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CHARACTERIZATION OF THE STATE CONSTRAINED
BILATERAL MINIMAL TIME FUNCTION

C. NOUR

Computer Science and Mathematics Division

Lebanese American University

Byblos Campus, P.O. Box 36
Byblos, Lebanon

E-mail: cnour@lau.edu.lb

We characterize the state constrained bilateral minimal time function as the

unique proximal solution of a partial Hamilton-Jacobi equations with certain
boundary conditions. This generalizes [13, Theorem 3.4] where Stern studied
the unilateral case.

Keywords: Bilateral and unilateral minimal time function; State constraint,
Hamilton-Jacobi equations; Proximal analysis; Nonsmooth analysis

1. Introduction

Let F be a multifunction mapping points x in Rn to subsets F (x) of Rn

and let S ⊂ Rn a closed set. Associated with F is the differential inclusion

ẋ(t) ∈ F (x(t)) a.e. t ∈ [0, T ], x(0) = x0. (1)

A solution to (1) is an absolutely continuous function x(·) defined on the
interval [0, T ] with initial value x(0) = x0, in which case we say that x(·) is
a trajectory of F that originates from x0. The notation ẋ(t) refers to the
derivative of x(·) at t and is the right derivative if t = 0.

We assume throughout this paper that F satisfies the standing hypothe-
ses; that is, F takes nonempty compact convex values, has closed graph,
and satisfies a linear growth condition: for some positive constants γ and
c, and for all x ∈ Rn,

v ∈ F (x) =⇒ ‖v‖ ≤ γ‖x‖+ c.

The multivalued function F is also taken to be locally Lipschitz: every x ∈
Rn admits a neighborhood U = U(x) and a positive constant K = K(x)
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such that

x1, x2 ∈ U =⇒ F (x2) ⊆ F (x1) + K‖x1 − x2‖B̄.

We associate with F the following function h, the lower Hamiltonian:

h(x, p) := min{〈p, v〉 : v ∈ F (x)}.

Now let S ⊂ Rn a closed set. A trajectory x(t) of F over [0, T ] which
satisfies the state constraint x(t) ∈ S for all t ∈ [0, T ] is called an S-
trajectory of F . For Σ ⊂ S, a closed set, the S-constrained (unilateral)
minimal time function (associated with Σ) TS(·,Σ) : S −→ Rn ∪ {+∞} is
defined as follows: For α ∈ S, TS(α, Σ) is the minimum time taken by an
S-trajectory to go from α to Σ (when no such trajectory exists, TS(α, Σ) is
taken to be +∞). We assume throughout this note that TS(·,Σ) is extended
to be +∞ on Sc, the complement of S. When S = Rn (unconstrained case)
then TS(·,Σ) coincides with the well known minimal time function (denoted
by T (·,Σ)) which has a large literature; see for example Refs. 4,10,11,14,15
for the regularity study of T (·,Σ), and Refs. 1,3,6,7,12,15 for its Hamilton-
Jacobi characterization. We also invite the reader to see [2, Chapter 4] for
a thorough history of such results.

The Hamilton-Jacobi characterization of the state constrained (unilat-
eral) minimal time function is studied (apparently for the first time) in
Stern13 where a characterization of this function is given as the unique
proximal solution of Hamilton-Jacobi equations with certain boundary con-
ditions. Let us recall the main result of this paper. We begin with some
definitions. Our reference will be the book Clarke et al.5 and the paper
Stern13 . For a lower semicontinuous function f : Rn −→ R ∪ {+∞} and a
point x ∈ dom f := {x′ : f(x′) < +∞}, we denote by ∂P f(x) the proximal
subdifferential of f at x. We recall that ζ ∈ ∂P f(x) if and only if there
exists σ = σ(x, ζ) ≥ 0 such that

f(y)− f(x) + σ‖y − x‖2 ≥ 〈ζ, y − x〉,

for all y in a neighborhood of x.
We say that S is wedged provided that at each boundary point x one

has pointedness of NC
S (x); that is, NC

S (x)∩{−NC
S (x)} = {0}, where NC

S (x)
denotes the Clarke normal cone to S at x. We note that wedgedness implies
S is the closure of its interior, and that any closed convex body is wedged.
We also say that strict inwardness condition is satisfied if

h(x, ζ) < 0 ∀ζ ∈ NC
S (x) , ∀x ∈ bdryS.
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A function ϕ : Rn −→] −∞,+∞] is said to be (Σ, S)-continuous if there
exist γϕ > 0 and a function ωϕ : [0, γ] −→ [0,+∞[ such that

lim
s↓0

ω(s) = 0 and ϕ(x) ≤ ωϕ(dΣ(x)) ∀x ∈ S ∪ {Σ + γϕB},

where dΣ(·) is the Euclidean distance function and B is the unit open
ball. If TS(·,Σ) is (Σ, S)-continuous then we say that F is S-constrained
small time controllable. It is well known that the S-constrained small time
controllability condition is equivalent to the continuity of TS(·,Σ) on S ∩
{Σ + νB} for some ν > 0. Now we can state the main result of Stern13.

