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Moments-Based Parametric Sensitivity Analysis of
X-Parameters
Marco T. Kassis, Graduate Student Member, IEEE, Dani Tannir, Senior Member, IEEE,
Raffi Toukhtarian, Graduate Student Member, IEEE, Roni Khazaka, Senior Member, IEEE

Abstract—The polyharmonic distortion parameters of a nonlinear structure or circuit block, often referred to as X-parameters,∗
relate the different harmonics of the incident waves to those of
the reflected waves in the frequency domain. Recently, a closed
form derivative-based approach for calculating the X-parameters
sensitivity with respect to linear circuit elements has been
developed for a given input amplitude level. In this manuscript,
we build on those results and present an efficient and accurate
moments based method for the sensitivity analysis with respect to
both linear and nonlinear circuit parameters, parameterized with
respect to the input amplitude. The proposed method allows for
the accurate and efficient computation of X-parameter sensitivity
terms without the need for CPU expensive sweeps or brute force
perturbation.
Index Terms—Sensitivity Analysis, Nonlinear RF circuits,
X-parameters, Harmonic Balance Moments, Polyharmonic Distortion.

I. I NTRODUCTION
The fundamental idea behind macromodeling is to represent
a given system using an approximating one, which is simpler to design and requires less resources to process. Some
applications for macromodels include system verification and
high-level design exploration. Polyharmonic distortion [1,2] is
a powerful technique for the behavioral modeling of nonlinear
circuits and systems. The polyharmonic distortion parameters,
often referred to as X-parameters [3–5], were developed as a
natural extension to the concept of S-parameters, which are
well established as an effective and commonly used modeling
tool. S-parameters are, however, linear models. While they
can be used to model nonlinear circuit components, such
as amplifiers, the S-parameter models only provide a linear
approximation of the nonlinear characteristics around a given
operating point, and are therefore only accurate for small input
signal levels. X-parameters extend this concept in order to
capture some of the nonlinear behaviour of the circuit [6,7].
One key advantage leading to the popularity of X-parameter
modeling, is the availability of specialized tools for their
measurement.
Sensitivity analysis is an important step in an Electronic Design Automation (EDA) workflow [8–11]. It facilitates critical
EDA steps such as design optimization, design centering, yield
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analysis, and design space exploration [12]. It also provides
insight into the circuit performance, by estimating the effect
of changes in one or more circuit parameters or components.
Examples include the effect of parasitics, device tolerances,
and temperature variation. Sensitivity analysis methods for
the Harmonic Balance (HB) steady state response of RF
circuits have been presented in the literature [8,13]. However,
these methods are not applicable to the computation of the
senstivity of X-parameters. This is because the X-parameters
themselves can be expressed as a derivative (or sensitivity)
with respect to the input tone [14], and their sensitivity can
therefore be viewed as a second order sensitivity. Brute force
perturbation [12], can be used to compute the sensitivity of
X-parameters. Therefore, the methods presented in [3,15] can
be used to compute the X-parameters twice; once at the
nominal case and the other time at the perturbed value of the
parameter of interest. The standard difference method can then
be used to evaluate the required sensitivity terms. However, in
practice, this approach has important limitations due to the
CPU cost of computing the X-parameters twice in the best of
cases, as well as the difficulty of determining the appropriate
amount of perturbation for a given problem. The latter point is
only resolved by iteratively searching for the ideal perturbation
quantity, adding further to the computational cost.
In [16], a moment-based method for the computation of
X-parameter sensitivity was presented. This approach is, however, limited to the computation of the X-parameter sensitivity at a given input power. A full X-parameter model
consists of X-parameter values for a range of input powers.
In this paper we develop a method based on nonlinear circuit
moments [15,17–20] in order to perform a sweep of input
power level. The proposed method uses a multidimensional
parametrization scheme to evaluate generic sensitivity terms
that could be evaluated at any required linearization point
or range of amplitude values. The proposed approach both
eliminates the need for tensors in the computation of Xparameter sensitivity and facilitates a fast sweep of sensitivity
values as a function of input power level. This enables the
computation of a full X-parameter model along with its
sensitivity. The method is developed for the sensitivity with
respect to the parameters of both linear and nonlinear circuit
elements. The proposed method is validated using comparisons
to a sweep of the methodology in [16], demonstrating high
accuracy and an increase in speed. Brute force perturbation of
the methods in [3,15] are also used for speed-up comparisons,
but not accuracy since the precision of brute force perturbation
is a function of the amount of perturbation.
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II. D EFINITIONS AND F ORMULATIONS

R1

The objective of this paper is to determine the sensitivity
of the X-parameters with respect to a change in the value
of a circuit component parameter parametrized for a range
of input amplitude values. In this section, we present a
general overview on the definition of X-parameters and their
sensitivity, in addition to the general system formulation that
will be used in the proposed algorithm.
A. Relative Sensitivity
We begin by defining a general circuit parameter as Λ,
which can be any physical device parameter such as a resistance or a diode saturation current. For the purpose of
sensitivity analysis, this general circuit parameter Λ can be
expressed as follows
Λ = (1 + λ) Λ0

∂ϕ
∂ϕ
=
(2)
∂Λ
∂λ
where ϕ in our case is the X-parameters of a given circuit. It
is important to note that for the case when Λ0 = 0, similar
closed form expressions can be developed for the computation
of the absolute sensitivity. In this paper, we will, without loss
of generality, compute the sensitivity with respect to λ at
different values of input amplitude, which will directly give us
the relative sensitivity with respect to the Λ as defined in (2).
Sϕ
Λ = Λ0

V1s

The Modified Nodal Analysis (MNA) system of equations
of a circuit can be expressed in the time domain as follows [21]:

V1p

+
Nonlinear
p
2-Port V2
Network
−

R2

V2s

+
−

Fig. 1. Sample nonlinear 2-port network.

sine coefficients of the source voltage Vis for the j-th harmonic
at port i, while api,j and bpi,j are their respective cosine and sine
coefficients of the port voltage Vip .
Using the MNA equation (3) for the circuit in Fig. 1, we
can write the HB MNA equations [15,22,23] as follows:

Ḡ + C̄ X + F (X, αs , λ)
| {z }
A(λ)
= B DC + αs B RFα + B RFᾱ + B β

(4)

The expression in (4) contains the following terms:
•

•

•

•

(3)

