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Receiver Design for MIMO FSO Communication 
Systems with photon-counting Detection 

Rami El Mawla 

Abstract 

Optical wireless communication (OWC) constitutes a key technology for 5G 

wireless networks. OWC alleviates the radio frequency (RF) spectrum crunch 

problem by enabling communications in the visible, infrared and ultraviolet 

optical frequency bands for a variety of indoor and outdoor applications. 

Outdoor infrared OWC systems are widely referred to as free-space optical 

(FSO) communications that rely on line-of-sight transmissions of narrow laser 

beams. The FSO technology is license-free, easy-to-deploy, cost-effective and 

capable of delivering very high data rates. The major impairment that severely 

degrades the performance of FSO links is related to the random aspect of the 

atmosphere. Overcoming atmospheric turbulence-induced fading became the key 

research area where many solutions have been proposed and analyzed. These 

solutions include the multiple-input-multiple-output (MIMO) techniques. 
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This work investigates and compares three MIMO FSO techniques; namely, 

spatial-multiplexing (SMux), repetition-coding (RC) and optical-spatial-

modulation (OSM). Unlike the existing literature that considers the simplistic 

additive white Gaussian noise (AWGN) model, this work revolves around the 

more accurate Poisson noise model where the number of detected photons at the 

receiver follows the Poisson distribution for shot-noise limited receivers. We 

compare the SMux, RC and OSM systems in terms of data-rate, error-rate, 

receiver complexity, channel estimation requirements… For each system, the 

optimal maximum-likelihood (ML) decoder is derived and analyzed under 

Poisson noise. We also evaluate the theoretical bit error rates (BERs) of RC and 

OSM. While the SMux and RC schemes are the most efficient in terms of 

maximizing the data-rate and minimizing the error-rate, respectively, the OSM 

scheme constitutes a practical appealing tradeoff between SMux and RC. The 

OSM solution leverages the need for inter-antenna synchronization while 

achieving improved multiplexing gains. 

Keywords: Free Space Optics, Maximum Likelihood, MIMO, Repetition 

Coding, Spatial Modulation, Spatial Multiplexing, Gamma-Gamma, Poisson 

Noise, IM/DD, PPM, Equal-Gain Combining 
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Chapter 1  

 

Introduction & Literature Review 
 

1.1  Free Space Optical Communication history and definition 

 
The spread of wireless communications emerges as a standout amongst the most 

significant phenomena in technology. Wireless devices have turned out to be 

inescapable substantially more quickly than anybody could have envisioned 

thirty years back and they will keep on being a key component of present-day 

society for a long time to come [1]. 

The early stage of wireless communication was concentrated on the Radio- 

Frequency technologies which are based on electromagnetic signals for data 

transmission [3]. Nowadays, the term “wireless” is almost considered as a 

synonym of radio-frequency (RF) technologies because of the wide-scale usage 

of remote RF gadgets and frameworks. The RF band of the electromagnetic 

spectrum is however basically restricted in capacity and expensive since most 

sub-bands are completely licensed [1]. With the increasing use of heavy data 

wireless communications, the request for RF spectrum is exceeding supply and 

the time has come to truly consider other reasonable alternatives for remote 

correspondence utilizing the upper parts of the electromagnetic spectrum.  
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Figure 1 Block Diagram of a wireless communication system  

 

As an alternative, researches have shifted their focus on utilizing light for data 

transmission instead of electromagnetic signals which is basically free space 

optics (FSO) for outdoor applications and visible light communication (VLC) for 

indoor applications. Signaling through beacon fires, smoke, ship flags and 

semaphore telegraph [4] can be considered the historical forms of optical 

wireless communication (OWC). Sunlight has been also used for long distance 

signaling since very early times. The original use of sunlight as a way of 

communication was applied during ancient Greeks and Romans who used their 

polished shields to send signals by reflecting sunlight during battles [2]. 

The early applications of this old technology was the invention of heliograph in 

1810 by Carl Friedrich Gauss that was based on a pair of mirrors to direct a 

controlled beam of sunlight to a distant station, as well as the invention of the 

first wireless telephone system "photo phone" by Alexander Graham Bell in 

1880 which was based on the concept one emitting vibrations through voice on a 

mirror at the transmitter. The vibrations were reflected and projected by sunlight 

and transformed back into voice at the receiver [6]. 
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Figure 2(a) Carl Friedrich Gauss Heliograph (b) Alexander Graham Bell Photo phone 

              

Nowadays, OWC has been evolved in a way that either lasers or light emitting 

diodes (LEDs) were used as transmitters. An OWC link was built using light 

emitting GaAs diode by MIT Lincoln Labs in 1962 that managed to transmit TV 

signals over a 30 miles’ distance. After the invention of the laser, OWC was 

envisioned to be the main deployment area for lasers [7][8].   

 

After that, the optical fiber communication has emerged due to the low loss 

solution that it provides over long distance communication systems. It is a 

technology that transmits data from source to destination via optical fiber links 

which are made of glass which explains the strong immunity to noise and loss 

[9]. However, this technology requires special installation equipment, large 

space and precise cabling procedure for the fragile fiberglass which increased the 

cost of implementing optical fiber communication [10]. Digging and installing 

optical fiber also constitute major factors that drastically increase the installation 

costs of optical fiber networks. 

Moreover, this has motivated the wireless version of the optical fiber 

communication to arise which is the free space optical (FSO) communication.
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Figure 3 FSO Block Diagram 

 

FSO communication works on line of sight technology that utilizes a laser beam 

by sending the very high bandwidth data from one location to another through an 

atmospheric channel in the absence of physical links [11]. This can be 

accomplished by transmitting a modulated narrow laser beams using Infrared 

(IR) optical carriers in the atmosphere [1]. The free space medium can be the 

outer space, vacuum, air or atmosphere and any equivalent medium [12].  

 

In FSO, the transmitter contains an optical source, a modulator, an optical 

amplifier (if required), and beam forming optics. The data bits, which are 

produced by the optical source (laser or LED), are first encoded and then 

modulated in order to form a laser beam. The optical intensity of the modulated 

laser beam is then boosted through the optical amplifier. The resulted light beam 

is collected and refocused using beam forming optics before being transmitted 

through the channel [1]. 
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It is important to mention that the commonly used optical source in FSO systems 

is a semiconductor laser diode (LD) [13]. High optical power is expected to be 

delivered from the optical source over a wide temperature range. In addition to 

that, it should have a long mean time between failures (MTBF) and the optical 

source components should be efficient as much as possible in size and power 

consumption [14]. Consequently, vertical-cavity-surface-emitting lasers 

(VCSEL) are mostly used for operation around 850 nm, [1] and Fabry-Perot (FP) 

and distributed feedback (DFB) lasers are mostly used for operation at 1550 nm. 

At the receive side, the photodetector will detect the optical beam after being 

filtered, collected and refocused and then the signal will be transformed back 

into an electrical signal as shown in figure (3). 

After noise filtration, the detected electrical signal is then demodulated to 

recover the initial message. 
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1.2  FSO Applications 
 

Due to the huge attention that was given by the researchers and investors, FSO 

systems have been developed through the years to reach a position where it can 

be considered a trustable and promising wireless communication. For that FSO 

systems are being applied in many applications in small and large systems, 

mainly the following [15] [17]. 

 

Figure 4 FSO Applications 

 

• Redundant link and disaster recovery: Natural disasters, terrorist attacks, 

military applications, and emergency situations require flexible and inventive 

reactions. Temporary FSO links can be promptly installed within hours in such 

circumstances in which local infrastructure could be harmed or untrustworthy. A 

good example of this application is the 9/11 terrorist attacks in New York City 

where FSO links were quickly deployed in financial cooperation with no 

landlines to act as an efficient and redundant communication system.   
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• Broadcasting:  FSO link can provide high-quality transmission between the 

cameras that are covering live events and the broadcasting vehicle which uses 

satellite uplink to connect to central. FSO links can also reach the required 

throughput for high definition television broadcasting applications. For example, 

BBC (UK) installed FSO links between local studio locations in South Africa 

and the central office to cover the 2010 FIFA World. 

• Enterprise/campus connectivity: FSO systems can act as a bridge between 

multiple buildings in a heterogeneous network system to provide high-speed 

communication without the cost of fiber connections.   

 • Video surveillance and monitoring: Although wireless surveillance is easy to 

install, the normal wireless technologies couldn't reach the required throughput. 

For that, FSO links are considered as an alternative to providing required video 

quality and speed. 

• Back-haul for cellular systems: The increasing number of bandwidth-

intensive mobile phone services gave space for FSO to be considered as a 

solution to reach higher throughput. 

• Difficult terrains: FSO links can offer a cheaper and practical solution in 

places where other technologies are expensive or very difficult such as crowded 

street, rail tracks or across a river. 
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1.3  FSO Advantages 

 
• License Free: The narrow laser beams that are used by FSO transceivers offer 

a high reuse factor, intrinsic security, and sturdiness against electromagnetic 

interference communication. In addition to that, FSO technology does not 

require license fees since it operates in frequencies that are above 300 GHz 

which are unlicensed worldwide [18] [19].  

 

  • High Data Rate: FSO uses wavelength division multiplexing (WDM) which 

causes a higher bit rate than the promised 10 Gbps. 

 

•  Low Cost: FSO systems are easy to deploy and can be reinstalled without the 

cost of dedicated fiber optic connections [1]. For that, FSO systems are used to 

link multiple buildings in corporate and campus networks such as universities. 

 

• Low Power Consumption: Furthermore, the FSO link requires low power 

since this technology uses laser and LEDs as an optical source.  

 

•  Secured Communication: The interception of the signal in FSO systems is 

much harder than the signal in RF systems due to the narrow and high directional 

beam of the FSO systems. 

 

• Easy to install: Since there is no fiber cable installation nor any physical 

channel in the FSO systems and since the FSO transceiver can be easily installed 

even behind windows, installation of a complete FSO system can be done in 

days. 

 

• Full Duplex communication: Since the FSO transceiver can take the role of 

transmitter and receiver at the same time, FSO systems are bi-directional by 

nature. 
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1.4  FSO Limitations 

 

Due to the fact that FSO uses air as the medium of transmission, FSO faces 

many environmental challenges that are unavoidable.  Despite all the above-

mentioned advantages, we state the following limitations [31, 35]: 

• Physical Obstructions: Due to the narrow laser beam of the optical source, 

small or big objects can temporarily or permanently block a single beam when it 

appears in the line of sight (LOS) such as birds, trees and new buildings. 

• Scintillation: The passage of a particle (electron or high-energy photon) 

through a transparent material will cause a light flash or known as scintillation. 

In other words, the change in temperature or in atmospheric pressure will cause a 

change in the refractive index of the propagation path. This phenomenon will 

directly affect the amplitude of the FSO signal especially if the turbulent cells 

are comparable to the size of the optical beam which causes "image dancing" at 

the FSO receiver. 

• Geometric Losses: FSO signal will lose power while traveling from the 

transmitter to the receiver. This loss along with the spreading of the optical beam 

is called geometric losses. 

• Absorption: absorption is brought about by the water atoms which are 

suspended in the earthbound climate. The photons power would be consumed by 

these particles. The power density of the optical beam is diminished and the 

accessibility of the transmission in an FSO framework is specifically influenced 

by absorption. Carbon dioxide can likewise cause the absorption of the FSO 

signal.  

• Atmospheric Turbulence: the atmospheric disturbance occurs because of the 

weather and environment structure mainly by wind and convection which 

diverse the air packets at different temperatures. This is the base of the 

fluctuations in the air density which eventually changes the air refractive index. 

The degree of the effects depends on the scale size of turbulence as per the 

following: 
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When the turbulence cell size is larger than the optical beam diameter, then the 

dominant effect will be beam wander which is explained as the displacement of 

the optical beam spot rapidly. 

And when the turbulence cell size is smaller than the optical beam diameter, then 

the dominant effect is intensity fluctuation or scintillation of the optical beam. 

• Scattering: is the collision of the optical beam and the scatterer. In longer 

distance, the intensity of the beam is reduced to the directional redistribution of 

optical energy. Atmospheric attenuation has the following three types. 

- If the physical size of the scatterer is smaller than the size of the wavelength, 

then we have the Rayleigh scattering also known as molecule scattering. 

- If the scatterer has comparable size to the one of the wavelength, then this the 

Mie scattering also known as aerosol scattering. 

- And if it is bigger than the wavelength size, then a nonselective scattering 

occurs also known as geometric scattering. 

• Atmospheric Weather Conditions: FSO link uses the atmosphere as the 

medium of transmission. The main cause of the atmospheric attenuation is the 

weather conditions which depends on which geographical region the FSO link is 

being established. Some of the weather conditions are described below. 

 

Fog causes a severe condition which absorbs, scatters and reflects the optical 

beam.  

 

Rainfall causes a wavelength independent attenuation which is the reason behind 

the nonselective scattering [27]. FSO system level of visibility is dependent on 

the size and quantity of the rain. For that, heavy rain can either modify the 

optical beam features or limit the passage of beam as the optical beam is 

absorbed, scattered, and reflected due to the size of the water droplets [29]. 

 

Haze particles can stay the air for enough time to cause an atmospheric 

attenuation. The stronger the haze will be, the smaller the visibility level would 

be and the stronger the attenuation level. There are two ways to collect 
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information about attenuation for checking the performance of FSO system: first, 

by installing system temporary at the site and check its performance and, second, 

by using Kim and Kruse model [27]. 

 

Smoke can be caused by carbon combustion or emission or any different 

substances like glycerol. Due to the thickness of its particles, it can directly 

affect the visibility of the transmission medium [30]. 

