N UMERICAL E XAMPLES

Three examples are used to demonstrate the algorithm
presented in this paper. To be consistent, the accuracy and
speed-up are compared against the algorithm presented in [4]
in a MATLAB implementation. Validation of the results is
also done on conventional commercial tools, namely Advanced
Design System (ADS). Two metrics of error are used to
validate the accuracy of the algorithm, the first one is the
maximum absolute RMS error shown in (24), and the second
one is the maximum relative error shown in (25).
√ ∑n
RMS Error =

i=1 (|xi |

n

− |x̂i |)2

(24)
∞

4

18:
19:
20:
21:
22:
23:

function C HECK(Ri )
▷ Function checks regions
if (error > tolerance) then
(Ri1 ,Ri2 ) = D IVIDE R EGION(Ri )
C HECK(Ri1 )
C HECK(Ri2 )
end if
end function
function D IVIDE R EGION(Ri ) ▷ Function divides regions
if (Ri is bounded by DC expansion) then
Add expansion at 80% of Ri
▷ Favours DC
expansion
else
Add expansion at 50% of Ri
end if
Divide Ri into Ri1 and Ri2 depending on location of
added expansion
return (Ri1 ,Ri2 )
end function
√ ∑n

Relative Error =

i=1 (|xi |

n

− |x̂i |)2

/∑

n
i=1

n

|xi |
∞

(25)
where n is the total number of X-parameter sample points,
x and x̂ are the evaluated X-parameters from [4] and the
proposed algorithm, respectively.
A. Example 1: Single-Stage LNA
The first example is the LNA shown in Fig. 2. The circuit
is treated as a two-port network, with an input voltage source
at port 1 ramping from 0V to 78.62mV. This corresponds to
an input power range up to 2dB beyond the 1dB compression
point, in order to exhibit sufficient non-linear behavior. Note
that the 1dB compression point can be found using the DC
moments as described in [17]. The operating frequency is
1GHz, and the number of harmonics used is 15, creating HB
MNA matrices of order 850. The circuit is designed such that
both input and output ports are matched to 50Ω.
The binary search algorithm starts with three expansion
points at DC, 70% and 95% of the maximum input voltage
amplitude. The algorithm ends after a total of 5 expansions.
The X-parameters were then evaluated at 100 linearly spaced
values of the input voltage range. The CPU cost for the
proposed algorithm is 1.77s to compute the X-parameters,
compared to 12.80s for the brute force algorithm from [4].
This is equivalent to a 7.27× speed-up. The DC solution
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Fig. 3. Highest RMS Error Plot at T2,15,1,1
for Single Stage LNA With
Multipoint Expansions

·10−3

time for both cases is 0.70s. The maximum absolute RMS
X-Parameter error is equal to 1.54 × 10−04 and happens at
X
, whose magnitude plot is shown in Fig. 3, while the
T2,15,1,1
maximum relative X-parameter error is equal to 3.52 × 10−02
X
X
, shown in Fig. 4. In Fig. 5, S2,1,1,1
and happens at T2,12,1,4
which represents the gain of the amplifier as a function of the
input voltage is shown. All three Figures 3 to 5 show that the
algorithm matches well with both the brute force HB method,
which is used for comparison of speed and accuracy, as well
as results from ADS to validate the correctness of the results.
The results display accuracy for high and low order harmonics.
A summary of the results for this example is shown in Table I.

B. Example 2: Two-Stage LNA
The second example consists of two stages of the LNAs
shown in Fig. 2 cascaded. The amplifier would hence have
10 transistors giving HB MNA matrices an order of 1598. In
order to reach the nonlinear region of 2dB beyond the 1dB
compression point, the input amplitude sweep needs to be
from 0V to 5.97mV. The frequency of operation is 1GHz and
the number of harmonics used is 15. The X-parameters are
evaluated at 100 linearly spaced input voltage values. The DC
solution computation time is 0.94s. The proposed algorithm
takes 4.87s to evaluate the X-parameters, while the brute force
HB method takes 23.21s leading to a speed-up of about 4.77×.
This is less than the speed-up from the last example, because
with the increased nonlinearity of the circuit, more expansions
were needed and the algorithm led to a total of 7 expansions.
The maximum absolute RMS X-parameter error is equal to
X
5.21 × 10−04 and happens at T2,15,1,1
, whose magnitude plot
is shown in Fig. 6, while the maximum relative X-parameter

.
.
.
.

8

Low Noise Amplifier

6
X
T2,12,1,4

Fig. 2.

.
HB
.
Taylor
.
ADS
.
Expansions

4
2
.

0

.
0

0.2

0.4
0.6
0.8
Normalized Alpha

1

X
for Single Stage LNA With
Fig. 4. Highest Relative Error Plot at T2,12,1,4
Multipoint Expansions

X
, shown
error is equal to 3.00 × 10−03 and happens at T1,3,1,11
X
in Fig. 7. The input reflection coefficient plot at S1,1,1,1
is also
shown in Fig. 8. A summary of the results for this example is
shown in Table I.

C. Example 3: Three-Stage LNA
The third example used consists of three stages of the LNA
shown in Fig. 2 cascaded. The amplifier would hence have 15
transistors, and the order of the HB MNA matrices is 2346.
In order to reach the nonlinearity region of 2dB beyond the
1dB compression point, the input amplitude sweep needed is
from 0V to 363µV. The frequency of operation is 1GHz and
the number of harmonics used is 15. The X-parameters are
evaluated over 100 linearly spaced input voltage values. The
DC solution evaluation time is 1.49s. The proposed algorithm
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Fig. 7. Highest Relative Error Plot at T1,3,1,11
for Two-Stage LNA With
Multipoint Expansions

.
HB
.
Taylor
.
Expansions

·10−2
.
.
.

X
T2,15,1,1

2

.
HB
.
Taylor
.
Expansions

X
S1,1,1,1

1.5
1

1
.

0

.
0

0.2

0.4
0.6
0.8
Normalized Alpha

.

1

X
for Two-Stage LNA With
Fig. 6. Highest RMS Error Plot at T2,15,1,1
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Fig. 8. Input Reflection Coefficient Plot at S1,1,1,1
for Two-Stage LNA
With Multipoint Expansions

takes 8.08s to compute the X-parameters, while the brute force
HB method takes 34.43s leading to a speed-up of about 4.26×.
The binary search algorithm led to a total of 8 expansions.
The maximum absolute RMS X-parameter error is equal to
X
, whose magnitude plot
3.29 × 10−03 and happens at S2,2,1,1
is shown in Fig. 9, while the maximum relative X-parameter
X
error is equal to 6.55 × 10−04 and happens at T2,11,2,3
, shown
X
in Fig. 10. The output reflection coefficient plot at S2,1,2,1
is also shown in Fig. 11. A summary of the results for this
example is shown in Table I.
VII. C ONCLUSION
In this paper, a moment based method for the computation of
RF circuit X-parameters is presented. The proposed algorithm
relies on the efficient computation of the circuit moments and
a closed form expression linking theses moments to the Xparameters. The method avoids the need for repeated Harmonic

Balance simulations as well as the need for difference based
methods for the computation of the X-parameters. The proposed algorithm was shown to be both efficient and accurate.
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