•

where, for n unknown variables:
n×n
• G ∈ R
is the admittance matrix of the linear
memoryless elements.
n×n
• C ∈ R
is the matrix containing the admittances of
the linear memory elements.
n×1
• x(t) ∈ R
is the vector of unknown node voltages and
other variables that need to be determined.
n×1
• f (x(t)) ∈ R
is the vector of nonlinear functions
present in the circuit including the nonlinear charge
equations,
n×1
• b(t) ∈ R
is the vector of independent sources in the
circuit.
In order to compute the X-parameters, resistors and voltage
sources are added at the ports as shown in Fig. 1 for a twoport system (note that this can be easily generalized to the
n-port case). As seen in Fig. 1, Vis is the source voltage at
port i, and Vip is its respective port voltage, as labeled in the
diagram. Similarly we define asi,j and bsi,j as the cosine and

•

G x(t) + C ẋ(t) + f (x(t)) = b(t)

+
−

−

•

B. General Harmonic Balance (HB) Formulation

I2
+

(1)

where Λ0 is the nominal value of Λ, and λ is the relative
change in the value of the parameter Λ. The relative or
normalized sensitivity of a general quantity or variable, ϕ,
with respect to a change in a parameter is therefore

I1

X ∈ RN is a vector containing the Fourier coefficients
of the voltage and current variables of the MNA formulation [21].
A(λ) ∈ RN ×N is the block admittance matrix, as
a function of λ which is the perturbation independent
variable of a circuit parameter.
F (X, αs , λ) ∈ RN is the vector of nonlinear elements,
dependent on αs and λ to represent the linearization
points and perturbation of the nonlinear elements of the
circuit, respectively.
B DC ∈ RN contains the Fourier coefficients of all the
DC sources.
B RFα , B RFᾱ ∈ RN contain the Fourier coefficients of
all the small-signal sources to be parametrized and the
constant ones, respectively.
αs ∈ R such that 0 ≤ αs ≤ 1 is the normalized
parametrization variable for the input amplitude.
B β ∈ RN contains the cosine and sine coefficients, asi,j
and bsi,j , of the source voltage at their respective locations,
defined for n ports and H harmonics as follows:



B β = eas1,1
|

•

ebs1,1

eas1,2

ebs1,2 . . . easn,H
{z
eβ


as1,1
s
 b1,1 
 s 
 a1,2 


s 
ebsn,H 
 b1,2 
. 
}
 .. 
 s 
an,H 
bsn,H
| {z }
β

(5)

where easi,j , ebsi,j ∈ RN are selector vectors with all
zeros except for a 1 at the location corresponding to the
appropriate voltage source port number i and harmonic
j, for the cosine and sine coefficients respectively.
N = n (2H + 1) is the number of variables in the HB
equations with H harmonics.
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C. Overview X-Parameters
The Poly-Harmonic Distortion model linearizes the nonlinear functions relating the incident and reflected waves (A
and B, respectively) for different ports and frequencies. The
linearization point is defined by a set of incident waves ALP ,
which also contains the DC bias. ALP
refers to the l-th
ql
LP
harmonic of A
at port q. The reflected waves are written
in terms of the incident waves and their complex conjugate as
follows:

X
X
LP
∗
(6)
Bp,k = Bp,k
+
SX
p,k;q,l ∆Aq,l + T p,k;q,l ∆Aq,l
q,l

where
• p and q are the indices for port numbers.
• k and l are the indices for harmonic numbers.
• ∆Aq,l is the deviation from the linearization point
LP
• B
is the set of reflected waves when the incident waves
are equal to ALP
X
X
• S p,k;q,l and T p,k;q,l are the X-parameters.
X
LP
Note that S X
p,k;q,l , T p,k;q,l , and Bp,k are functions of the
amplitude of the incident wave and the fundamental frequency.
The vector of variables X in the HB formulation of (4)
contains the coefficients of the Fourier series expansion of
each circuit variable. Therefore, it is important to express
the X-parameters as a function of the Fourier coefficients as
well in order to proceed with the derivation. This is given as
follows [15]:
!
∂app,k
∂bpp,k
1 ∂bsp,k
1 ∂asp,k
X
S p,k;q,l =
+ s −
−
∂asq,l
∂bq,l
2 ∂bsq,l
2 ∂asq,l
!
(7)
∂bpp,k
∂app,k
i
−
+
∂bsq,l
∂asq,l
!
!
∂app,k
∂app,k
∂bpp,k
∂bpp,k
X
T p,k;q,l =
−
i (8)
− s
+
∂asq,l
∂bq,l
∂bsq,l
∂asq,l

In these relations, as defined earlier, we have
p
p
• apk and bpk are the cosine and sine coefficients, respectively, of the k-th harmonic of the voltage at port p
s
s
• apk and bpk are the cosine and sine coefficients, respectively, of the k-th harmonic of the source at port p.
Note that appk and bppk are elements in vector X, while aspk
and bspk are elements in the vector β. According to (7) and (8),
in order to calculate the full set of X-parameters, derivatives
of X with respect to aspk and bspk for all ports and harmonics
should be obtained.
To compute the X-parameters, we differentiate (4) with
respect to each of the entries of asi,j and bsi,j at all ports and
harmonics. This can be done individually or all-together for
all the indices. Therefore, we differentiate (4) with respect to
β resulting in
#
"
∂X
∂F (X)
= eβ
(9)
A+
∂X X=X(αs ,λ) ∂β
eβ is a matrix containing selector vectors composed of zeros
except at the locations of the elements represented by β

3

in Bβ . In order to compute the X-parameters, we need to
compute the derivatives on the right hand side of (7) and (8),
which are entries in ∂X/∂β. In conclusion, the X-parameters
are expressed directly in terms of the appropriate entries in
∂X/∂β.
D. Sensitivity of the X-Parameters with respect to λ
The sensitivity of the X-parameters with respect to λ can
be expressed in terms of the derivatives of eqs. (7) and (8) as
follows
!
∂ 2 bpp,k
∂ 2 app,k
∂S X
p,k;q,l
=
+
∂λ
∂asq,l ∂λ ∂bsq,l ∂λ
!
(10)
∂ 2 bpp,k
∂ 2 app,k
i
−
+
∂bsq,l ∂λ ∂asq,l ∂λ
!
∂ 2 bpp,k
∂ 2 app,k
∂T X
p,k;q,l
=
−
∂λ
∂asq,l ∂λ ∂bsq,l ∂λ
!
(11)
∂ 2 app,k
∂ 2 bpp,k
−
i
+
∂bsq,l ∂λ ∂asq,l ∂λ
where the the individual terms in (10) and (11) are entries
in ∂ 2 X/∂β∂λ at a given αs value. This is the sensitivity
of ∂X/∂β with respect to λ for a certain input amplitude
value defining the linearization point. Hence, the problem of
computing the parametric sensitivities of the X-parameters
reduces to the problem of computing ∂ 2 X/∂β∂λ at all
required values of αs .
One approach for computing ∂ 2 X/∂β∂λ is the brute force
perturbation method. This entails that the vector of nonlinear
elements’ Jacobian is evaluated at the nominal case of λ = 0,
and at the perturbed case of λ = ∆λ, to calculate the XX
parameters, S X
p,k;q,l and T p,k;q,l , for both cases. The sensitivity
with respect λ is then calculated using the standard difference
method. The methods presented in [3,15] could be used to
evaluate the X-parameters themselves, where the first one
evaluates them at one αs value, while the latter finds a
parametric solution with respect αs . Despite the simplicity
of the perturbation method, its limitation is finding a suitable
value for ∆λ, which would require multiple CPU expensive
calculations of the X-parameters.
Alternatively, a closed-form derivative method for evaluating the X-parameters sensitivity is presented in [16]. However,
this method is limited to finding the sensitivity terms with
respect to linear circuit elements, and also at one given αs
value. In the next section, a novel methodology is proposed
which evaluates the parametric sensitivity of X-parameters
with respect to linear and nonlinear circuit elements, for a
required range of values of αs .
III. M OMENTS -BASED S ENSITIVITY A NALYSIS
X-PARAMETERS