 

Sandstorms are a well-known limitation of outdoor link communication. The 

size of the wind particles, which depends on the soil textures [31], along with the 

speed of the wind particles are the two categories that explain the effect of 

sandstorms on the FSO link. 

 

Clouds form through the condensation of the water vapor (gas particles) into 

visible water droplets above the earth's surface. Clouds can entirely block the 

optical beam from the transmitter on earth to the receiver in space. The 

attenuation caused by clouds is difficult to calculate because of the diversity and 

inhomogeneity of the cloud particles [32]. 

 

Snow contains large particles which are divided into two categories: wet and dry 

snow depending on the density of the particles that set the geometric scattering 

level. The snow particles have an impact similar to Rayleigh scattering [33]. 
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Figure 5 Atmospheric effects on FSO systems 

 

1.5  Latest Contributions in MISO & MIMO FSO systems 
 

Free-Space Optical (FSO) communication systems suffer from turbulence-

induced fading that results in a random fluctuation of the received signal power 

in a way that is analogous to radio-frequency (RF) systems. Following from this 

impairment that severely degrades the performance of FSO links and following 

from all above-mentioned limitations, Multiple-Input-Multiple-Output (MIMO) 

techniques were advised as powerful fading mitigation strategies capable of 

achieving significant diversity and multiplexing gains [34]- [44]. 

The effect of scintillation can be reduced by using spatial diversity where there 

are multiple apertures at the transmitter and/or the receiver sides. The most 

widely studied MIMO FSO techniques revolve around repetition coding (RC), 

spatial multiplexing (SMux) and optical spatial modulation (OSM). 
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Figure 6 Block diagram of a M X N MIMO FSO system 

 

The RC scheme is capable of achieving full diversity by simply transmitting the 

same information symbol from all transmit apertures. In [1], it has been 

demonstrated that RC outperforms orthogonal space-time codes with on-off-

keying (OOK) modulation over a lognormal fading channel. The performance 

analysis of RC with binary pulse position modulation (PPM) was carried out in 

[2], [3] over gamma-gamma fading channels. On the other hand, [4] targeted the 

outage performance of MIMO RC systems with PPM while the ergodic capacity 

of MIMO RC OOK systems was evaluated in [5]. While [1]– [5] all considered 

the additive white Gaussian noise (AWGN) model, [6] and [7] considered 

photon-counting based receivers where the numbers of signal and noise photons 

falling at the receiver follow the Poisson distribution.  

Spatial multiplexing (SMux) MIMO FSO systems were investigated in [10], [11] 

under the AWGN assumption. In SMux, P information symbols are transmitted 

simultaneously from the P transmit apertures in an attempt to maximize the 

multiplexing gain.  

The performance of MIMO FSO systems over fading channels has been widely 

examined in terms of outage probability and error rate, however, few studies 

were concentrated on the theoretical ergodic capacity due to the mathematical 
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difficulty of solving the integral of the ergodic capacity. Lately, the ergodic 

capacity of MIMO FSO communications using multiple partially coherent beams 

propagation through strong turbulence channels has been studied in [57] by 

using a single approximation. However, the approximation results presented in 

[57] need an adjustment parameter to obtain a sufficient approximation accuracy.  

In [43], a more accurate approximation method was used to assess the capacity 

of MIMO FSO systems by approximating the probability density function (pdf) 

of the SNR at the receiver by using the 𝛼 −  𝜇 distribution of which the authors 

have provided the cumbersome statistical ergodic capacity analysis of MIMO 

FSO systems with EGC over turbulence channels, which are modeled as 

independent and identically distributed (i.i.d.) and independent, but not 

necessarily identically distributed (i.n.i.d.) distributions, respectively.  

For this multiple-input-multiple-output (MIMO) systems, combining the 

information bearing symbols at the transmitter in order to optimize the system 

performance is classically called space-time (ST) coding. 

In classical MIMO FSO systems, ST coding is not needed at the transmitter and 

the same symbol is sent over the multiple beams. This is usually referred to as 

repetition coding (RC) [44]. On the other hand, most of the orthogonal ST block 

codes (OSTBCs) can be modified to be adapted to IM/DD FSO systems. For 

instance, for the case of two transmitter beams, a modified Alamouti scheme 

[58] is proposed in [59] which is adapted to IM/DD optical systems by 

introducing a bias to overcome unipolar signaling used in these systems. This 

idea is then generalized in [60] to ON-OFF keying (OOK) modulation with any 

pulse shape. In fact, Both RC and OSTBCs provide full diversity but RC is 

shown to outperform the latter, and the performance gap increases with an 

increased number of transmitter beams [40]. In fact, RC seems to be quasi-

optimum, as explained in [62]. Still, it doesn’t exploit the MIMO channel to 

increase the transmission rate. In opposite, SMux maximizes the transmission 

rate but at the cost of reduced diversity gain. Recently, a new signaling scheme 

called optical spatial modulation (OSM) has been proposed by which only one 

ON symbol is transmitted from one out of the P beams at a given channel use 
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[61], [63] so as to avoid inter-channel interference. The data rate of OSM is 

𝑙𝑜𝑔2(𝑃) bits per channel-use. At the receiver, optimal maximum likelihood 

detection (MLD) can be used to estimate the index of the corresponding 

activated beam [64]. 

The authors of [65] studied the problem of feedback based beamforming for 

multiple-input single-output free (MISO) FSO system with pointing errors. For a 

2×1 FSO system, it was shown theoretically that any arbitrary beamforming 

scheme performs poorer to the repetition coding scheme but achieves full 

diversity over the Gamma-Gamma fading with pointing errors. Also, the authors 

of [65] have studied a beamforming scheme for 2 × 1 FSO system which 

employs one-bit feedback from the receiver to the transmitter. Erroneous 

feedback leads to a loss in diversity for this beamforming scheme as established 

by the bit error rate (BER) analysis. For avoiding the loss in diversity, an 

improved one-bit feedback based beamforming scheme was proposed which 

outperforms the repetition coding. 

 

In [66], an arbitrary beamforming scheme is analyzed in a 2 × 2 multiple-input-

multiple-output (MIMO) FSO communication system. The probability density 

function (PDF) and moment generating function (MGF) of the instantaneously 

received signal-to-noise ratio (SNR) in the receiver are derived for Gamma-

Gamma distributed non-identical FSO links. The authors of [66] also considered 

the effect of zero-boresight misalignment errors where the radial misalignment is 

assumed to be Rayleigh distributed. Using the MGF of the SNR, the error 

performance of the considered FSO system is investigated. Specifically, authors 

of [66] derived the expression for the average symbol error rate (SER) for 

subcarrier intensity modulated (SIM) M-ary phase shift keying (MPSK). 

Contrary to the fact that repetition scheme (equal weight beamforming) is 

optimal in identical channel conditions, it is observed in [66] that for non-

identical turbulence channels, arbitrary beamforming with proper selection of 

weights can outperform the repetition beamforming. 
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1.6  Different types of channels 

 
In this section, we highlight on the different channel models adopted in the open 

literature for characterizing the scintillation conditions along atmospheric 

turbulence FSO links. 

 

1.6.1 Lognormal Channel 

 

The lognormal distribution is widely used to model medium-scale fading along 

RF wireless channels. This same distribution can be used to model FSO channels 

with weak-to-average scintillation. In this section, we highlight on the different 

channel models adopted in the open literature for characterizing the scintillation 

conditions along atmospheric turbulence FSO links. 

When evaluating the performance of MIMO FSO systems, the computation of 

the outage probability consists of getting the mean and variance of the sum of 

lognormal random variables. There is still no general closed-form expression for 

the lognormal sum distribution but only several approximation methods with 

highly nonlinear function.  

The probability density function (pdf) of the lognormal distribution is 

 

 𝑓(𝑥|𝜇, 𝜎) =  
1

𝑥𝜎√2𝜋
 𝑒𝑥𝑝 {

−(ln 𝑥−𝜇)2

2𝜎2
}  ; 𝑥 > 0 (1.1) 

Where 𝜇 and 𝜎 are respectively the mean and the standard deviation of the 

logarithmic values 
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Figure 7 PDF of the lognormal distribution 

 

1.6.2 Rayleigh Channel 

 

Rayleigh fading can be a useful model when there are many scatterers between 

the transmitter and the receiver that diffuse the light signal such as heavily built-

up city centers. In a large amount of scattering, then the channel impulse 

response will be modeled as Gaussian, despite the distribution of individual 

components of the signal. In the absence of the dominant component, there will 

be a fully distributed phase between 0 and 2π radians, thus having zero mean. 

The envelope thus formed will be Rayleigh distributed.  

The probability density function (pdf) of the Rayleigh distribution is 

 

 𝑦 = 𝑓(𝑥|𝑏) =
𝑥

𝑏2
𝑒
(
−𝑥2

2𝑏2
) (1.2) 

Where b is the scale parameter of the Rayleigh distribution 
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Figure 8 PDF of the Rayleigh distribution 

 

 

1.6.3 Gamma-Gamma Channel 

 

 

The Gamma-gamma distribution can be used with a very broad range of 

turbulence.  

In this work, we adopt the widely approved gamma-gamma channel model 

where the probability density function of 𝐼𝑃 , the channel irradiance between the 

p-th transmit aperture and the receive aperture, is given by: 

 

𝑓(𝐼) =  
2(𝛼𝛽)(𝛼+𝛽)/2

Γ(𝛼)Γ(𝛽)
 𝐼(𝛼+𝛽) 2⁄ −1 𝐾𝛼−𝛽(2√𝛼𝛽𝐼) (1.3) 

 

where Γ(. ) is the Gamma function and 𝐾𝑐(. ) is the modified Bessel function of 

the second kind of order c. The parameters are: 
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𝛼 = [𝑒𝑥𝑝 (0.49𝜎2𝑅 (1 + 1.11𝜎12 5⁄
𝑅)

7 6⁄
⁄ ) − 1]

−1

 (1.4) 

 

                 𝛽 = [𝑒𝑥𝑝 (0.51𝜎2𝑅 (1 + 0.69 𝜎12 5⁄
𝑅)

5 6⁄
⁄ ) − 1]

−1

 (1.5) 

 

Which depend on the link distance𝑑 through the Rytov variance  

 

𝜎2𝑅(𝑑) = 1.23 𝐶𝑛
2 (
2𝜋

𝜆
)
7 6⁄

𝑑11 6⁄  (1.6) 

 

Where 𝐶𝑛2 denotes the refractive index structure parameter, λ is the wavelength 

of light and d is the link distance between the transmitter and receiver. 

 

Figure 9 PDF of Gamma - Gamma distribution for different distances 
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1.7  Different types of modulation  

 

 

Figure 10 Block diagram of an IM/DD FSO channel 

 

The optical transmission system consists of optical signal modulation, 

transmission, detection, and demodulation. In FSO systems, optical source signal 

intensity is modulated before being transmitted through the channel. This 

modulation can take place in the following: amplitude, frequency, phase, and 

polarization. FSO systems can use different types of modulation that can be 

comparable in terms of the average received optical power required to reach 

desired BER at the given data rate. A power-efficient modulation scheme is 

desirable in order to minimize the ratio of peak to average power. The most 

usable modulation scheme in free space optics is the intensity modulation direct 

detection (IM/DD) scheme [53]. 

1.7.1 Intensity Modulation / Direct Detection (IM/DD) 

 

It is the process of modulating the laser source directly by the analog modulating 

signal. The intensity of the optical signal is varied in accordance with the 

amplitude of the modulating signal. The receiver consists of a photodetector to 

convert the optical signal to electrical form and then passed through a low-pass 

filter to get the modulating signal. 
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Figure 11 IM-DD FSO receiver block diagram 

 

 

The type of modulation scheme should be chosen based upon power efficiency, 

bandwidth efficiency, simple design requirement, low-cost implementation and 

immunity to interference and background radiations. [4] 

1.7.2 On-Off Keying Modulation  

 

As one of the many IM schemes, OOK is easily implemented with an appealing 

bandwidth efficiency. This modulation scheme needs an adaptive threshold in 

turbulent atmospheric conditions for best results [54]. Based on that, the light 

source will be used a logical signal either “One” for on status or “Zero” for off 

status. OOK is affected by amplitude distortion i.e. fading and propagation of the 

signal. Coherent modulation schemes such as binary phase shift keying (BPSK) 

and differential phase shift keying (DPSK) can also be used at the expense of an 

increased complexity. 

The advantage of coherent modulation technique is that the error probability 

decreases but the system becomes more complex. 

The receiver structure consists of the following:  

- A filter, sampler and threshold device  

- Tested esteem compared against the predetermined threshold and bit 

is detected 

- Requires replica carrier at the receiver.  

- Received signal and replica carrier are cross-correlated using the 

information contained in their amplitude and phase 
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Based on the above reasons, subcarrier BPSK has a better BER performance 

than that of OOK but a more complexed one. For that, OOK systems took 

preference in optical links through the atmosphere.  

 

 

Figure 12 Block Diagram of OOK system 

 

In non-coherent digital modulation technique, there is no use of the two carriers 

(at transmitter and receiver) to be phase locked. Although in non-coherent 

technique, the system becomes simple the error probability increases which is in 

contrast to the coherent detection method. 

 

1.7.3 Pulse Position Modulation (PPM) 

 

An interesting alternative to OOK is PPM.  