Theorem 1.1. Assume that S is compact and wedged, and that the strict
inwardness condition holds. Assume also that F is S-constrained small time
controllable. Then the function TS(·,Σ) is the unique lower semicontinuous
function ϕ : Rn −→] −∞,+∞] which is (Σ, S)-continuous, bounded below
on Rn, identically 0 on Σ, identically +∞ on Sc and satisfies

• h(x, ∂P ϕ(x)) + 1 = 0 for all x ∈ {intS} \ Σ,

• h(x, ∂P ϕ(x)) + 1 ≥ 0 for all x ∈ {intS} ∩ Σ, and
• h(x, ∂P ϕ(x)) + 1 ≤ 0 for all x ∈ {bdryS} \ Σ,

The purpose of this note is to generalize the preceding result to the
bilateral case, that is, find a Hamilton-Jacobi characterization for the S-
constrained bilateral minimal time function TS : S × S −→ [0,+∞] defined
by the following: For (α, β) ∈ S×S, TS(α, β) is the minimum time taken by
a S-trajectory to go from α to β (when no such trajectory exists, TS(α, β)
is taken to be +∞). We note that the unconstrained bilateral case is stud-
ied in Nour8 where we give a Hamilton-Jacobi characterization and some
regularity results.

In the next section we present our main result and then we sketch its
proof. More details can be found in the forthcoming paper Nour & Stern9.

2. Main result

We begin with the following definition. We say that a function ϕ : Rn ×
Rn −→] − ∞,+∞] is bilateral S-continuous if there exist γϕ > 0 and a
function ωϕ : [0, γϕ] −→ [0,+∞[ such that lim

s↓0
ωϕ(s) = 0 and

ϕ(x, y) ≤ ωϕ(‖x− y‖) ∀α ∈ S, ∀x, y ∈ (α + γϕB) ∩ S.

If the function TS(·, ·) is bilateral S-continuous then we say that F is bilat-
eral S-constrained small time controllable.
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Let D : {(α, α) : α ∈ Rn} be the diagonal set. The following is our main
result (here the function TS(·, ·) is also assumed to be +∞ outside S × S).

Theorem 2.1. Assume that S is compact and wedged, and that the strict
inwardness condition holds. Assume also that F is bilateral S-constrained
small time controllable. Then the function TS(·, ·) is the unique lower semi-
continuous function ϕ : Rn × Rn −→] − ∞,+∞] which is bilateral S-
continuous, bounded below on Rn ×Rn, identically 0 on D ∩ (S ×S), iden-
tically +∞ on (S × S)c and satisfies

• ∀α 6= β ∈ intS and ∀(ζ, θ) ∈ ∂P ϕ(α, β) we have:

1 + h(α, ζ) = 0,

• ∀α ∈ intS and ∀(ζ, θ) ∈ ∂P ϕ(α, α) we have:

1 + h(α, ζ) ≥ 0,

• ∀α ∈ bdry S and ∀β ∈ S such that α 6= β we have:

∀(ζ, θ) ∈ ∂P ϕ(α, β), 1 + h(α, ζ) ≤ 0, and
∀(ζ, θ) ∈ ∂P ϕ(β, α), 1 + h(β, ζ) ≤ 0.

Sketch of the proof. We consider the multifunction F̃ defined over
Rn × Rn by F̃ (x, y) := F (x) × {0}. For Σ := D ∩ (S × S) we can ver-
ify that the S × S-constrained (unilateral) minimal time function for the
new dynamic F̃ associated to Σ (denoted by T̃S×S(·,Σ)) coincides with
the S-constrained bilateral minimal time function TS(·, ·). Then the result
of the theorem follows by applying Theorem 1.1 to T̃S×S(·,Σ) (which is
TS(·, ·)) after verifying that:

• We have an S×S-constrained trajectory tracking result for F̃ (this
follows since we already have an S-constrained trajectory tracking
result for F and since a trajectory of F̃ is of the form (x(t), β)
where x(t) is a trajectory of F ).

• A function ϕ : Rn ×Rn −→]−∞,+∞] is bilateral S-continuous if
and only if it is (Σ, S)-continuous (for F̃ ). �
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