OF

In this section, we will develop a general approach for
computing the general sensitivity of the X-parameters with
respect to parameters of both linear and nonlinear elements,
parametrized with respect to αs . Consider the circuit equation
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in (4). We note that A(λ) can be written as A0 + λA1
λ2 A2 + λ3 A3 + · · · , and F (X, αs , λ) can be written
F̄ (X, αs ) + F̂ (X, αs , λ), the former being a function
X and αs , while the latter is additionally a function of
Equation (4) hence becomes
(A0 + λA1 + · · · ) X + F̄ (X, αs ) + F̂ (X, αs , λ)
= B DC + αs B RFα + B RFᾱ + B β

+
as
of
λ.

(12)

where:
N ×N
• A0 ∈ R
is the nominal HB MNA admittance matrix,
containing the stamps of all linear passive components,
including the ones to be perturbed.
dA(λ)
• A1 =
∈ RN ×N contains only the stamp of
dλ
λ=0
the linear passive components to be perturbed.
N
• F̄ (X, αs ) ∈ R
contains the current stamp of the
nonlinear components that are a function of X and the
amplitude value αs .
N
• F̂ (X, αs , λ) ∈ R
contains the current stamp of the
nonlinear components that are a function of X, αs , and
λ.
Note that only A0 and A1 will be required for sensitivity
analysis. Any higher order terms, when present, are not needed
for the computations. Furthermore, when λ = 0, all elements,
linear and nonlinear, are at their nominal value.
Without loss of generality and for simplicity of notation, we
define β as an arbitrary entry in β, while eβ is its respective
selector vector out of the matrix eβ . We define X, the solution
to (12), as a multidimensional Taylor series expansion about
the expansion points αs = α0 , λ = 0, and β = 0, as follows
X=

∞ X
∞ X
∞
X

M i,j,k αi λj β k

(13)

i=0 j=0 k=0

where α = αs − α0 for conciseness. Hence, the expansion
point αs = α0 is represented as α = 0. M i,j,k are the
multivariate moments with respect α, λ, and β, and can be
defined as
i

M i,j,k =

j

k

1
d d d X
i! j! k! dαi dλj dβ k

A. Parametric Sensitivity of the HB Solution with respect to λ
In this subsection, an overview of the computation of
M 1,0 = ∂X/∂λ|λ=0,β=0 , the sensitivity of the HB solution, using the single dimensional moments with respect to
the perturbation parameter λ is presented. The Taylor series
expansion of the HB solution with respect to α and λ can be
written as
X|β=0 =

∞
∞ X
X

= M 0,0,0 + M 1,0,0 α + M 2,0,0 α2 + M 3,0,0 α3 + ...
+ M 0,1,0 λ + M 1,1,0 α λ + M 2,1,0 α2 λ + M 3,1,0 α3 λ + ...

where
• M 0,0,0 is the HB solution of the circuit at the nominal
parameter value at a chosen expansion point α0 .
• M 0,1,0 = ∂X/∂λ|α=0,λ=0,β=0 is the sensitivity of the
HB solution with respect to λ at a chosen expansion point
α0 .
• M 0,0,1 = ∂X/∂β|α=0,λ=0,β=0 is the sensitivity of the
HB solution with respect to β, which is used to calculate
the X-parameters at a given input amplitude level [3,15].
2
• M 0,1,1 = ∂ X/∂λ∂β
is the sensitivity of
α=0,λ=0,β=0
the HB solution with respect to λ and β, which can be
used to calculate the sensitivity of the X-parameters with
respect to λ using (10) and (11).
In the following sections we present the algorithm for
computing the moments necessary for sensitivity analysis at
different α values at a given expansion point, namely M i,1,0 ,
M i,0,1 , and M i,1,1 for i ≥ 0.

(15)

+ M 0,2,0 λ2 + M 1,2,0 α λ2 + M 2,2,0 α2 λ2 + M 3,2,0 α3 λ2 + ...
+ M 0,3,0 λ3 + M 1,3,0 α λ3 + M 2,3,0 α2 λ3 + M 3,3,0 α3 λ3 + ...

where M i,1,0 , for i ≥ 0, are the desired HB solution
sensitivity parameters. These are the moments of the Taylor
series expansion of ∂X/∂λ|λ=0,β=0 , and the goal of this
subsection.
We start by defining the nonlinear elements current functions F (X, α, λ), F̄ (X, α), and F̂ (X, α, λ) in terms of their
Taylor series expansions, at β = 0, as follows
F (X, α, λ)|β=0 =

∞ X
∞
X

D i,j αi λj

(16)

i=0 j=0

F̄ (X, α)

β=0

=

∞ X
∞
X

D̄ i,j αi λj

(17)

i=0 j=0

F̂ (X, α, λ)

β=0

=

∞ X
∞
X

D̂i,j αi λj

(18)

i=0 j=0

Substituting eqs. (15), (17) and (18) into (12), for β = 0, we
get the following
(A0 + λ A1 )

∞ X
∞
X

M i,j,0 αi λj

i=0 j=0

+

∞ X
∞
X
i=0 j=0

(14)
α=0,λ=0,β=0

M i,j,0 αi λj

i=0 j=0

D̄i,j αi λj +

∞ X
∞
X

D̂i,j αi λj

(19)

i=0 j=0

= B DC + α0 B RFα + α B RFα + B RFᾱ
Equating the coefficients of α0 λ0 in (19), we get
A0 M 0,0,0 + D 0,0 = B DC + α0 B RFα + B RFᾱ

(20)

where D0,0 = D̄ 0,0 + D̂0,0 is the evaluation of the nonlinear
functions at the desired expansion point α0 . Accordingly,
M 0,0,0 is the HB solution at the required expansion point, α0 ,
of the fundamental tone of interest, which can be easily solved
for. Similarly, equating the rest of the coefficients in (19), we
get the following piecewise relationship
A0 M n,m,0