 

 

Figure 13 Block diagram of Pulse Position Modulation (PPM) 

 

For the Q-are PPM modulation, a symbol corresponds to log2𝑄 bits. The symbol 

duration 𝑇𝑠  is divided  into Q time slots (or chips) of duration 𝑇 = 𝑇𝑠 𝑄⁄  and an 

optical pulse is sent in only one of the Q available slots. Since Q-ary PPM 
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contains one pulse per Q slots, it has a duty cycle of 1/Q and a peak-to-average 

power ratio (PAPR) of Q. We can vary Q to make a flexible compromise 

between power efficiency and bandwidth efficiency. For notational simplicity, 

we denote the Q-ary PPM by QPPM and we will denote the binary PPM by 

BPPM. The important advantage of PPM over OOK is that it is more average 

energy efficient. In fact, to achieve a given BER, the required average power by 

OOK is more than that of QPPM for Q > 2. But at the same time, it has some 

disadvantages. For the same data transmission rate, more bandwidth is in general 

required than for OOK. The bandwidth requirement is not considered a 

limitation due to the huge bandwidth that FSO systems provides. However, the 

real challenge with a larger Q is the augmented required switching speed for 

electronic circuits. Moreover, the receiver synchronization becomes more 

difficult [56]. Another disadvantage of PPM is that for given average 

transmission power, by increasing Q, the PAPR increases. 

1.7.4 Pulse Amplitude Modulation (PAM) 

 

For this type of modulation, the information is encoded by varying the amplitude 

of the carrier pulses. There are two types of PAM, single polarity where DC bias 

is added to assure that all pulses are positive and double polarity where pulses 

can be negative and positive. FSO communications use single polarity PAM due 

to the non-negativity of the optical links. Depending on the number of values 

that a symbol can take, we can classify PAM whether binary or M-ary. 

 

PAM is classified as one of the low complexity and bandwidth efficient 

modulation. It allows efficient and quick transfer of data while increasing data 

throughput by the mean of a simple and non-complex circuit. [55]    
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Figure 14 Block diagram of PAM generation 

 

The following steps can describe the above block diagram: 

- The role of low pass filter is to transform the train of weighted 

impulse functions to a train of pulses with the required shape 

- The uniform sampling takes place in the multiplexer 

- The purpose of the modulator is to convert discrete amplitude serial 

symbols into an analog output. 

- Due to the amplitude distortion caused by the reconstruction filter and 

due to the phase delay distortion, an equalizer is needed to recover 

the signal. 
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1.8  Different types of noise models 

 

1.8.1 Additive white Gaussian noise (AWGN) 

 

Additive white Gaussian noise (AWGN) is an elementary noise model to imitate 

the consequence of many random natural processes. It has the following 

characteristics: 

- Additive because the noise is added to the information-carrying 

signal. The noise is independent of the signal.  

- White refers to the uniform power distribution across the frequency 

band of the information system.  

- Gaussian because it follows a normal distribution in the time domain 

with an average time domain value of zero. 

The summation of many random processes will lean towards having a Gaussian 

(or normal) distribution. The term AWGN is frequently used as a channel 

model in which the only impairment to communication is a linear addition 

of wideband or white noise with a constant spectral density (expressed 

as watts per Hertz of bandwidth) and a Gaussian distribution of amplitude. The 

model does not account 

for fading, frequency selectivity, interference, nonlinearity or dispersion. 

However, it produces simple and tractable mathematical models which are useful 

for gaining insight into the underlying behavior of a system before these other 

phenomena are considered. 

The AWGN channel model is a good model for many satellite and deep space 

communication links. It is not a good model for terrestrial links because of 

multipath, terrain blocking, interference, etc. However, for terrestrial path 

modeling, AWGN is commonly used to simulate background noise of the 

channel under study, in addition to multipath, terrain blocking, interference, 

ground clutter, and self-interference that modern radio systems encounter in 

terrestrial operation. 

 

https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Channel_(communications)
https://en.wikipedia.org/wiki/Channel_(communications)
https://en.wikipedia.org/wiki/Wideband
https://en.wikipedia.org/wiki/White_noise
https://en.wikipedia.org/wiki/Spectral_density
https://en.wikipedia.org/wiki/Watt
https://en.wikipedia.org/wiki/Bandwidth_(signal_processing)
https://en.wikipedia.org/wiki/Gaussian_distribution
https://en.wikipedia.org/wiki/Fading
https://en.wikipedia.org/wiki/Frequency
https://en.wikipedia.org/wiki/Interference_(communication)
https://en.wikipedia.org/wiki/Nonlinearity
https://en.wikipedia.org/wiki/Dispersion_(optics)
https://en.wikipedia.org/wiki/Satellite
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1.8.2 Poisson Noise  

 

Shot noise or Poisson noise is a type of electronic noise which can be modeled 

by a Poisson process. In electronics, shot noise originates from the discrete 

nature of the electric charge. Shot noise also occurs in photon counting in optical 

devices, where shot noise is associated with the quantized nature of light. 

The shot noise in an optical wireless channel results from the high rate physical 

photo electronic conversion process, with variance at the 𝑖-th PD 

 

𝜎𝑠ℎ𝑖
2 = 2𝑞𝐵(𝛾ℎ𝑖𝑥𝑗 + 𝐼𝑏𝑔𝐼2) (1.8.2.1) 

 

In day-time outdoor communications, shot noise is the dominant noise 

component 

𝑁𝑠ℎ𝑜𝑡 = 2𝑞𝐵 (1.8.2.2) 

 

where 𝑞 is the electronic charge, γ is the detector responsivity, 𝐵 is the 

corresponding bandwidth, 𝐼𝑏𝑔 is background current, and 𝐼2 is the noise 

bandwidth factor. Furthermore, the thermal noise is generated within the 

transimpedance receiver circuitry and its variance is given by 

𝜎𝑡ℎ𝑖
2 =

8𝜋𝐾𝑇𝑘
𝐺

𝜂𝐴𝐼2𝐵
2 + 

16𝜋2𝐾𝑇𝑘Γ

𝑔𝑚
𝜂2𝐴2𝐼3𝐵

3 (1.8.2.3) 

 

where 𝐾 is Boltzmann’s constant, 𝑇𝑘 is the absolute temperature, 𝐺 is the open-

loop voltage gain, 𝐴 is the PD area, 𝜂 is the fixed capacitance of the PD per unit 

area, 𝛤 is the field-effect transistor (FET) channel noise factor, 𝑔𝑚 is the FET 

transconductance, and 

 𝐼3= 0.0868.  

 

 

https://en.wikipedia.org/wiki/Electronic_noise
https://en.wikipedia.org/wiki/Poisson_process
https://en.wikipedia.org/wiki/Elementary_charge
https://en.wikipedia.org/wiki/Elementary_charge
https://en.wikipedia.org/wiki/Wave%E2%80%93particle_duality
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For large average numbers of generated photons, the Poisson distribution 

approaches a normal distribution about its mean, and the elementary events 

(photons, electrons, etc.) are no longer individually observed, typically making 

shot noise in actual observations indistinguishable from the thermal  Gaussian 

noise. 

An event occurs 0, 1, 2… times in an interval. The average number of events in 

an interval is designated by lambda 𝜆. Lambda is the rate parameter.   

The Poisson probability density function is the following: 

 

 

𝑓(𝑥 |𝜆) =  
𝜆𝑥

𝑥!
𝑒−𝑥          𝑥 = 0, 1, 2,… ,∞ (1.7) 

 

 

Figure 15 Probability density function of Poisson Distribution 

 

 

 

 

https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Gaussian_noise
https://en.wikipedia.org/wiki/Gaussian_noise
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1.9  RC, OSM and SMux schemes overview  
 

The previously delineated RC, OSM and SMux schemes will be further detailed 

in this section. 

1.9.1 RC Scheme: 

 

For the RC scheme, the same information symbol is transmitted from all 

apertures and this solution can be implemented in the absence of channel state 

information (CSI) and feedback since non-coherent detection can be applied at 

the receiver which makes RC an appealing scheme in FSO communication 

systems. 

Moreover, the transmit power is equally split among the transmit apertures. Due 

to the non-negativity of the irradiances, the RC scheme is better adapted to FSO 

systems with IM/DD which ensures non-destructive interference at the receiver 

side.  

 

Figure 16 RC Scheme in MIMO system 
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1.9.2 OSM Scheme: 

 

In order to mitigate the interference between the different transmit apertures, the 

OSM scheme is defined as pulsing one transmit aperture per symbol duration 

[46], [47]. The pulsed aperture will transmit a light signal in one PPM slot. 

 

In spatial modulation (SM), as per figure (17), the input bits 011 is carried 

concurrently over both the signal and antenna spaces.  The incoming data bits are 

divided into two parts: A first part that determines the index of the transmit 

aperture to be pulsed and a second part that indicates the PPM slot in which a 

light signal is transmitted. 

As part of the SM literature, this scheme offers better multiplexing gains and 

error performances than conventional methods. Furthermore, since only one 

antenna is active in each signaling period, the transmit chain is simplified and the 

inter-channel-interference (ICI) is completely avoided. Note that space shift 

keying (SSK) has also emerged as a special form of SM where no modulation is 

used and only the antenna space is utilized to convey information (with no PPM 

modulation). 

 

Figure 17 Illustration of Spatial Modulation scheme 
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1.9.3 SMux Scheme: 

 

SMux scheme consists of transmitting independent data streams from the P 

transmit apertures [48], [49] which will cause a P-fold increase in the data rate. 

The cardinality of the transmitted constellation (that is equal to 𝑀𝑃) increases 

exponentially with the number of transmitting apertures thus complicating the 

detection procedure. 

As per figure (18), each transmitter directs independent information to the center 

of its related receiver aperture. To minimize the cross-talk between channels due 

to the pointing error and beam divergence at the receiver, the receiver apertures 

must be sufficiently separated. 

 

 

 

Figure 18 SMux Scheme 
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1.10 Maximum Likelihood (ML) Decoder 
 

It is a symbol-by-symbol maximum-likelihood (ML) detector where it uses the 

channel’s statistics for determining the threshold in the detection process of the 

bits.  

This receiver decision is based on the number of photons detected in each of the 

𝑀 PPM slots. 

Taking into consideration that there are Q receivers and that each symbol is 

divided into 𝑀 slots., the ML decoder procedure is based on the following 

decision variables: 

𝑅𝑞,𝑚(for 𝑞 = 1, … ,𝑄 𝑎𝑛𝑑 𝑚 = 1, … ,𝑀) 

The ML decoder operates by finding the maximum of the following probability: 

 

�̂� = 𝑎𝑟𝑔 𝑚𝑎𝑥 𝑚 ∈ {1,..𝑀}𝑝∏ 

𝑄

𝑞=1

∏Pr(𝑅 𝑞,𝑚 = 𝑟𝑞,𝑚|𝑚)

𝑀

𝑚=1

 (1.10) 

 

Where: 

𝑅𝑞,𝑚: random variable of the number of photons in slot 𝑚 at receiver 𝑞. 

𝑟𝑞,𝑚: actual number of photons detected in the 𝑚-th PPM slot m at 𝑞-th receiver 

aperture. 

𝑚: is the slot where the optical signal has been transmitted. 

The main challenge behind this decoder under Poisson statistics exist in the fact 

that the weighing coefficients depend mutually on the transmitted symbols and 

the channel coefficients which increases the complexity of the decoder that is 

represented by the number of multiplications required to evaluate the weighing 

coefficients. 

This added complexity will be linked to an improved near-optimal performance 

levels as will be shown later in our results. 
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1.11 Equal Gain Combining (EGC) Decoder 
 

Instead of basing its decision on the 𝑄𝑀 random variables 𝑅𝑞,𝑚(for 𝑞 =

1,… , 𝑄 𝑎𝑛𝑑 𝑚 = 1,… ,𝑀), the EGC decoder bases its decision on the 

summation of the numbers of photoelectrons detected by the different receiver 

apertures in each of the M PPM slots. 

 

The EGC decoder operates by finding the maximum of the following 

probability: 

 

𝑚𝑎𝑥𝑚−1,…,𝑀 Pr(𝑟1,𝑚 + 𝑟2,𝑚 +⋯+ 𝑟𝑄,𝑀) (1.10) 

 

Where: 

𝑟𝑞,𝑚: actual number of photons detected in the 𝑚-th PPM slot m at 𝑞-th receiver 

aperture. 

The main advantage of the EGC decoder is the lower complexity that 

accompanies it since only additions operations are required to find the optimal 

decision and no multiplications are required since the decision is not based on 

the weighing coefficients. 

However, this will decrease the performance of the receiver as proved later. 
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1.12 Aim of this work 

 
(i) To compare RC, OSM and SMux schemes for MIMO IM/DD FSO 

systems with both ML and EGC receivers. 

(ii) To derive the symbol error rate of the RC and OSM schemes 

theoretically, we also show that the mathematical derivation match the 

numerical results obtained by Monte Carlo simulations. To confirm 

numerically that the OSM scheme can be seen as a tradeoff between the 

RC and SMux schemes improving the rate compared to RC while 

loosening up some usage limitations with respect to SMux. 

1.13 Contributions 

 
The aims mentioned in section 1.12 rely on the following contributions: 

 

(i) In the literature [46] – [48], OSM and SMux were analyzed solely in the 

context of AWGN noise. In this work, we extend the previous results to 

the Poisson noise model that significantly modifies the structure of the 

maximum-likelihood (ML) receiver. 

(ii) References [38] – [49] focus on each scheme separately, this paper 

compares all three schemes together and for MIMO systems. Previous 

studies compared the same for MISO systems and others compared all 

three schemes for AWGN noise. 

(iii) In this work, we develop the ML and EGC decoders and we evaluate 

their complexities in a comprehensive manner. 

(iv) Unlike usual studies that use numerical methods in evaluating the symbol 

error rate, the additional contribution of this work is that we derive and 

test the theoretical methods for the error rate analysis of the RC and OSM 

schemes. 