B RFα − D̄ 1,0 − D̂ 1,0
= −D̄n,0 − D̂n,0


−A1 M n,0,0 − D̄n,1 − D̂n,1

if n = 1, m = 0
if n > 1, m = 0
if m = 1

(21)

All other cases for the powers of coefficients are not shown
in (21) for m > 1, since only the first order derivative of λ
is needed to compute the sensitivity terms. Eqn. (21) shows
a recursive relationship between the HB sensitivity moments
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and the regular HB solution moments, where M n,1,0 depends
on the value of M n,0,0 for n ≥ 0.
It is noteworthy that the values of D̄n,m and D̂ n,m for
all possible values of n and m are still unknown, except
n = m = 0. It can be shown than the moments of
the Taylor series expansion of the nonlinear function are
related to the moments of the Taylor series expansion of the
HB Jacobian. Accordingly, the Jacobians ∂F (X, α, λ)/∂X,
∂ F̄ (X, α)/∂X, ∂ F̂ (X, α, λ)/∂X at β = 0 can be expressed
in terms of their moments as follows [15,17–19]
J (X, α, λ) =

∂F (X, α, λ)
∂X

∂ F̄ (X, α)
J¯(X, α) =
∂X

=
β=0

=
β=0

∂ F̂ (X, α, λ)
Jˆ(X, α, λ) =
∂X

J i,j αi λj (22)

i=0 j=0

∞ X
∞
X

J¯i,j αi λj

(23)

i=0 j=0

=
β=0

∞ X
∞
X

∞ X
∞
X

Jˆi,j α λ
i

j

(24)

where J 0,0 = J¯0,0 + Jˆ0,0 is the HB Jacobian evaluated at
the expansion point. The details of the derivation are shown
in Appendix A. Using (55), the relationship in (21) becomes
as follows

(A0 + J 0,0 ) M n,m,0

where

if
if
if
if

n = 1, m = 0
n > 1, m = 0
n = 0, m = 1
n > 0, m = 1

(25)

+

n−1


1X
(n − i) J¯i,0 + Jˆi,0 M n−i,1,0
n i=0

∂X
∂β

=
β=0

∞
∞ X
X

M i,j,1 αi λj

i=0 j=0

= M 0,0,1 + M 1,0,1 α + M 2,0,1 α2 + M 3,0,1 α3 + ...
+ M 0,1,1 λ + M 1,1,1 α λ + M 2,1,1 α2 λ + M 3,1,1 α3 λ + ...

(27)

+ M 0,2,1 λ2 + M 1,2,1 α λ2 + M 2,2,1 α2 λ2 + M 3,2,1 α3 λ2 + ...
+ M 0,3,1 λ3 + M 1,3,1 α λ3 + M 2,3,1 α2 λ3 + M 3,3,1 α3 λ3 + ...

The goal of this paper is to solve for M i,1,1 , the moments of
∂ 2 X/∂β∂λ λ=0,β=0 , representing the sensitivity of ∂X/∂β
with respect to λ parameterized with respect to α. The first
step is to differentiate (12) as follows
dF̄ (X, α) dF̂ (X, α, λ)
dX
+
+
= eβ (28)
dβ
dβ
dβ
Eq. (28) can then be written as


∂ F̄ (X, α) ∂ F̂ (X, α, λ) ∂X
A0 + λ A1 +
+
= eβ (29)
∂X
∂X
∂β
Using eqs. (22) to (24) and (27), we can represent (29), at
β = 0, as


∞ 
∞ X

X
J¯i,j + Jˆi,j αi λj
A0 + λ A1 +
i=0 j=0

∞ X
∞
X

(30)

i

j

M i,j,1 α λ = eβ

i=0 j=0

n−1


1X
Q=
(n − i) J¯i,0 + Jˆi,0 M n−i,0,0
n i=1

R=

express ∂X/∂β using its moments with respect to α and λ,
where only the first order with respect to the latter is evaluated.
The Taylor series expansion of ∂X/∂β with respect to α and
λ can be written in terms of the multi-dimentional moments,
defined in [15], as follows

(A0 + λ A1 )

i=0 j=0


B RFα



−Q
=
−A1 M n,0,0



−A1 M n,0,0 − R

5

(26)

n−1


1X
(n − i) J¯i,1 + Jˆi,1 M n−i,0,0
n i=1

The computation of J¯i,j and Jˆi,j is done using the time
domain value of the moment expressions, which will be
discussed in detail in section IV. Accordingly, the formulation
in (25) is a recursive one for the calculation of the HB
solution moments with respect to both α and λ for β = 0.
The moments M n,0,0 are the HB moments with respect to
α for λ = 0, β = 0, where the formula for their computation
in (25) is consistent with the formulation presented in [15].
On the other hand, M n,1,0 are the HB sensitivity moments
with respect to λ parameterized with respect to α. The latter
are essential for the calculation of the X-parameters sensitivity
moments, as will be seen in the next subsection.
B. Parametric Sensitivity of ∂X/∂β with respect to λ
As shown in (9), in order to obtain the X-parameters, the
derivatives of X with respect to β are required. Accordingly,
to calculate the sensitivity of the X-parameters with respect
to λ, the sensitivity of ∂X/∂β is needed. In this paper we

Note that in (30), we have set β = 0, without loss of generality,
in order to simplify the presentation. Equating the coefficients
of the zeroth order term, α0 λ0 , gives
J 0,0

z
}|
{
¯
ˆ
(31)
A0 + J 0,0 + J 0,0 M 0,0,1 = eβ

Accordingly, M 0,0,1 can be evaluated and used to compute
the X-parameters for a given input voltage amplitude. Note
that equation (31) is the same as equation (9) for one given
entry, as shown in [3,15]. Equating the coefficients of the first
order term, λ0 , in (30) parameterized with respect to α yields
the following


n 

X
J¯i,0 + Jˆi,0 M n−i,0,1 (32)
A0 + J 0,0 M n,0,1 = −
i=1

where n ≥ 1. The recursive formulation shown in (32) is
the one used to evaluate the X-parameters parameterized with
respect to α in [15]. Equating the coefficients of the first order
term, λ1 , in (30) parameterized with respect to α yields the
following


A0 + J 0,0 M n,1,1 = −A1 M n,0,1
−

n 
X
i=1

−

n 
X
i=0


J¯i,0 + Jˆi,0 M n−i,1,1 (33)