(v) This work extends the previous results of the SMux results to consider 

the case of three transmit apertures. 
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Chapter 2  

 

      System Model and Transmitter structure 
 

1.14 2.1 Channel modeling: gamma-gamma fading  

 
For a wide range of turbulence conditions (weak to strong), the channel 

irradiance in FSO systems can be modeled by a Gamma-Gamma distribution as 

stated previously where parameters 𝛼 > 0 and 𝛽 > 0 are linked to the so-called 

scintillation index S.I. ≜ 1/𝛼 + 1/𝛽 + 1/(𝛼𝛽). The parameters 𝛼 and 𝛽 can be 

adjusted to achieve a good agreement between the channel model and the 

measurement data [8], [9]. We note that PDF in (1.3) contains the 𝐾–distribution 

(𝛼 > 0 and 𝛽 = 1) and the negative exponential (NE) distribution (𝛼 → ∞ and 𝛽 = 

1) as special cases. The 𝐾–distribution is typically used to model strong 

turbulence conditions [9], [10], [12], [17], while the NE distribution can be seen 

as a limit distribution for extremely strong turbulence [8] and has been used in 

the literature mostly because of its mathematical tractability [7], [28]. 

1.15 2.2 Transmitter apertures and optical power 

 
FSO communication systems can be associated with either LED transmitters or 

laser transmitters. 

 

2.2.1 LED optical transmitter: 

 

A LED is a semiconductor p–n junction device that emits incoherent light over a 

wide spectrum.  

The transformation from electric power to optical power has a fair efficiency 

which results in small heat emission compared to incandescent lights. 

It is mainly used for short-range FSO systems (shorter than 1 km) such us UV 

communication and indoor FSO systems with an output light range of 30-60 nm. 
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LED has the following types where LEDs with directional emitting patters are 

preferred for FSO communications: 

 
Figure 19 Dome LED 

 
Figure 20 Planar LED 

 
Figure 21 Edge - Emitting LED 
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2.2.2 Laser Optical Transmitter 

 
Laser diodes can emit a high output power in the order of 100 mW. The light is 

amplified by stimulated emitted radiation and this generates coherent light. This 

means that light is nominally emitted on a single frequency which decreases the 

modal dispersion. 

 

Laser diodes output is more directional than of a LED and can be directly 

modulated with high data rates. 

 

With all of the above advantages, some drawbacks of Laser diodes are the high 

cost and their sensitivity to temperature which requires feedback control systems 

to operate properly. 

 

 
Figure 22 Laser output power against drive current plot 
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1.16 2.3 System Model 
 

Consider a 𝑃 𝑥 𝑄 MIMO FSO System with 𝑃 transmit apertures and 𝑄 receiver 

apertures. Using M-ary pulse position modulation, each symbol duration 𝑇𝑠 is 

divided into 𝑀 slots.  

Denote by 𝑃𝑠 the optical power of the signal falling on the receiver and by 𝑃𝑏 the 

optical power of background noise and the dark currents.  

With no scintillation, the number of photons in an “on” (resp. “off”) slot will 

follow the Poisson distribution with parameters 𝜆𝑠 + 𝜆𝑏  (resp. 𝜆𝑏) where the 

quantities 𝜆𝑠 and 𝜆𝑏 are given by: 

 

𝜆𝑠 = 𝑛 
𝑃𝑠𝑇𝑠 𝑀⁄

ℎ𝑐 𝜆⁄
 (2.3.1) 

 

𝜆𝑏 = 𝑛 
𝑃𝑏𝑇𝑠 𝑀⁄

ℎ𝑐 𝜆⁄
 (2.3.2) 

 

Where 𝑛 is the detector’s quantum efficiency. 

ℎ is Planck’s constant, c is the speed of light and 𝜆 is the wavelength. 

𝐸𝑠 =  𝑃𝑠𝑇𝑠 𝑀⁄  is the received optical energy per PPM slot. 

The average number of photoelectrons generated by the information-carrying 

light signal (in the absence of scintillation) in a PPM slot will be denoted by 𝜆𝑠. 

Similarly, the average number of noise photoelectrons generated by background 

radiation (and dark currents) in a PPM slot will be denoted by 𝜆𝑏. 

Moreover, denote by 𝐼𝑝,𝑞 the channel irradiance from the 𝑝-th transmit aperture 

to the 𝑞-th receiver aperture. 

We adopt the commonly approved gamma-gamma channel model where the 

probability density function of 𝐼𝑝,𝑞 is given as per equations (1.3) to (1.6). 

We assume that the channel irradiances 𝐼𝑝,𝑞 are independent and identically 

distributed assuming the large  separation between the elements of the 

transmitter and receiver arrays.  
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In the developed mathematical analysis presented later, we consider the case of 

MISO systems where the receiver is equipped with a single aperture. This 

simplifies the ML receiver structure and all the subsequent theoretical 

evaluation. For this scenario, the index 𝑞 can be dropped and the irradiance 

between the 𝑝-th transmit aperture and the receiver aperture will be denoted by 

𝐼𝑝 for simplicity. 

 

 

We denote by 𝑅𝑚 the random variable corresponding to the number of photons 

detected at the receiver in the 𝑚-th PPM slot for 𝑚 = 1,… ,𝑀.  

𝑅𝑚 will follow the Poisson distribution with the following parameter: 

𝐸[𝑅𝑚] =  
∑ 𝐼𝑝𝑝𝜖𝐴

𝑃
 𝜆𝑠 + 𝜆𝑏 (2.3.3) 

  

Where 𝐸[. ] stands for the averaging operator while the division by 𝑃 results 

from evenly splitting the transmit power among the 𝑃 transmit apertures to have 

the same power as in single-aperture systems. The parameters 𝜆𝑠 and 𝜆𝑏 are 

given in (2.3.1) and (2.3.2), respectively.  In (2.3.3), A stands for the set of 

transmit apertures that are pulsed in the corresponding PPM slot. If none of the 

apertures is pulsed in a given PPM slot, then the photons will be generated 

exclusively by background radiation.  
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Chapter 3  

 

Comparing the Transmission Schemes with 

Optimal Detection 

 
3.1 Repetition Coding (RC) 

 

3.1.1 Derivation for ML and EGC decoders for MISO and MIMO systems 

 

Under the assumption that the PPM symbols m{1,…,M} has been transmitted, 

and following from sections 1.9.1 and 2.3, the parameters of the M decision 

variables are given by: 

                     E [𝑅𝑞,𝑚′] = {
𝜆𝑠

𝑃
 ∑ 𝐼𝑝,𝑞 + 

𝑃
𝑝=1 𝜆𝑏  𝑚’ = 𝑚

  𝜆𝑏                              𝑚’ ≠ 𝑚
 

 

(3.1) 

where all lasers are transmitting concurrently in the m-th slot while all remaining 

slots are empty (and, hence, comprise only the contribution of noise/background 

radiation).  

The ML decoder decides in favor of symbol �̂� as per below equation 

 

�̂� = arg𝑚𝑎𝑥𝑚=1,…,𝑀 Pr(𝑅 = 𝑟 |𝑚) (3.2) 

 
             Where 𝑅 = [𝑅1,1… 𝑅1,𝑀 ……𝑅𝑄,1… 𝑅𝑄,𝑄] , [𝑟1,1… 𝑟1,𝑀……𝑟𝑄,1… 𝑟𝑄,𝑄] and: 

𝑅𝑞,𝑚′: random variable representing the number of photons in slot m’ at receiver 

𝑞. 

𝑟𝑞,𝑚′: actual number of photons detected in the 𝑚′-th PPM slot m at 𝑞-th receiver 

aperture. 

𝐼𝑝,𝑞: irradiance from transmitter 𝑝 to receiver 𝑞. 

Equation (3.2) can be developed as: 



40 
 

�̂� = 𝑎𝑟𝑔 𝑚𝑎𝑥𝑚=1,..𝑀∏ 

𝑄

𝑞=1

∏Pr(𝑅 𝑞,𝑚′ = 𝑟𝑞,𝑚′|𝑚)

𝑀

𝑚=1

 (3.3) 

 

Replacing the parameters of (3.1) in (3.3) while taking into consideration that the 

random variables follow the Poisson distribution as stated in section 2.3, we get: 

 

�̂� = 𝑎𝑟𝑔 𝑚𝑎𝑥𝑚=1,..𝑀∏ [
1

𝑟𝑞,𝑚!
𝑒−

∑ 𝐼𝑝,𝑞
𝑃
𝑝=1

𝑃
𝜆𝑠−𝜆𝑏   (

∑ 𝐼𝑝,𝑞
𝑃
𝑝=1

𝑃
𝜆𝑠 + 𝜆𝑏)

𝑟𝑞,𝑚

∏
𝑒−𝜆𝑏𝜆𝑏

𝑟𝑞,𝑚′

𝑟𝑞,𝑚′!

𝑀
𝑚′=1
𝑚’≠𝑚

]𝑄
𝑞=1   (3.4) 

 

Which can be further simplified as: 

 

�̂� = arg𝑚𝑎𝑥𝑚=1,..𝑀∏[𝑒−
𝜆𝑠
𝑃
∑ 𝐼𝑝,𝑞
𝑃
𝑝=1   (1 +

𝜆𝑠
𝑃𝜆𝑏

∑𝐼𝑝,𝑞

𝑃

𝑝=1

)

𝑟𝑞,𝑚

∏
𝑒−𝜆𝑏𝜆𝑏

𝑟𝑞,𝑚′

𝑟𝑞,𝑚′!

𝑀

𝑚′=1

]

𝑄

𝑞=1

 (3.5) 

 

The term 𝑒−
𝜆𝑠
𝑃
∑ 𝐼𝑝,𝑞
𝑃
𝑝=1 ∏

𝑒−𝜆𝑏𝜆𝑏
𝑟𝑞,𝑚′

𝑟𝑞,𝑚!

𝑀
𝑚′=1  can be removed since it is not dependent 

on m. Consequently, removing this term and taking the logarithm of the quantity 

in (3.5) yields: 

 

�̂� = 𝑎𝑟𝑔 𝑚𝑎𝑥𝑚=1,..𝑀 log∏[(1 +
𝜆𝑠
𝑃𝜆𝑏

∑𝐼𝑝,𝑞

𝑃

𝑝=1

)

𝑟𝑞,𝑚

]

𝑄

𝑞=1

 (3.6) 

 

Since log of products is equal to sum of log,  

 

�̂� = 𝑎𝑟𝑔 𝑚𝑎𝑥𝑚=1,..𝑀∑log(1 +
𝜆𝑠
𝑃𝜆𝑏

∑𝐼𝑝,𝑞

𝑃

𝑝=1

)

𝑟𝑞,𝑚𝑄

𝑞=1

 (3.7) 
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Since the exponent of the log is the multiplication of the exponent with the log, 

then the ML decoding rule is given by: 

�̂� = 𝑎𝑟𝑔 𝑚𝑎𝑥𝑚=1,...𝑀∑𝑟𝑞,𝑚 log

𝑄

𝑞=1

(1 +
𝜆𝑠
𝑃𝜆𝑏

∑𝐼𝑝,𝑞

𝑃

𝑝=1

) (3.8) 

where the last equation cannot be simplified any further since the term 

multiplying 𝑟𝑞,𝑚 depends on the receiver aperture index 𝑞. 

 

 On the other hand, a simpler implementation of the ML decoder corresponds to 

the EGC decoder where the decision rule takes the following simple form: 

�̂� = arg𝑚𝑎𝑥𝑚=1,..𝑀 {∑𝑟𝑞,𝑚 

𝑄

𝑞=1

} (3.9) 

This implies that the EGC decoder decides in favor of the PPM slot that has the 

highest photon count. In this context, the 𝑞-dependent variable weights in (3.8) 

are replaced by constant weights in (3.9). 

3.1.2 Data rate analysis 

 

When associated with M-PPM, the RC scheme transmits at the rate of log2(𝑀) 

bits per channel use (bpcu). This follows from the fact that the same M-PPM 

symbols is transmitted from all transmit apertures implying no improvement in 

the data rate compared to single-aperture systems. 

3.1.3 Channel state information requirements 

 

From (3.12), it follows that the implementation of the ML decoder with RC can 

be realized without the need to estimate any of the parameters 𝐼1,…, 𝐼𝑃, 𝜆𝑠, and 

𝜆𝑏. In this case, the decision is based solely on the numbers of photons detected 

in the different PPM slots without the need to estimate any of the channel 

parameters. This is comparable to the single aperture IM/DD FSO systems that 

can be implemented in the absence of CSI at the receiver. This constitutes a 

major advantage of the RC scheme. 
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3.1.4 ML decoder complexity 

 

In this subsection, we evaluate the complexity of the ML decoders when 

associated with RC. The decoder's complexity will be evaluated in terms of the 

number of required addition operations, multiplication operations, and 

comparison operations. We also differentiate between symbol operations and 

block-operations. The first type of operations needs to be carried out on a 

symbol-by-symbol basis while the second type needs to be evaluated only once 

per fading block. In other words, the second type is not linked to any symbol 

statistics and it depends only on the channel values that remain the same for the 

time span of one block duration. 

Based on equation (3.9) and in case of one receiver 𝑄 = 1, the ML decoder of 

the RC scheme requires only to compare the number of photons on each slot in 

order to determine the slot with the maximum value. For that and talking on the 

M symbol terms, we will need M comparisons among the M decision metrics 

without any addition or multiplication. 

However, when talking in block terms, there is no need for any evaluation since 

the optical decision doesn’t require any calculation of the parameters that depend 

on 𝐼𝑝 , 𝜆𝑠, and 𝜆𝑏.  

As for the case of Q receivers and based on equation (3.8), in addition to the M 

comparisons, the ML decision is made by adding the number of photons in the 

slots with the same position of each receiver. For that and since there are M 

slots, the optimal decision requires also MQ additions. Moreover, MQ 

multiplications are needed in order to multiply the decision variables 𝑟𝑞,𝑚 by 

their corresponding weights. 

As for the EGC decoder with Q receiver apertures, equation (3.9) shows that no 

multiplication operations are involved. Simply, MQ additions and M 

comparisons are needed to implement the decoder in this case. 

 

When talking in block terms and for the case of ML decoder, equation (3.8) 

implies that 𝑃 block terms need to be evaluated, namely the value  {log (1 +
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𝜆𝑠

𝑃𝜆𝑏
∑ 𝐼𝑝,𝑞
𝑃
𝑝=1 )}

𝑝=1

𝑃

 must be calculated once per fading block. Evaluating this 

term requires 𝑃 additions to compute ∑ 𝐼𝑝,𝑞
𝑃
𝑝=1  and 𝑃 multiplications to compute 

 
𝜆𝑠

 𝑃𝜆𝑏
∑ 𝐼𝑝,𝑞
𝑃
𝑝=1 .  

As for the EGC decoder, equation (3.9) doesn’t require any calculation of the 

parameters that depend on 𝐼𝑝 , 𝜆𝑠, and 𝜆𝑏. For that, there is no block-terms to be 

evaluated. 

 

Tables 1 & 2 summarize all above explanation. 

 

Table 1 Symbol terms for RC Scheme 

 
Additions Multiplication Comparison 

ML RC Q=1 0 0 M 

EGC RC for All Q MQ 0 M 

ML RC for All Q MQ MQ M 
 

 

 

Table 2 Block terms for RC scheme 

 
Additions Multiplication Comparison 

ML RC Q=1 0 0 0 

EGC RC for All Q 0 0 0 

ML RC for All Q P P 0 
 

 

 

 

 

 



44 
 

3.2  Optical Spatial Modulation (OSM) 

 

3.2.1 Derivation of ML decoder for MISO and MIMO systems 

 
Under the assumption that the PPM symbols m{1,…,M} has been transmitted, 

and following from sections 1.9.2 and 2.3, the parameters of the M decision 

variables are given by: 

E [𝑅𝑞,𝑚′] = {
𝐼𝑝,𝑞𝜆𝑠 +   𝜆𝑏                𝑚’ = 𝑚

  𝜆𝑏                              𝑚’ ≠ 𝑚
 (3.10) 

 

 

The ML decoder decides in favor of symbol (𝑝 ̂, �̂�)  as per below equation 

 

(𝑝 ̂, �̂�)  = arg𝑚𝑎𝑥𝑝=1,… ,𝑃 ; 𝑚=1,… ,𝑀 Pr(𝑅 = 𝑟 |𝑝,𝑚) (3.11) 
 

Where 𝑅 = [𝑅1,1… 𝑅1,𝑀 ……𝑅𝑄,1… 𝑅𝑄,𝑄] , 𝑟 = [𝑟1,1… 𝑟1,𝑀 ……𝑟𝑄,1… 𝑟𝑄,𝑄] 

and: 

𝑅𝑞,𝑚′: random variable representing the number of photons in slot m’ at receiver 

𝑞. 

𝑟𝑞,𝑚′: actual number of photons detected in the 𝑚′-th PPM slot at 𝑞-th receiver 

aperture. 

𝐼𝑝,𝑞: irradiance from transmitter 𝑝 to receiver 𝑞. 

 

Equation (3.11) can be developed as: 

 

(𝑝 ̂, �̂�)  = arg𝑚𝑎𝑥𝑝=1,… ,𝑃 ; 𝑚=1,… ,𝑀∏∏Pr(𝑅 𝑞,𝑚′ = 𝑟𝑞,𝑚′|𝑝,𝑚)

𝑀

𝑚=1

 

𝑄

𝑞=1

 (3.12) 
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Replacing the parameters of (3.10) in (3.12) while taking into consideration 

that the random variables follow the Poisson distribution as stated in 

section 2.3, we get: 

 

 

Which can be further simplified as: 

 

(𝑝 ̂, �̂�)  = arg𝑚𝑎𝑥𝑝=1,… ,𝑃 ; 𝑚=1,… ,𝑀∏[𝑒−𝐼𝑝,𝑞 𝜆𝑠  (1 +
𝐼𝑝,𝑞𝜆𝑠
𝜆𝑏

)

𝑟𝑞,𝑚

∏
𝑒−𝜆𝑏𝜆𝑏

𝑟𝑞,𝑚′

𝑟𝑞,𝑚!

𝑀

𝑚′=1

 ]

𝑄

𝑞=1

 

 

(3.14) 

The term ∏ 𝑒−𝜆𝑏𝜆𝑏
𝑟𝑞,𝑚′

𝑟𝑞,𝑚!

𝑀
𝑚′=1   can be removed since it is not dependent on 𝑚 nor 

on 𝑝. Consequently, removing this term and taking the logarithm of the quantity 

in (3.14) yields 

 

(𝑝 ̂, �̂�)  = arg𝑚𝑎𝑥𝑝=1,… ,𝑃 ; 𝑚=1,… ,𝑀 log∏[𝑒−𝐼𝑝,𝑞 𝜆𝑠   (1 +
𝐼𝑝,𝑞𝜆𝑠
𝜆𝑏

)

𝑟𝑞,𝑚

]

𝑄

𝑞=1

 (3.15) 

 

 

 

 

Since log of products is equal to sum of log,  

 

(𝑝 ̂, �̂�)  = arg𝑚𝑎𝑥𝑝=1,… ,𝑃 ; 𝑚=1,… ,𝑀 {∑(𝑟𝑞,𝑚 log(1 +
𝐼𝑝,𝑞𝜆𝑠
𝜆𝑏

) − 𝐼𝑝,𝑞𝜆𝑠)

𝑄

𝑞=1

} (3.16) 

 

(𝑝 ̂, �̂�)  = arg𝑚𝑎𝑥𝑝=1,… ,𝑃 ; 𝑚=1,… ,𝑀∏

[
 
 
 𝑒−(𝐼𝑝,𝑞 𝜆𝑠+𝜆𝑝)(𝐼𝑝,𝑞  𝜆𝑠 + 𝜆𝑝)

𝑟𝑞,𝑚

𝑟𝑞,𝑚!
∏

𝑒−𝜆𝑏𝜆𝑏
𝑟𝑞,𝑚′

𝑟𝑞,𝑚′!

𝑀

𝑚′=1
𝑚’≠𝑚

 

]
 
 
 𝑄

𝑞=1

 (3.13) 
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For a fixed value of 𝑝, the decision metric associated with (𝑚′, 𝑝) is greater than 

that associated with (𝑚′′, 𝑝)  if 𝑟𝑞,𝑚′ > 𝑟𝑞,𝑚′′  implying that the decision rule in 

(3.16) can be broken down into two simpler rules as follows: 

 

�̂� =  𝑎𝑟𝑔𝑚𝑎𝑥𝑚=1,..𝑀 {∑𝑟𝑞,𝑚 log

𝑄

𝑞=1

(1 +
𝐼𝑝,𝑞𝜆𝑠
𝜆𝑏

)} (3.17) 

             

�̂� =  𝑎𝑟𝑔𝑚𝑎𝑥𝑝=1,..𝑃 {∑(𝑟𝑞,�̂� log(1 +
𝐼𝑝,𝑞𝜆𝑠
𝜆𝑏

) − 𝐼𝑝,𝑞𝜆𝑠)

𝑄

𝑞=1

} (3.18) 

 

Where 𝑟𝑞,�̂� is the actual number of photons in the maximum slot �̂� at receiver 𝑞. 

Similar simplifications as the ones carried out on the case of RC imply that 

(3.17) can be simplified as follows: 

 

�̂� = arg𝑚𝑎𝑥𝑚=1,..𝑀 {∑𝑟𝑞,𝑚  

𝑄

𝑞=1

} (3.19) 

 

While the index of the pulsed aperture can be determined from (3.18).  
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3.2.2 Data rate analysis 

 

When associated with M-PPM, the OSM scheme transmits at the rate of 

log2(𝑃𝑀) bits per channel use (bpcu). This follows from the fact that the OSM 

scheme is based on pulsing only one transmit aperture per symbol duration 

implying there is an improvement in the data rate compared to single-aperture 

systems (log2(𝑀)). 

3.2.3 Channel state information requirements 

 

It follows that the implementation of the ML decoder with OSM can be realized 

with the need to estimate the parameters 𝐼1, … , 𝐼p, 𝜆𝑠 and 𝜆𝑏 in order to find the 

index of the pulsed aperture in equation (3.18). 

3.2.4 ML decoder complexity 

 

Based on equation (3.19) and in case of one receiver 𝑄 = 1, the ML decoder of 

the RC scheme requires only to compare the number of photons on each slot in 

order to determine the slot with the maximum value 𝑟�̂�. For that and for the M 

symbol terms, we will need M comparisons among the M decision metrics 

without any addition or multiplication. 

In equation (3.18) and in order to determine the index of the pulsed aperture of 

the maximum slot, we need to do P additions in (1 + 𝐼𝑝𝜆𝑠

𝜆𝑏
)  , P multiplications in 

𝐼𝑝𝜆𝑠 and P comparisons among the metrics of the 𝑃 apertures. 

In total, for implementing both equations, we will need M + P comparisons, P 

additions, and P multiplications. 

In case of Q receivers and similar to RC scheme, the ML decision is made by 

adding the number of photons on the slots with the same position of each 

receiver. For that and since there are M slots, the optimal decision requires 

additional MQ additions to the previous results of 𝑄 = 1 case. 
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However, when talking in block terms, there is no need for any evaluation in 

equation (3.19) since the optical decision doesn’t require any calculation of the 

parameters that depend on 𝐼𝑝, 𝜆𝑠, and 𝜆𝑏. 

On the other hand, equation (3.19) implies that 2𝑃 block terms need to be 

evaluated, namely the value  {log (1 + 𝜆𝑠

𝑃𝜆𝑏
∑ 𝐼𝑝,𝑞
𝑃
𝑝=1 ) , 𝜆𝑠𝐼𝑝,𝑞  }

𝑝=1

𝑃

 must be 

calculated once per fading block. Although these terms require 𝑃 additions, 𝑃 

multiplications, 𝑃 divisions and 𝑃 logarithm-operation, the complexity of  the 

block-operations is smaller than the complexity of the symbol-operations. This is 

applicable in case of one receiver or in case of 𝑄 receivers. 

Table 3 & 4 summarize all above results. 

 

Table 3 Symbol terms for OSM scheme 

  Additions Multiplication Comparison 

ML OSM Q=1 P P M + P 

ML OSM All Q P+MQ PQ M + P 
 

 

Table 4 Block terms for OSM Scheme 

  Additions Multiplication Comparison 

ML OSM Q=1 P P 0 

ML OSM All Q P P 0 
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3.3  Spatial Multiplexing (SMux) 

 

3.3.1 Derivation of ML decoder for MIMO systems 

 

Following from section 1.9.3, and for simplicity reasons,  we consider the cases 

of 𝑃 = 2 and 𝑃 = 3 with 1 receiver. In fact, the derivations for an arbitrary value 

of 𝑃 turned out to be very tedious. 

 

 

For 𝑃 = 2, denote by (𝑚1, 𝑚2) 𝜖 {1,… ,𝑀}2  the positions of the pulses 

transmitted from apertures1 and 2. The decision metric varies depending on 

whether 𝑚1 = 𝑚2 or 𝑚1 ≠ 𝑚2. 

 

If 𝒎𝟏 = 𝒎𝟐 

 

The parameters of the M decision variables are given by: 

E [𝑅𝑚′] = {
 
𝐼1 + 𝐼2

2
𝜆𝑠 + 𝜆𝑏      𝑚’ = 𝑚

  𝜆𝑏                             𝑚’ ≠ 𝑚
 (3.20) 

 

In this case, the decision metric is similar to the case of RC scheme with one 

receiver. In fact, in this special case, the same PPM symbol 𝑚 is transmitted 

from the two transmit apertures.  

The same derivation of section 3.1.1 will apply. Taking the algorithm of 

equation (3.4) and removing the last term that does not depend on m, we end up 

with the following decision metric: 

 

log [𝑒
−(
(𝐼1+𝐼2)𝜆𝑠

2
)
  (1 +

𝜆𝑠
2𝜆𝑏

(𝐼1 + 𝐼2))
𝑟𝑚

] (3.21) 
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Since log of products is equal to sum of log,  
 

𝑟𝑚log(1 +
𝜆𝑠
𝑃𝜆𝑏

∑𝐼𝑝

𝑃

𝑝=1

)−
(𝐼1 + 𝐼2)𝜆𝑠

2
 (3.22) 

 

If 𝒎𝟏 ≠ 𝒎𝟐  

 

The decision metric is given by: 

 

 

The terms in (3.23) can be arranged as follows: 

 

 

 

∏
𝑒−𝜆𝑏𝜆𝑏

𝑟𝑚′

𝑟𝑚′!

𝑀
𝑚′=1   can be removed since it is not dependent on 𝑚. Consequently, 

the log of the decision metric in (3.24) simplifies to: 

 

log [𝑒−
𝐼1𝜆𝑠
2   (1 +

𝐼1𝜆𝑠
2𝜆𝑏

)
𝑟𝑚1

× 𝑒−
𝐼2𝜆𝑠
2   (1 +

𝐼2𝜆𝑠
2𝜆𝑏

)
𝑟𝑚2

] (3.25) 

 

Since Log of products is equal to the sum of Log and since the exponent of the 

Log is the multiplication of the exponent with the Log, we get the following 

generalized formula for the decision metric: 

𝑟𝑚log (1 +
𝜆𝑠

𝑃𝜆𝑏
∑ 𝐼𝑝,
𝑃
𝑝=1 )∏

𝑒−𝜆𝑏𝜆𝑏
𝑟𝑚′

𝑟𝑚′!