J¯i,1 + Jˆi,1 M n−i,0,1
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Consequently, M n,1,1 can be evaluated recursively using (33)
at a given expansion point α0 . A multipoint expansion binary
search scheme [15] is then used to evaluate other sets of
moments at different α0 values. The method presented in [15]
is used to select the number of moments needed as well as the
locations of the center points for the Taylor series expansions.
Finally, ∂ 2 X/∂β∂λ λ=0,β=0 is evaluated at one value or a
range or values of α as required. This is then used to compute
the right hand sides of both (10) and (11). The result is
the sensitivity of the X-parameters with respect to λ or their
relative sensitivity with respect to Λ.
IV. M OMENTS OF

N ONLINEAR E QUATIONS
THEIR JACOBIAN
THE

AND

In this section, we demonstrate the computation of the
moments J¯i,j and Jˆi,j of the nonlinear Jacobian with respect
to α and λ. The nonlinear Jacobian, as defined in (22), is
constructed block-by-block [24]. Each block has the form
J B = Γ−1 GBS Γ

(34)

where GBS = diag (g(t1 ), · · · , g(ts )) is a diagonal matrix
containing the time samples of g (x(t)), Γ is the discrete
Fourier Transform matrix, and g(x) = ∂f /∂x is the derivative
of the nonlinear equation at the corresponding entry in the
MNA Jacobian.
Similarly, J¯i,j and Jˆi,j are constructed block-by-block,
where each block is given by
J¯Bi,j = Γ−1 ḠBSi,j Γ

(35)

JˆBi,j = Γ

(36)

−1

ĜBSi,j Γ

and
ḠBSi,j = diag (ḡi,j (t1 ), · · · , ḡi,j (ts ))

(37)

ĜBSi,j = diag (ĝi,j (t1 ), · · · , ĝi,j (ts ))

(38)

The remainder of this section is focused on finding expressions for ḡi,j and ĝi,j . This is done by following a similar
process as in [19]. As an example, we consider the nonlinear
equation of the diode
 x

f (x, α, λ) = Is (λ) e VT (λ) − 1
(39)

where
• f (x, α, λ) is the time domain value of the diode current
in active mode.
• x is the time domain value of the voltage across the diode.
• Is (λ) is the saturation current of the diode as a function
of λ for sensitivity analysis. Its nominal value is Is0 .
• VT (λ) is the thermal voltage of the diode as a function
of λ for sensitivity analysis. Its nominal value is VT0 .
Differentiating (39) with respect to x gives the following
g(x, α, λ) =

Is (λ) V x(λ)
df (x, α, λ)
=
e T
dx
VT (λ)

(40)

Without loss of generality and for simplicity of presentation,
we write the moments of x and g at β = 0 as follows
x|β=0 =

∞ X
∞
X
i=0 j=0

mi,j αi λj

(41)

df (x, α, λ)
dx

g(x, α, λ)|β=0 =

=
β=0

∞ X
∞
X

gi,j αi λj (42)

i=0 j=0

Generally, g0,0 can be computed by evaluating (40) at the
nominal conditions of α = λ = 0. For higher orders of gn,0 ,
the formula is as follows
gn,0 =

n−1
1 X
(n − i) gi,0 mn−i,0
n VT i=0

(43)

where n ≥ 1. Regarding gn,1 for n ≥ 0, it can be shown that
1) When the parameter is Is , i.e., Is = (1 + λ)Is0
ĝn,1 = gn,0 +

n
1 X
gi,0 mn−i,1
VT i=0

(44)

2) When the parameter is VT , i.e., VT = (1 + λ)VT0
 g0,0


 VT0 (m0,1 − m0,0 − VT0 ) if n = 0
n
ĝn,1 =
(45)
1 X


gi,0 mn−i,1
otherwise
V
T i=0

3) When the nonlinear equation is not a function of λ
ḡn,1 =

n
1 X
gi,0 mn−i,1
VT i=0

(46)

Similar equations can be found for other nonlinear function
using the formulas shown in Table I, which is a two-parameter
generalization on the formulations in [19].
V. N UMERICAL E XAMPLES
Three examples are used to show the methodology presented
in this paper: 2 Low Noise Amplifiers (LNA), and an upconversion mixer circuit. The method presented in [16] is
considered an accuracy benchmark for X-parameter sensitivity
evaluation accuracy, since it does not use any perturbationbased evaluations.
Not only are perturbation-based methods less accurate than
closed-form expression ones, but they also require multiple
iterations to converge on the ideal perturbation amount, ∆λ,
to be used in the difference method computation. Furthermore, this is particularly challenging with X-parameters, since
different X-parameters sensitivity terms have different orders
of magnitude. As a result, the choice of ∆λ was done
manually rather than using an automated and robust algorithm.
Accordingly, the cost of computation of ∆λ is not included in
the examples, since it varies greatly depending on the example
at hand. However, we include the cost of perturbation once
∆λ is known. Fig. 2 shows the difference between the results
of [16] and those of the perturbation method at S X
2,1;1,1 , as a
function of 40 logarithmically spaced perturbation (∆λ) values
from 1 × 10−12 to 1 × 10−1 on the LNA in example 1. This
illustrates the accuracy of the closed form derivative method
in [16], and that perturbation exhibits its expected behavior
where the error decreases as the amount of perturbation
decreases, and then rises again due to rounding error when the
perturbation becomes too small. The figure also shows that the
optimal perturbation value is not the same for all parameters.
Accordingly, the proposed methodology is compared in terms
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TABLE I
F ORMULAS FOR S AMPLE N ONLINEAR F UNCTIONS FOR T WO PARAMETERS [19]
Variable
Definitions

P
P∞
i j
u= ∞
j=0 ui α λ
Pi=0
∞ P∞
v = i=0 j=0 vi αi λj

Equations

Expressions
g0,0 = eu0,0
P
n−1
1
gn,0 = n
i=0 (n − i) gi,0 un−i,0
1 Pm−1
g0,m = m j=0 (m − j) g0,j u0,m−j
P
Pm−1
gn,m = n1m n−1
i=0
j=0 (n − i) (m − j) gi,j un−i,m−j
g0,0 = log(uh0,0 )


i
P
n−i
gn−i,0 ui,0
gn,0 = u 1 un,0 − n−1
i=1
n
0,0 h


i
P
m−j
g0,m−j u0,j
g0,m = u 1 u0,m − m−1
j=1
m
0,0 h
i
P
Pm−1  n−i   m−j 
gn−i,m−j ui,j
gn,m = u 1 un,m − n−1
i=1
j=1
n
m
0,0 h
i
P
gn,0 = n u1
k n g0,0 un,0 + n−1
i=1 (i (k + 1) − n) ui,0 gn−i,0
0,0 h
i
P
g0,m = m u1
k m g0,0 u0,m + m−1
(j (k + 1) − m) u0,j g0,m−j
j=1
0,0
h
i
P
Pm−1
k n m g0,0 un,m + n−1
gn,m = n m1u
i=1
j=1 (i (k + 1) − n) (j (k + 1) − m) ui,j gn−i,m−j
0,0
gn,m = un,m + vn,m
gn,m = u
n,m −
n,m
P
Pvm
gn,m = n
i=0
j=0 ui,j vn−i,m−j
i
h
P
gn,0 = v 1 un,0 − n−1
i=0 gi,0 vn−i,0
0,0 h
i
P
g0,j v0,m−j
g0,m = v 1 u0,m − m−1
j=0
0,0 h
i
P
Pm−1
gn,m = v 1 un,m − n−1
i=0
j=0 gi,j vn−i,m−j