𝑀
𝑚′=1
𝑚′≠𝑚1

𝑚′≠𝑚2

  (3.23) 

[𝑒−
𝐼1𝜆𝑠
2   (1 +

𝐼1𝜆𝑠
2𝜆𝑏

)
𝑟𝑚1

× 𝑒−
𝐼2𝜆𝑠
2   (1 +

𝐼2𝜆𝑠
2𝜆𝑏

)
𝑟𝑚2

] × ∏
𝑒−𝜆𝑏𝜆𝑏

𝑟𝑚′

𝑟𝑚′!

𝑀

𝑚′=1

 (3.24) 
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(𝑟𝑚1
log (1 +

𝐼1𝜆𝑠
2𝜆𝑏

) + 𝑟𝑚2
log (1 +

𝐼2𝜆𝑠
2𝜆𝑏

) −
𝐼1 + 𝐼2
2

𝜆𝑠 ) (3.26) 

 

 

Now, comparing (3.22) and (3.26) shows that the term − 𝐼1+𝐼2

2
𝜆𝑠 appears in both 

equations. Therefore, this term can be ignored since it doesn’t not affect the 

selection of the decision metric with maximum value. 

Therefore, from equations (3.22) and (3.26), the ML decision rule with 𝑃 = 2 

transmit apertures and 𝑄 = 1 receive aperture can be expressed by: 

 

(�̂�1, �̂�2) =  𝑎𝑟𝑔𝑚𝑎𝑥(𝑚1,𝑚2) 𝜖 {1,…,𝑀}
2  {𝑤𝑚1,𝑚2

} (3.27) 

 

Where  

𝑊𝑚1,𝑚2
= {

 𝑟𝑚𝛼1,2                                          𝑚1 =  𝑚2 = 𝑚
𝑟𝑚1

𝛼1 + 𝑟𝑚2
𝛼2                           𝑚1 ≠ 𝑚2

 (3.28) 

 

With  

𝛼𝑖 = log(1 + 
𝜆𝑠
2𝜆𝑏

 𝐼𝑖) ;     𝑖 = 1, 2. (3.29) 

 

𝛼1,2 = log (1 + 
𝜆𝑠
2𝜆𝑏

 (𝐼1 + 𝐼2)) 

 

(3.30) 

 

From (3.28), the metric 𝑟𝑚𝛼1,2 is maximized when 𝑟𝑚is maximized.  

In the same way, 𝑟𝑚1
𝛼1 + 𝑟𝑚2

𝛼2 is maximized if slots 𝑚1 and  𝑚2 result in the 

maximum counts with 𝑟𝑚1
> 𝑟𝑚2

 if 𝛼1 > 𝛼2 and 𝑟𝑚1
<  𝑟𝑚2

 if 𝛼1 < 𝛼2.  Note 

that 𝛼1 is an increasing function of 𝐼1 while 𝛼2 is an increasing function of 𝐼2. 
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Based on that, we can simplify the SMux procedure by defining the following 

two positions: 

 

�̂� =  𝑎𝑟𝑔𝑚𝑎𝑥𝑚 =1,…,𝑀 {𝑟𝑚}     ; �̂�
′ =  𝑎𝑟𝑔𝑚𝑎𝑥𝑚 =1,…,𝑀

𝑚≠�̂�

{𝑟𝑚} 

 

(3.31) 

Where �̂� is the slot with the maximum count and �̂�′ is the second highest count. 

Based on this definition, the ML decoder decides in favor of: 

 

(�̂�, �̂�′)

= {

(�̂�, �̂�)                                           𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 1 𝑖𝑠 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑
(�̂�, �̂�′)          𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 1 𝑖𝑠 𝑛𝑜𝑡  𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 𝑎𝑛𝑑 𝐼1 > 𝐼2
(�̂�′, �̂�)          𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 1 𝑖𝑠 𝑛𝑜𝑡  𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 𝑎𝑛𝑑 𝐼1 < 𝐼2

 

 

 

 

 

 

 

 

 

(3.32) 

 

 

Where condition 1 is defined as: 

𝑟𝑚 ̂𝛼1,2 > 𝑟𝑚 ̂max{𝛼1, 𝛼2} + 𝑟�̂�′min { 𝛼1, 𝛼2} (3.33) 

 

 

For 𝑷 = 𝟑, denote by (𝑚1, 𝑚2, 𝑚3) 𝜖 {1,… ,𝑀}2  the positions of the pulses 

transmitted from apertures1, 2 and 3. The decision metric varies based on 

whether  

𝑚1 =  𝑚2 = 𝑚3  (referred to case 1) or the 3 positions are not all the same 

(referred to as case 2). 

 

Case 1: 𝒎𝟏 = 𝒎𝟐 = 𝒎𝟑 = 𝒎 

 

The parameters of the M decision variables are given by: 

E [𝑅𝑚′] = {
 
𝐼1 + 𝐼2 + 𝐼3

3
𝜆𝑠 + 𝜆𝑏      𝑚’ = 𝑚

  𝜆𝑏                             𝑚’ ≠ 𝑚
 (3.34) 
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In this case, the decision metric is similar to the case of RC scheme with one 

receiver. In fact, in this special case, the same PPM symbol 𝑚 is transmitted 

from all three transmit apertures.  

The same derivation of section 3.1.1 will apply. Taking the algorithm of 

equation (3.4) and removing the last term that does not depend on m, we end up 

with the following decision metric (with 𝑄 = 1): 

 

log [𝑒
−(
(𝐼1+𝐼2+𝐼3)𝜆𝑠

3
)
  (1 +

𝜆𝑠
3𝜆𝑏

(𝐼1 + 𝐼2 + 𝐼3))
𝑟𝑚

] (3.35) 

 

That simplifies to  
 

𝑟𝑚log (1 +
𝜆𝑠
3𝜆𝑏

(𝐼1 + 𝐼2 + 𝐼3)) −
(𝐼1 + 𝐼2 + 𝐼3)𝜆𝑠

3
 

(3.36) 

 

Case 2:  

This case comprises the following subcases. 

Case 2.1:  𝒎𝟏 ≠ 𝒎𝟐 ≠ 𝒎𝟑 

 

In this case, the decision metric is given by: 

 

 

Which can be further simplified to the following: 

 

[
𝑒
−(
𝐼1𝜆𝑠
3

+ 𝜆𝑏)(
𝐼1𝜆𝑠
3
+ 𝜆𝑏)

𝑟𝑚1

𝑟𝑚1 !
×
𝑒
−(
𝐼2𝜆𝑠
3

+ 𝜆𝑏)(
𝐼2𝜆𝑠
3
+𝜆𝑏)

𝑟𝑚2

𝑟𝑚2 !
×
𝑒
−(
𝐼3𝜆𝑠
3

+ 𝜆𝑏)(
𝐼2𝜆𝑠
3
+𝜆𝑏)

𝑟𝑚3

𝑟𝑚3 !
]∏

𝑒−𝜆𝑏𝜆𝑏
𝑟𝑚′

𝑟𝑚′!

𝑀
𝑚′=1
𝑚′≠𝑚1

𝑚′≠𝑚2

𝑚′≠𝑚3

  (3.37) 
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The term ∏ 𝑒−𝜆𝑏𝜆𝑏
𝑟𝑚′

𝑟𝑚′!

𝑀
𝑚′=1   can be removed since it is not dependent on 𝑚. 

Therefore, the log of (3.38) simplifies to: 

 

log [𝑒−
𝐼1𝜆𝑠
3   (1 +

𝐼1𝜆𝑠
3𝜆𝑏

)
𝑟𝑚1

× 𝑒−
𝐼2𝜆𝑠
3   (1 +

𝐼2𝜆𝑠
3𝜆𝑏

)
𝑟𝑚2

× 𝑒−
𝐼3𝜆𝑠
3   (1 +

𝐼3𝜆𝑠
3𝜆𝑏

)
𝑟𝑚3

] (3.39) 

 

Since Log of products is equal to the sum of Log and since the exponent of the 

Log is the multiplication of the exponent with the Log, we get the following 

generalized formula for the decision metric: 

𝑟𝑚1
log (1 +

𝐼1𝜆𝑠
3𝜆𝑏

) +𝑟𝑚2
log (1 +

𝐼2𝜆𝑠
3𝜆𝑏

) + 𝑟𝑚3
log (1 +

𝐼3𝜆𝑠
3𝜆𝑏

) −
𝐼1 + 𝐼2 + 𝐼3

3
𝜆𝑠  (3.40) 

 

 

Where the term − 𝐼1+𝐼2+𝐼3

3
𝜆𝑠 can be ignored since it doesn’t depend on 𝑚 and 

since it will appear in all consequent decision metrics as will be shown later. 

Case 2.2: 𝒎𝟏 =  𝒎𝟐 , 𝒎𝟏 ≠  𝒎𝟑 

 

The decision metric in this case is given by: 

 

   Where 𝑚 =  𝑚1 =  𝑚2 

[𝑒−
𝐼1𝜆𝑠
3   (1 +

𝐼1𝜆𝑠
3𝜆𝑏

)
𝑟𝑚1

× 𝑒−
𝐼2𝜆𝑠
3   (1 +

𝐼2𝜆𝑠
3𝜆𝑏

)
𝑟𝑚2

× 𝑒−
𝐼3𝜆𝑠
3   (1 +

𝐼3𝜆𝑠
3𝜆𝑏

)
𝑟𝑚3

] × ∏
𝑒−𝜆𝑏𝜆𝑏

𝑟𝑚′

𝑟𝑚′!

𝑀

𝑚′=1

 (3.38) 

[
 
 
 𝑒
−(
(𝐼1+𝐼2)𝜆𝑠

3
+ 𝜆𝑏) (

(𝐼1 + 𝐼2)𝜆𝑠
3 + 𝜆𝑏)

𝑟𝑚

𝑟𝑚!
×
𝑒
−(
𝐼3𝜆𝑠
3
+ 𝜆𝑏) (

𝐼2𝜆𝑠
3 + 𝜆𝑏)

𝑟𝑚3

𝑟𝑚3
!

]
 
 
 

∏
𝑒−𝜆𝑏𝜆𝑏

𝑟𝑚′

𝑟𝑚′!

𝑀

𝑚′=1
𝑚′≠𝑚
𝑚′≠𝑚3

 (3.41) 
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(3.41) can be further simplified to the following: 

 

 

 

∏
𝑒−𝜆𝑏𝜆𝑏

𝑟𝑚′

𝑟𝑚′!

𝑀
𝑚′=1   Can be removed since it is not dependent on 𝑚. 

 

log [𝑒−
(𝐼1+𝐼2)𝜆𝑠

3   (1 +
(𝐼1 + 𝐼2)𝜆𝑠

3𝜆𝑏
)
𝑟𝑚

× 𝑒−
𝐼3𝜆𝑠
3   (1 +

𝐼3𝜆𝑠
3𝜆𝑏

)
𝑟𝑚3

] (3.43) 

 

Since Log of products is equal to the sum of Log and since the exponent of the 

Log is the multiplication of the exponent with the Log, we get the following 

generalized formula for the decision metric: 

𝑟𝑚 log (1 +
(𝐼1 + 𝐼2)𝜆𝑠

3𝜆𝑏
)+ 𝑟𝑚3

log (1 +
𝐼3𝜆𝑠
3𝜆𝑏

) −
𝐼1 + 𝐼2 + 𝐼3

3
𝜆𝑠  (3.44) 

 

 

Where the term − 𝐼1+𝐼2+𝐼3

3
𝜆𝑠 can be ignored since it doesn’t depend on 𝑚. 

The same derivation applies on cases 𝒎𝟏 ≠ 𝒎𝟐 ,𝒎𝟏 = 𝒎𝟑 = 𝒎 to get the 

following decision metric 

 

𝑟𝑚 log (1 +
(𝐼1 + 𝐼3)𝜆𝑠

3𝜆𝑏
)+ 𝑟𝑚2

log (1 +
𝐼2𝜆𝑠
3𝜆𝑏

) −
𝐼1 + 𝐼2 + 𝐼3

3
𝜆𝑠  (3.45) 

 

And for 𝒎𝟏 ≠ 𝒎𝟐 ,𝒎𝟐 = 𝒎𝟑 = 𝒎 to get the following decision metric 

[𝑒−
(𝐼1+𝐼2)𝜆𝑠

3   (1 +
(𝐼1 + 𝐼2)𝜆𝑠

3𝜆𝑏
)
𝑟𝑚

× 𝑒−
𝐼3𝜆𝑠
3   (1 +

𝐼3𝜆𝑠
3𝜆𝑏

)
𝑟𝑚3

] × ∏
𝑒−𝜆𝑏𝜆𝑏

𝑟𝑚′

𝑟𝑚′!

𝑀

𝑚′=1

 (3.42) 
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𝑟𝑚 log (1 +
(𝐼2 + 𝐼3)𝜆𝑠

3𝜆𝑏
)+ 𝑟𝑚1

log (1 +
𝐼1𝜆𝑠
3𝜆𝑏

) −
𝐼1 + 𝐼2 + 𝐼3

3
𝜆𝑠  (3.46) 

 

Following from equations (3.36), (3.40), (3.44), (3.45) and (3.46), the ML SMux 

decision rule can be expressed by 

 

(�̂�1, �̂�2, �̂�3) =  𝑎𝑟𝑔𝑚𝑎𝑥(𝑚1,𝑚2,𝑚3) 𝜖 {1,…,𝑀}
3  {𝑤𝑚1,𝑚2,𝑚3

} (3.47) 

 

 

Where  

𝑊𝑚1,𝑚2,𝑚3

=

{
 
 

 
 

 𝑟𝑚𝛼1,2,3                                          𝑚1 = 𝑚2 = 𝑚3 = 𝑚
𝑟𝑚1

𝛼1 + 𝑟𝑚2
𝛼2 + 𝑟𝑚3

𝛼3             𝑚1 ≠ 𝑚2 ≠ 𝑚3

𝑟𝑚𝛼12 + 𝑟𝑚3
𝛼3                             𝑚1 = 𝑚2 = 𝑚 ,𝑚1 ≠ 𝑚3 

𝑟𝑚𝛼13 + 𝑟𝑚2
𝛼2                             𝑚1 ≠ 𝑚2 , 𝑚1 = 𝑚3 = 𝑚

𝑟𝑚𝛼23 + 𝑟𝑚1
𝛼1                             𝑚1 ≠ 𝑚2 ,𝑚2 = 𝑚3 = 𝑚

 
(3.48) 

 

With  

𝛼𝑖 = log(1 + 
𝜆𝑠
3𝜆𝑏

 𝐼𝑖) ;     𝑖 = 1, 2,3. (3.49) 

 

𝛼1,2 = log (1 + 
𝜆𝑠
3𝜆𝑏

 (𝐼1 + 𝐼2)) 

 

(3.50) 

𝛼2,3 = log (1 + 
𝜆𝑠
3𝜆𝑏

 (𝐼2 + 𝐼3)) 

 

(3.51) 

𝛼1,3 = log (1 + 
𝜆𝑠
3𝜆𝑏

 (𝐼1 + 𝐼3)) 

 

(3.52) 

𝛼1,2,3 = log(1 + 
𝜆𝑠
3𝜆𝑏

 (𝐼1 + 𝐼2 + 𝐼3))  
(3.53) 
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3.3.2 Data rate analysis 

 

When associated with M-PPM, the SMux scheme transmits at the rate of 

𝑃 log2𝑀 bits per channel use (bpcu). This follows from the fact that independent 

data streams are transmitted from the P transmit apertures in the SMux scheme 

implying that there is a P-fold improvement in the data rate compared to single-

aperture systems. 

 

3.3.3 Channel state information requirements 

 

It follows that the implementation of the ML decoder with SMux can be realized 

with the need to estimate the parameters 𝐼1, 𝐼2, 𝜆𝑠 and 𝜆𝑏 in order to calculate 

equation (3.29) in the case of 𝑃 = 2 and to estimate the parameters 𝐼1, 𝐼2, 𝐼3, 𝜆𝑠 

and 𝜆𝑏 in order to calculate equation (3.49) in the case of P = 3. 

 

3.3.4 ML decoder complexity  

 

To be able to find the decoder complexity of the SMux scheme with 𝑃 = 2 case, 

we analyze equation (3.33) and check the number of additions, multiplications 

and comparisons needed. 

There is one multiplication in 𝑚1 =  𝑚2 case to get the value of  𝑟𝑚𝛼1,2. 

In the case of  𝑚1 ≠ 𝑚2, there are two multiplications and one addition to 

getting 𝑟𝑚 ̂max{𝛼1, 𝛼2} + 𝑟�̂�′min { 𝛼1, 𝛼2}. 

As for the comparison, equation (3.31) requires 𝑀 comparisons to get �̂� and 

𝑀 − 1 comparisons are needed to find �̂�′ since out of the 𝑀 symbols the 

maximum slot has already been found. 

Moreover, equations (3.33) requires one comparison to find 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 1 and 

evaluate which case of equation (3.32) is the right case. 
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Based on that, we can summarize the ML decoder complexity of the SMux 

scheme with 𝑃 = 2 as per the following table 

 

Table 5 Symbol terms for SMux (2x1) scheme 

  Additions Multiplication Comparison 

ML SMux 2 x 1 
Second decoder 

1 3 2M 

 

 

To be able to find the decoder complexity of the SMux scheme with 𝑃 = 3 case, 

we analyze equation (3.48) and check the number of additions, multiplications 

and comparisons needed for each of the five following cases. 

  

Case 1:   𝒎𝟏 =  𝒎𝟐 = 𝒎𝟑 = 𝒎 

 

Evaluating the term 𝑟𝑚𝛼1,2,3 in equation (3.48) requires one multiplication and 

no addition. Since the three apertures will transmit in the same slot out of the 𝑀 

slots symbol, this means that we have 𝑀 possibilities.  Multiplying the number 

of terms by the number of additions and multiplications, we end up with 𝑀 

multiplications and no addition for this case. 

 

Case 2:  𝒎𝟏 ≠ 𝒎𝟐 ≠ 𝒎𝟑 

 

This is the case where each of the three apertures transmit in a separate slot out 

of the 𝑀 slots. The first aperture can pick and transmit in any of the 𝑀 slots, the 

second aperture will have to pick one of the remaining slots which means pick 

one of the 𝑀 − 1 slots and in the same sense the third aperture will have to pick 

one out of the 𝑀 − 2 slots to transmit. Thus, the number of the terms for this 

case will be 𝑀(𝑀 − 1)(𝑀 − 2) terms. 
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Moreover, each term requires 3 multiplications and 2 additions to evaluate the 

term 𝑟𝑚1
𝛼1 + 𝑟𝑚2

𝛼2 + 𝑟𝑚3
𝛼3 in equation (3.48) . Multiplying the number of 

terms by the number of additions and multiplications, we end up with 3𝑀(𝑀 −

1)(𝑀 − 2) multiplications and 2𝑀(𝑀 − 1)(𝑀 − 2) additions for this case. 

Cases 3 to 5:   

The remaining three cases have the same scenario where two of the three 

apertures will transmit in the same slot out of the M slots and the third aperture 

will transmit in one of the remaining 𝑀 − 1 slots. Thus, the number of terms of 

each of these cases is 𝑀(𝑀 − 1) terms. 

Moreover, each term requires 2 multiplications and 1 addition to evaluate any of 

the three terms 𝑟𝑚𝛼12 + 𝑟𝑚3
𝛼3 or 𝑟𝑚𝛼13 + 𝑟𝑚2

𝛼2 or 𝑟𝑚𝛼23 + 𝑟𝑚1
𝛼1of equation 

(3.48). Multiplying the number of terms by the number of additions and 

multiplications, we end up with 2𝑀(𝑀 − 1) multiplications and 𝑀(𝑀 − 1) 

additions for each case. 

 

To evaluate the complexity of the 3𝑥1 SMux decoder, we will have to add the 

number of additions for each case to find the total number of additions required, 

The same applies for the total number of multiplications. 

Total number of additions = 0 +  2𝑀(𝑀 − 1)(𝑀 − 2) + (3 𝑥 𝑀(𝑀 − 1)) 

= 2𝑀3 − 3𝑀2 +𝑀 

Total number of multiplications = 𝑀 +  3𝑀(𝑀 − 1)(𝑀 − 2) + (3 𝑥 2𝑀(𝑀 −

1)) 

= 3𝑀3 − 3𝑀2 +𝑀 

Total number of comparisons = 𝑀3 

Where the total number of comparisons corresponds to the total number of SMux 

symbols. 
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Table 6 below summarizes all above explanations 

 

Table 6 Symbol terms for SMux (3x1) scheme 

Cases 
Number of  

Addition per 
term 

Number of  
Multiplication 

per term 
Number of terms 

Case 1 0 1 3𝑀 

Case 2 2 3 𝑀(𝑀 − 1)(𝑀 − 2) 

Case 3 1 2 𝑀(𝑀 − 1) 

Case 4 1 2 𝑀(𝑀 − 1) 

Case 5 1 2 𝑀(𝑀 − 1) 

    

3.4 Theoretical Method of evaluating BER of OSM scheme 
 

The general formula of the theoretical method of the BER of the OSM scheme is 

the following: 

 

𝐵𝐸𝑅 = 𝑃𝑒𝑟𝑟𝑜𝑟,𝑠𝑙𝑜𝑡 + [(1 − 𝑃𝑒𝑟𝑟𝑜𝑟,𝑠𝑙𝑜𝑡) × 𝑃𝑒𝑟𝑟𝑜𝑟,𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑒] (3.4.1) 

  

Where 𝑃𝑒𝑟𝑟𝑜𝑟,𝑠𝑙𝑜𝑡 is the probability of error for the slot position of the symbol. In 

other words, an error occurs when the detector decides in favor of the PPM slot 

that doesn’t have the maximum count of photons. In this case, there is no need to 

check if the receiver was able to guess which aperture the signal was coming 

from since the OSM symbol will be eventually in error. 

As for the second part of the summation, the error occurs when the detector 

decides correctly which PPM slot has the maximum count however giving the 

wrong aperture number of the correspondent signal. Not to mention that 

𝑃𝑒𝑟𝑟𝑜𝑟,𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑒  is the probability of error for the index aperture. 

This formula derivation is divided into the following two sections: 

3.4.1 Finding 𝑷𝒆𝒓𝒓𝒐𝒓,𝒔𝒍𝒐𝒕  

 

Following up from the same explanation in section 1.6.3 and from equation 

(1.3), the channel irradiances follow the gamma-gamma channel model. 
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For Q-PPM, the probability of error is given by: 

 

𝑃(𝑒) = ∑𝑃(𝑒|𝑖) Pr(𝑖 𝑤𝑎𝑠 𝑠𝑒𝑛𝑡) =  
1

𝑄
 ∑𝑃(𝑒|𝑖)

𝑄

𝑖=1

= 𝑃(𝑒|1)

𝑄

𝑖=1

 

 

(3.4.2) 

 

The second equality follows from the assumption that the symbols are 

equiprobable.  

The last equality follows from the symmetry of the signal set. 

 

In the absence of background noise, an error occurs only when the electron count 

in each slot is equal to zero. Since when this occurs, a correct decision is made 

with probability 1 𝑄⁄  following from the random tie breaking (to select the max), 

then: 

𝑃(𝑒) =  (
𝑄 − 1

𝑄
)Pr(𝑁1 = 0|1) 

𝑃(𝑒) =  (
𝑄 − 1

𝑄
) 𝑒−𝜆𝑠  (3.4.3) 

In the presence of background noise, it is more convenient to calculate the 𝑆𝐸𝑅 

using the following relation: 

 

𝑃(𝑒) =  𝑃(𝑒|1) = 1 − 𝑃(𝑐|1) (3.4.4) 

 

Where 𝑃(𝑐|1) is the probability of making a correct decision when symbol 1 

was sent.  

When 𝑖 counts are equal to the maximum count, a correct decision is made with 

probability 1 𝑖⁄ . Consequently, 𝑃(𝑐|1) can be written as: 

 

𝑃(𝑐|1) =  ∑
1

𝑖
𝑃(𝑐|1, 𝑖)

𝑄

𝑖=1

 (3.4.5) 



62 
 

𝑃(𝑐|1, 𝑖) is the probability of correct decision with 𝑖 ties (𝑖 counts are equal to 

the maximum count). 

In general, the following relation is verified for all values of 𝑖: 

 

𝑃(𝑐|1, 𝑖) = (𝑄−1
𝑖−1
)Pr (𝑁1 = 𝑁2, … , 𝑁1 = 𝑁𝑖, 𝑁1 > 𝑁𝑖+1, … ,𝑁1 > 𝑁𝑄|1)  (3.4.6) 

 

Where (𝑚
𝑘
) =  

𝑚!

𝑘!(𝑚−𝑘)!
  is the number of possible combinations of 𝑘 random 

variables out of the total number of 𝑚 random variables. 

Consequently, 

 

1

(
𝑄−1
𝑖−1

)
𝑃(𝑐|1, 𝑖) =  ∑ Pr (𝑁1 = 𝑘|1)

+∞
𝑘=0 ∏ Pr (𝑁𝑗 = 𝑘|1)

𝑖
𝑗=2 ∏ Pr (𝑁𝑗 < 𝑘|1)

𝑄
𝑗=𝑖+1   (3.4.7) 

 

while taking into consideration that the random variables follow the Poisson 

distribution as stated in section 2.3, we get: 

1

(
𝑄−1
𝑖−1

)
𝑃(𝑐|1, 𝑖) =  ∑ [

1

𝑘!
𝑒−(𝜆𝑏+𝐼𝑝𝜆𝑠)(𝜆𝑏 + 𝐼𝑝𝜆𝑠)

𝑘]+∞
𝑘=0  [

1

𝑘!
𝑒−𝜆𝑏𝜆𝑏

𝑘]
𝑖−1

[∑
1

𝑗!
𝑒−𝜆𝑏𝜆𝑏

𝑗𝑘−1
𝑗=0 ]

𝑄−𝑖

  (3.4.8) 

 

Arranging the above equation will give: 

 

 

 

 

  

𝑃𝑒𝑟𝑟𝑜𝑟,𝑠𝑙𝑜𝑡 = 1− ∑
1

𝑖
(𝑄−1
𝑖−1
)∑ [

1

𝑘!
𝑒−(𝜆𝑏+𝐼𝑝𝜆𝑠)(𝜆𝑏 +

+∞
𝑘=0

𝑄
𝑖=1

𝐼𝑝𝜆𝑠)
𝑘] [

1

𝑘!
𝑒−𝜆𝑏𝜆𝑏

𝑘]
𝑖−1

[∑
1

𝑗!
𝑒−𝜆𝑏𝜆𝑏

𝑗𝑘−1
𝑗=0 ]

𝑄−𝑖

  

 

(3.4.9) 
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3.4.2 Finding 𝑷𝒆𝒓𝒓𝒐𝒓,𝒂𝒑𝒆𝒓𝒕𝒖𝒓𝒆 

 

Assume that the channel irradiances are arranged in increasing order as per the 

following: 

 

𝐼1 < 𝐼2 < ⋯ < 𝐼𝑃 (3.4.10) 

 

This allows us to set threshold levels between two consecutive channel 

irradiances. 