g(u) = eu

g(u) = log(u)

g(u) = uk
g(u, v) = u + v
g(u, v) = u − v
g(u, v) = u v
g(u, v) =

u
v

g(u, v) =

P∞ P∞
i=0

j=0

gi αi λj

of accuracy, as well as speed-up, to a sweep of all α values
in the method presented in [16], which will be referred to
as Method A. This is done by running several simulations
using the method in [16] at the different input power levels
needed to achieve the desired sweep. The proposed method is
also compared in terms of speed-up to two perturbation-based
methods, where the ideal ∆λ value is assumed to be known
beforehand, eliminating the iterations time required to find ∆λ.
The perturbation-based methods start by computing the Xparameters twice, either using the method in [3] (Method B)
or using [15] (Method C), once at the nominal value (λ = 0)
and the other time at the ideal perturbation amount (λ = ∆λ).
This is followed by a computation of the perturbation based
X-parameters sensitivity using the standard difference method.

Magnitude of the Difference at S X
2,1;1,1

0,0

10−2

10−4

10−6

10−8

R
L
C
Is
VT
10−12 10−10 10−8 10−6 10−4 10−2
∆λ

100

A. Example 1: Single-Stage LNA

Fig. 2. Difference between the proposed method and perturbation method as
a function of the perturbation amount ∆λ at S X
2,1;1,1 for example 1.

The first example used is a two-port network representing
the LNA shown in Fig. 3. The X-parameter relative sensitivities are evaluated with respect to linear and nonlinear circuit
elements for a fundamental tone ranging from 0 to 78.62mV
at port 1. The latter value corresponds to 2dB beyond the
1dB compression point for this design. As a result, the circuit
is operating in a highly nonlinear region. The fundamental
frequency of operation is 1GHz, and the number of harmonics
used is 15. The circuit is designed with 50Ω input and output
ports matching.
For this example, the proposed method converges at 6
expansions after running the binary search algorithm. The
number of moments per expansion is 15 moments, except
for the zeroth expansion which has 30 moments. The size
of the HB MNA equations for this example is N = 1550.

The CPU cost of the proposed approach is 5.38s to calculate
the relative sensitivity for 100 linearly spaced normalized α
values. When compared to Method A, a sweep of the method
in [16], the latter takes 10.50s, which is equivalent to 1.95×
speed-up in favor of the proposed method. A perturbationbased sweep of the method in [3] to compute the sensitivity terms, Method B, takes 24.46s, favoring the proposed
methodology by 4.55×. Method C which is the methodology
presented in [15] is also used with perturbation to compute
the sensitivity terms, and takes roughly the same time as the
proposed methodology. Note that all CPU comparisons with
perturbation-based methods assume apriori knowledge of the
optimum perturbation amount ∆λ. In practice, the perturbation
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Magnitude of Relative Sensitivity at T X
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8

3kΩ

Fig. 5. Magnitude of relative sensitivity at T X
2,2;1,3 for example 1 with
respect to a resistor value.
10nF

Magnitude of Relative Sensitivity at S X
2,2;1,1

30kΩ
295Ω

Magnitude of Relative Sensitivity at S X
2,2;1,1

Fig. 3. Low noise amplifier (LNA) schematic [15].
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Expansions

0
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0.8

1

α
Fig. 4. Magnitude of relative sensitivity at S X
2,2;1,1 for example 1 with
respect to a resistor value.

methods would require more CPU cost in order to establish
the perturbation amount that results in an acceptable error.
All accuracy comparisons are done with respect to a sweep
of the method in [16], where the error formulas are based
on the ones presented in [15]. The X-parameters relative
sensitivity with respect to the 50Ω resistor highlighted and
framed in Fig. 3 is calculated. The maximum RMS error
is 4.25 × 10−4 at S X
2,2;1,1 , which is shown in Fig. 4. The
maximum relative error is 1.48 × 10−3 at T X
2,2;1,3 , which
is shown in Fig. 5. As an example of a computation with
respect nonlinear circuit elements, the X-parameters relative
sensitivity with respect to the Is value for the highlighted and
framed BJT in Fig. 3 is evaluated. The maximum RMS error

Proposed Method
[16] Sweep
[3] Perturbation Sweep
[15] Perturbation
Expansions

0.8
0.6
0.4
0.2
0
0

0.2

0.4

0.6

0.8

1

α
Fig. 6. Magnitude of relative sensitivity at S X
2,2;1,1 for example 1 with
respect to a BJT Is value.

is 4.28 × 10−5 at S X
2,2;1,1 , which is shown in Fig. 6. The
maximum relative error is 8.58 × 10−4 at T X
1,3;1,13 , which
is shown in Fig. 7. It is noteworthy that the locations of the
center values for the Taylor series expansions are the points
marked with red crosses in the sensitivity plots.
B. Example 2: Two-Stage LNA
The second example used is a two-port network representing
two stages of the LNA shown in Fig. 3 cascaded. The
X-parameter relative sensitivities are evaluated with respect
to linear and nonlinear circuit elements for a fundamental
tone ranging from 0 to 5.97mV at port 1. The latter value
corresponds to 2dB beyond the 1dB compression point for this
design. As a result, the circuit is operating in a highly nonlinear
region. All other design choices are similar to example 1,
where the fundamental frequency of operation is 1GHz, and
the number of harmonics used is 15, with 50Ω input and output
ports matching.

·10−4
Proposed Method
[16] Sweep
[3] Perturbation Sweep
[15] Perturbation
Expansions

2

1

0
0

0.2

0.4

0.6

0.8

1

Magnitude of Relative Sensitivity at S X
2,2;1,1

Magnitude of Relative Sensitivity at T X
1,3;1,13
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[15] Perturbation
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30

20

10

0
−0.2

α

All accuracy comparisons are done with respect to a sweep
of the method in [16], where the error formulas are based on
the ones presented in [15]. The X-parameters relative sensitivity with respect to the 1.42nH inductor, in the amplifier’s
first stage, highlighted and framed in Fig. 3 is calculated. The
maximum RMS error is 4.60 × 10−4 at S X
2,2;1,1 , which is
shown in Fig. 8. The maximum relative error is 8.07 × 10−5
at S X
2,6;1,11 , which is shown in Fig. 9. As an example of a
computation with respect nonlinear circuit elements, the Xparameters relative sensitivity with respect to the VT value
for the highlighted and framed BJT in Fig. 3 is evaluated.
The maximum RMS error is 2.32 × 10−5 at S X
2,2;1,1 , which is
shown in Fig. 10. The maximum relative error is 8.14 × 10−4
at T X
2,2;1,1 , which is shown in Fig. 11.

Magnitude of Relative Sensitivity at S X
2,6;1,11

For this example, the proposed method converges at 8
expansions after using the binary search scheme, which is
more than those used in the first example due to the increased nonlinearity. Similar to the first example, the number
of moments per expansion is 15 moments, except for the
zeroth expansion which has 30 moments. The size of the
HB MNA equations for this example is N = 2914. The
CPU cost of the proposed approach is 12.40s to calculate
the relative sensitivity for 100 linearly spaced normalized α
values. When compared to Method A which is a sweep of the
method in [16], the latter takes 18.55s, which is equivalent to
1.50× speed-up in favor of the proposed method. Method B
which is the perturbation-based sweep of the method in [3]
to compute the sensitivity terms takes 46.48s, favoring the
proposed methodology by 3.75×. Method C which is applying
perturbation on the methodology presented in [15] to compute
the sensitivity terms takes roughly the same time as the
proposed methodology. Note that all CPU comparisons with
perturbation-based methods assume apriori knowledge of the
optimum perturbation amount ∆λ. In practice, the perturbation
methods would require more CPU cost in order to establish
the perturbation amount that results in an acceptable error.

0.2

0.4
α
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0.8

1

Fig. 8. Magnitude of relative sensitivity at S X
2,2;1,1 for example 2 with
respect to an inductor value.
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Fig. 9. Magnitude of relative sensitivity at S X
2,6;1,11 for example 2 with
respect to an inductor value.

Magnitude of Relative Sensitivity at S X
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Fig. 7. Magnitude of relative sensitivity at T X
1,3;1,13 for example 1 with
respect to a BJT Is value.
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Fig. 10. Magnitude of relative sensitivity at S X
2,2;1,1 for example 2 with
respect to a BJT VT value.
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Fig. 11. Magnitude of relative sensitivity at T X
2,2;1,1 for example 2 with
respect to a BJT VT value.

C. Example 3: Mixer
The third example used is a three port network representing
the up-conversion mixer shown in Fig. 12. The X-parameter
relative sensitivities are evaluated with respect to linear and
nonlinear circuit elements for a constant local oscillator input
of 1V operating at 1GHz at port 1, and an intermediate
frequency (IF) input ranging from 0 to 250mV at 100MHz at
port 2. Therefore the radio frequency (RF) output of interest at
port 3 is at 900MHz. Since the input tones are commensurable,
the fundamental tone for analysis is taken to be 100MHz,
and the number of harmonics used is 120. A high number of
harmonics is used in order to prevent loss of accuracy due to
aliasing [25]. The upper boundary of the IF input amplitude
is around the 1dB compression point, to exhibit sufficient
nonlinearity. All ports are designed with 50Ω matching.
For this example, we start with 3 original expansions at 0,
70%, and 98% of the normalized α value. The binary search
scheme is then run, which converges to a total of 6 expansions,
signifying the nonlinearity of the example. Similar to the
previous examples, the number of moments per expansion
is 15 moments, except for the zeroth expansion which has
30 moments. The size of the HB MNA equations for this
mixer is N = 18316, which is much larger than that of
the previous examples. Therefore this example illustrates how
the proposed method scales with larger system orders. The
CPU cost of the proposed approach is 5333.22s to calculate
the relative sensitivity for 100 linearly spaced normalized α
values. When compared to Method A, a sweep of the method
in [16], the latter takes 7658.82s, which is equivalent to 1.44×
speed-up in favor of the proposed method. A perturbationbased sweep of the method in [3] to compute the sensitivity
terms, titled Method B, takes 20011.73s, favoring the proposed methodology by 3.75×. When compared to Method C,
which is a perturbation-based implementation of the algorithm
presented in [15] to compute the sensitivity terms, both take
roughly the same time. Note that all CPU comparisons with
perturbation-based methods assume apriori knowledge of the
optimum perturbation amount ∆λ. In practice, the perturbation

methods would require more CPU cost in order to establish
the perturbation amount that results in an acceptable error.
All accuracy comparisons are done with respect to a sweep
of the method in [16], where the error formulas are based
on the ones presented in [15]. The X-parameters relative
sensitivity with respect to the 100Ω resistor, highlighted and
framed in Fig. 12 is calculated. The maximum RMS error is
4.37×10−4 at T X
3,9;2,1 , coincidentally matching the sensitivity
of the conversion gain X-parameter T X entry, which is shown
in Fig. 13. The maximum relative error is 1.28 × 10−1 at
SX
1,31;2,90 , which is shown in Fig. 14. As an example of a
computation with respect nonlinear circuit elements, the Xparameters relative sensitivity with respect to the VT value for
the highlighted and framed BJT in Fig. 12 is evaluated. The
maximum RMS error is 7.98×10−3 at T X
3,9;2,1 , coincidentally
matching the sensitivity of the conversion gain X-parameter
T X entry, which is shown in Fig. 15. The maximum relative
error is 1.05 × 10−1 at T X
3,15;2,49 , which is shown in Fig. 16.
Table II shows a summary of the results for all three
examples presented. For all cases, we evaluated the sensitivity
at 100 linearly spaced normalized α values. In the proposed
method, most of the computational cost is due to the moments
computation in the beginning, but the subsequent part is
cheaper in comparison. On the other hand, for a sweep of
the method in [16] the CPU cost is more closely related
to the number of α points needed. Accordingly, for a very
small number of α points the sweep of the method in [16]
would be faster, and as the number of points increases, the
proposed method becomes increasingly more advantageous. It
is noteworthy that the number of α points needed for the two
methods to break-even with regards to CPU cost varies from
one example to the other. For example 1 the number of α
points needed for equal CPU cost is 54, while for examples 2
and 3 the number of points needed is 79 and 81, respectively.
It is also worthy of mention that as the number of α points
decreases significantly, the HB convergence at each point using
a sweep of [16] takes longer since the initial guess, which is
the final solution at the previous point, is further away from
the new solution. On the other hand, the proposed method
does not get any slowdown due to convergence issues.
VI. C ONCLUSION
In this manuscript, a method for the efficient parametric
sensitivity analysis of the X-parameter model is presented,
thereby providing insight into the circuit performance. The
new method is derived from the Taylor series expansion of the
Harmonic Balance and X-parameter moments, and therefore
takes advantage of the moment computation techniques to
eliminate the need to solve tensors as part of the sensitivity
computation. Furthermore, a general framework to handle the
computation of sensitivities with respect to both linear and
nonlinear circuit parameters for a range of input amplitude
values is presented. The sensitivity obtained using the proposed approach is shown to be accurate and reliable when
compared to sweeps of closed form computations and bruteforce perturbation with a reduction in computation cost. The
method was applied to two example amplifier circuits and
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Fig. 13. Magnitude of relative sensitivity at T X
3,9;2,1 for example 3 with
respect to a resistor value.

one up-conversion mixer and the sensitivities computed with
respect to a variety of linear and nonlinear circuit parameters
to verify its efficiency. Table II shows a summary of the results
for the examples presented in this manuscript.
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Fig. 12. Up-conversion mixer circuit schematic.

·10−8
3

Proposed Method
[16] Sweep
[3] Perturbation Sweep
[15] Perturbation
Expansions

2

1

0
0

0.2

0.4

0.6

0.8

1

α

Fig. 14. Magnitude of relative sensitivity at S X
1,31;2,90 for example 3 with
respect to a resistor value.

R EFERENCES
[1] J. Verspecht and D. Root, “Polyharmonic distortion modeling,” IEEE
Microw. Mag., vol. 7, no. 3, pp. 44–57, 2006.
[2] D. E. Root, J. Verspecht, D. Sharrit, J. Wood, and A. Cognata, “Broadband poly-harmonic distortion (PHD) behavioral models from fast automated simulations and large-signal vectorial network measurements,”
IEEE Trans. Microw. Theory Techn., vol. 53, no. 11, pp. 3656–3664,
2005.
[3] R. Toukhtarian, D. Tannir, F. Nabki, and R. Khazaka, “Simulation based
generation of x-parameters using the harmonic balance first moment,”
in 2016 IEEE Electrical Design of Advanced Packaging and Systems
(EDAPS), Dec 2016, pp. 193–195.

12

IEEE TRANSACTIONS ON COMPONENTS, PACKAGING AND MANUFACTURING TECHNOLOGY

TABLE II
S UMMARY OF R ESULTS FOR E XAMPLES P RESENTED
Example #
Harmonic Balance Order
# Expansions
Method A: [16] Sweep
Speed-up
Method B: [3] Perturbation Sweep†
Compared to
Method C: [15] Perturbation†
Component
Linear
Error
RMS Error
Components
Compared to
Relative Error
[16] Sweep
Component
Nonlinear
(Method A)
RMS Error
Components
Relative Error

Magnitude of Relative Sensitivity at T X
3,9;2,1

†

Proposed Method
[16] Sweep
[3] Perturbation Sweep
[15] Perturbation
Expansions

8
6
4
2
0

0.2

0.4

0.6

0.8

1

α

Magnitude of Relative Sensitivity at T X
3,15;2,49

Fig. 15. Magnitude of relative sensitivity at T X
3,9;2,1 for example 3 with
respect to a BJT VT value.

·10−5
Proposed Method
[16] Sweep
[3] Perturbation Sweep
[15] Perturbation
Expansions

8
6
4
2
0
0

2
2914
8
1.50×
3.75×†
0.88×†
Inductor
4.60 × 10−4
8.07 × 10−5
BJT VT
2.32 × 10−5
8.14 × 10−4

3
18316
6
1.44×
3.75×†
1.02×†
Resistor
4.37 × 10−4
1.28 × 10−1
BJT VT
7.98 × 10−3
1.05 × 10−1

All CPU comparisons with perturbation-based methods assume apriori knowledge of the optimum perturbation amount ∆λ. In practice, perturbation methods would require more CPU cost in order to establish the
perturbation amount that results in an acceptable error. Methods A, B, and C are defined in the beginning
of section V.

12
10

1
1550
6
1.95×
4.55×†
0.89×†
Resistor
4.28 × 10−5
8.58 × 10−4
BJT Is
4.28 × 10−5
8.58 × 10−4

0.2

0.4

0.6

0.8

1

α

Fig. 16. Magnitude of relative sensitivity at T X
3,15;2,49 for example 3 with
respect to a BJT VT value.

[4] T. M. Comberiate and J. Schutt-Ainé, “Using the latency insertion
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D ERIVATION

FOR

A PPENDIX A
N ONLINEAR F UNCTION M OMENTS

In this derivation, we will demonstrate a methodology for
the computation of the high order Taylor series expansion of
the nonlinear functions. All derivations are done for F (X, λ),
but are similarly applicable for F̄ (X) and F̂ (X, λ). Using the
chain rule for derivatives, we define the following at β = 0
∂F (X)
∂F (X) ∂X
=
∂α
∂X ∂α

(47)

∂F (X) ∂X
∂F (X)
=
∂λ
∂X ∂λ

(48)

In order to evaluate ∂F (X)/∂α and ∂F (X)/∂λ, we differentiate the Taylor series expressions in (16), once with respect
to α and another time with respect to λ, as follows
∞

∞

∂F (X) X X
iDi,j αi−1 λj
=
∂α
i=1 j=0
∞

(49)

∞

∂F (X) X X
jD i,j αi λj−1
=
∂λ
i=0 j=1

iM i,j,0 αi−1 λj

(51)

jM i,j,0 αi λj−1

(52)

i=1 j=0

∞ X
∞
X
i=0 j=1

Substituting eqs. (22), (49) and (51) into (47), we get
∞ X
∞
X

iDi,j αi−1 λj

i=1 j=0




∞ X
∞
∞ X
∞
X
X
iM i,j,0 αi−1 λj 
=
J i,j αi λj  
i=0 j=0

i=1 j=0

Analogously, substituting eqs. (22), (50) and (52) into (48),
we get
∞ X
∞
X

jDi,j αi λj−1

i=0 j=1



=

∞ X
∞
X
i=0 j=0



J i,j αi λj  

∞ X
∞
X
i=0 j=1

 (54)
jM i,j,0 αi λj−1 

Matching the moments of equal powers in (53) and (54), we
get a piecewise equation for D n,m , as follows

Dn,m =

 n−1 m

1 XX


(n − i)J i,j M n−i,m−j,0

n
i=0 j=0

n m−1

1 XX



(m − j)J i,j M n−i,m−j,0
m

if n 6= 0

(55)
if m 6= 0

i=0 j=0

The relationship shown in (55) defines a relationship for Dn,m
for n, m ≥ 0 except n = m = 0. However, for this paper, only
entries of Dn,m for m = 0, 1 are of interest, since only first
order derivatives with respect to λ are needed for sensitivity
computations.
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Similarly for ∂X/∂α and ∂X/∂λ, we differentiate (15) with
respect to α and λ, to get the following
∞ X
∞
X

13

(53)
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