Denote by 𝛾𝑝 the threshold level between 𝐼𝑝−1 and 𝐼𝑝. 

We set 𝛾1 = 0 and 𝛾𝑃+1 → +∞  

Taking the Poisson distribution of the channel irradiance we get the following 

relation for determining 𝛾𝑝: 

 

𝑒−(𝐼𝑝𝜆𝑠 +𝜆𝑏)(𝐼𝑝𝜆𝑠 + 𝜆𝑏)
𝑟

𝑟!
>
𝑒−(𝐼𝑝−1𝜆𝑠 +𝜆𝑏)(𝐼𝑝−1𝜆𝑠 + 𝜆𝑏)

𝑟

𝑟!
 (3.4.11) 

 

Where 𝑟 is the number of photons detected. 

Removing the 𝑟! and taking the elements dependent on 𝑟 to one side: 

 

  

(𝐼𝑝𝜆𝑠 + 𝜆𝑏)
𝑟

(𝐼𝑝−1𝜆𝑠 + 𝜆𝑏)
𝑟
>
𝑒−(𝐼𝑝−1𝜆𝑠 +𝜆𝑏)

𝑒−(𝐼𝑝𝜆𝑠 +𝜆𝑏)
 (3.4.12) 

 

By taking the logarithm of both sides will allow us to remove 𝑟 and by 

simplifying, we get: 

 

 𝑟 ln
(𝐼𝑝𝜆𝑠 + 𝜆𝑏)

(𝐼𝑝−1𝜆𝑠 + 𝜆𝑏)
> (𝐼𝑝 − 𝐼𝑝−1)𝜆𝑠  (3.4.13) 
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We get the following threshold level formula for the value of r: 

 

𝛾𝑝 =

 
 
 
 
(𝐼𝑝 − 𝐼𝑝−1)𝜆𝑠 

ln
(𝐼𝑝𝜆𝑠 + 𝜆𝑏)
(𝐼𝑝−1𝜆𝑠 + 𝜆𝑏) 

 
 
 

 (3.4.14) 

 

This means we are taking the threshold as a value between 𝐼𝑝 𝑎𝑛𝑑 𝐼𝑝−1. 

Since the Poisson distribution is not symmetrical,  𝛾𝑝 can’t be considered as the 

mean of 𝐼𝑝 𝑎𝑛𝑑 𝐼𝑝−1. 

We are taking the ceil of equation (3.4.13) since we are dealing with entire 

numbers of photons. 

 

In order to find the index of the pulsed aperture:  

- Find the threshold levels from 𝑝 = 2,… , 𝑃. 

- check if 𝑟 is between [𝛾𝑝     𝛾𝑝+1 − 1]  

Based on that logic, we can get the following probability of error: 

 

𝑃𝑒𝑟𝑟𝑜𝑟,𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑒 = 1 − 
1

𝑃
∑ ∑

𝑒−(𝐼𝑝𝜆𝑠 +𝜆𝑏)(𝐼𝑝𝜆𝑠 + 𝜆𝑏)
𝑘

𝑘!

𝛾𝑝+1−1

𝑘=𝛾𝑝 

𝑃

𝑝=1

 (3.4.15) 
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3.5 Theoretical Method of evaluating BER of RC scheme 
 

Following from the same derivation of section 3.4, the only difference between  

equations (3.4.9) and (3.5.1) is that instead of multiplying  𝜆𝑠 by each aperture 

channel irradiance, we multiply by the summation of the channel irradiances and 

we divide by the number of apertures. Therefore: 

 

𝑃𝑒𝑟𝑟𝑜𝑟,𝑠𝑙𝑜𝑡 = 1 − ∑
1

𝑖
(
𝑄 − 1

𝑖 − 1
)∑[

1

𝑘!
𝑒
−(𝜆𝑏+

∑ 𝐼𝑝
𝑃
𝑝=1
𝑃

𝜆𝑠)(𝜆𝑏

+∞

𝑘=0

𝑄

𝑖=1

+
∑ 𝐼𝑝
𝑃
𝑝=1

𝑃
𝜆𝑠)

𝑘] [
1

𝑘!
𝑒−𝜆𝑏𝜆𝑏

𝑘]
𝑖−1

[∑
1

𝑗!
𝑒−𝜆𝑏𝜆𝑏

𝑗

𝑘−1

𝑗=0

]

𝑄−𝑖

 

(3.5.1) 

 

 

 

which provides the error probability of the RC scheme. 
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3.6   Comparison between RC, OSM and SMux 
 

Below table summarizes the difference between all three schemes along with the 

ML decoder complexities that were previously explained in each previous 

section separately: 

 

Table 6 Comparison of the ML decoder complexity between all three schemes 

 𝑅𝐶 ( 𝑃 𝑥 𝑄 ) 𝑂𝑆𝑀 ( 𝑃 𝑥 𝑄 ) 𝑆𝑀𝑢𝑥( 2 𝑥 1 ) 𝑆𝑀𝑢𝑥( 3 𝑥 1 ) 
Bit Rate log2(𝑀)  𝑏𝑝𝑐𝑢 log2(𝑃𝑀)  𝑏𝑝𝑐𝑢 2 log2(𝑀)  𝑏𝑝𝑐𝑢 3 log2(𝑀)  𝑏𝑝𝑐𝑢 

CSI 
Requirement 

No Yes Yes Yes 

Block Terms None {log (1 +

𝐼𝑝𝜆𝑠

𝜆𝑏
)}
𝑝=1

𝑃

  

{𝛼1, 𝛼2, 𝛼12} {
𝛼1, 𝛼2, 𝛼3, 𝛼12,
𝛼13, 𝛼23, 𝛼1,2,3

} 

Comparisons 
(per symbol) 

𝑀 𝑀 + 𝑃 2𝑀 𝑀3 

Multiplications 
(per symbol) 

𝑀𝑄 𝑃𝑄 3 3𝑀3 − 3𝑀2 +𝑀 

Additions (per 
symbol) 

𝑀𝑄 𝑃 +𝑀𝑄 1 2𝑀3 − 3𝑀2 +𝑀 

 
 

This table shows that SMux is the most complex scheme among the compared 

schemes since it has the largest number of symbol-level multiplications and 

comparisons while RC scheme is the simplest since it has the smallest number of 

symbol-level multiplications and comparisons (Not to mention that addition 

operations are easier than multiplications and comparisons) and since it needs no 

channel state information compared to SMux and OSM schemes. 

Based on that, the OSM scheme is considered as a compromise between the 

SMux and RC schemes in a matter of rate and complexity with SMux being at 

the high end and RC being at the lower end. 

In addition to the above, all three schemes must be compared in terms of error 

performance. This comparison will be presented in the following section. 
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Chapter 4  

 

Numerical Results  

 
1.17 Error performance for FSO links in all studied scenarios 
 

In this section, we show some numerical results that support the findings 

reported in the previous sections. In what follows, the SERs of the RC, OSM, 

and SMux schemes will be compared numerically based on Monte Carlo 

simulations. The refractive index structure constant is set to 𝐶𝑛2  = 1 .7 ×

10−14 𝑚−2/3. We also fix 𝜂 = 0 .5 and 𝜆 =  1550 𝑛𝑚 in (2.3.1) and (2.3.2). 

Results show the variations of the SER as a function of the signal energy 𝐸𝑠 per 

information bit where this quantity is given by  𝐸𝑠

log2(𝑀)
, 𝐸𝑠

log2(P𝑀)
, and 𝐸𝑠

P log2(𝑀)
, for 

the RC, OSM and SMux schemes, respectively. This normalization is needed 

since the three schemes transmit at different rates. 

For all below results, the distance between the transmitter and the receiver is 

fixed to d=5 km. We also set  𝑃𝑏𝑇𝑠
𝑀
=  −185 𝑑𝐵𝐽 as the background noise level. 
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Fig. 23 compares the different schemes for 8-PPM, 2 transmit apertures, 2 

receiver apertures for 𝑑 = 5 𝑘𝑚. In this case, the RC scheme transmits at a rate 

of 3 bpcu while OSM transmits at a rate of 4 bpcu and SMux transmits at a rate 

of 6 bpcu. In terms of complexity, the RC scheme requires 8 comparisons, 16 

multiplications, and 16 additions. As for the OSM scheme, it requires 10 

comparisons, 2 multiplications, and 18 additions and the SMux scheme requires 

16 comparisons, 19 multiplications, and 17 additions. In terms of performance, 

the RC scheme shows the best performance compared to OSM and SMux 

especially for large values of the signal energy Es. However, it’s worth noting 

that the good performance of RC is associated by a bit rate that is the lowest 

among the three compared schemes.  Based on what preceded, the following 

conclusions can be drawn from fig 23.  

The RC scheme is more convenient for small rate and low complexity systems 

while SMux is adapted to high rate systems with bigger processing capabilities. 

OSM scheme can be considered as a compromise scheme between RC and 

SMux schemes since it has a higher bit rate than RC but lower than SMux and 

has lower complexity than SMux but higher than RC. 
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Figure 23 All three schemes for a 2 x2 System with 8-PPM 
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The same simulation setup is reproduced in Fig. 24 for 3x3 systems with 2-PPM. 

For 𝐸𝑠 values that are smaller than -177 dBJ, the SMux scheme in Fig. 24 

outperforms the OSM scheme and the opposite in case of 𝐸𝑠 values that are 

larger than -177 dBJ. This means that the complexity reduction resulting from 

the OSM scheme is not only marginal, but it is also associated with non-

negligible performance degradations especially for a large value of 𝐸𝑠. 

Comparing the performances of Fig. 24 with the ones of Fig. 25, the SER of RC 

and OSM schemes starts at 0.2 in case of 3x3 systems and at 0.4 in case of 2x2 

systems. This means that the SER is expected to improve significantly when 

increasing the number of photo-detectors at the receiver. 

 

 
Figure 24 All three schemes for a 3 x 3 System with 2-PPM 
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Fig. 25 also shows the performance of 3x3 systems where the number of PPM 

slots is increased from 2 to 4. Comparing Fig.25 with Fig.24, the bit rates of all 

three schemes have increased since there is an increase of the PPM slots from 2 

to 4 while keeping the same number of transmitters and receivers. The 𝐸𝑠 value 

where the OSM starts to outperform the SMux scheme is at -183 dBJ instead of -

177 dBJ. This indicates that at higher bit rates, the BER of OSM improves at 

smaller signal power. 

 
Figure 25 All three schemes for a 3 x 3 System with 4-PPM 
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Fig. 26 shows that the RC scheme has a better performance for a higher number 

of receivers. For signal energy of -180 dBJ and for 𝑑 = 5 𝑘𝑚, the 1 receiver RC 

scheme shows a bit error rate of 0.01 which is significantly higher than the 5 

receivers RC scheme that shows a bit error rate of 4.8 𝑥 10−6. This can be 

explained that for more receivers we can have higher accuracy for determining 

the slot position with the highest number of photons. In this case, the number of 

collected signal photons has a higher chance of exceeding the number of noise 

photons. 

 

 

Figure 26 Performance of RC scheme for 2 apertures, 2-PPM and for different number of receivers 

Q 
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Fig. 27 represents the case of 4-PPM, 2 transmit apertures, and 2 receiver 

apertures system and Fig. 28 represents the case of 4-PPM, 3 transmit apertures 

and 3 receiver apertures system. In both scenarios, the results show that the ML 

method outperforms the EGC method. The BER performance of ML method 

starts at 0.007 in case of 2x2 system and starts at 0.002 in case of 3x3 system, 

however, the BER performance of the EGC method starts at 0.01 in case of 2x2 

system and starts at 0.008 in case of the 3x3 system. This indicates that the level 

of improvement of the BER performance is greater in the ML method when 

there is an increase in the number of transmitter and receivers. In other words, 

the suboptimality of the simple EGC detection is more manifested for larger 

numbers of transmit apertures. Moreover, this result confirms that the ML 

decoder has a greater performance that than the EGC decoder but at the cost of 

higher complexity as discussed in sections 1.10 and 1.11. 

 

Figure 27 EGC versus ML for a 2X2 4-PPM RC scheme 
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Figure 28 EGC versus ML for a 3X3 4-PPM RC scheme 
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Fig. 29 shows the OSM slot error, aperture error and total error obtained from 

both the numerical method and the theoretical method explained in section 3.4.  

We consider the case of 4x1 systems with 4-PPM.  

Comparing both methods, the curves of all three errors are extremely close 

which means that the proposed theoretical method confirms on the results that 

were reached using the numerical method. The performance gap that can be 

observed for large of Es, follows from the limitations of the Monte Carlo method 

where a very large number of channel realizations is required to produce reliable 

results in this energy region. Finally, results in Fig. 29 highlight the important 

fact that the apertures errors are much higher than the slot errors. In this context, 

the performance of OSM is dominated by the apertures errors and, hence, is 

limited by the capability of the OSM system in detecting the index of the pulsed 

transmit aperture. 

 
Figure 29 All errors of 4 x 1,  4-PPM OSM System 
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The same simulation setup of Fig. 29 is reproduced in Fig. 30 for 8x1 systems 

with 4-PPM. Again the accuracy of the theoretical analysis is demonstrated in 

this figure.   

 
Figure 30 All errors of 8 x 1, 4-PPM OSM System 
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Fig. 31 and Fig. 32 show the performance of 2-PPM RC systems with 2x2 and 

4x4 systems, respectively. Results show that the theoretical and numerical 

methods end up with almost the same results with higher accuracy especially in 

the lower optical signal power region. 

 
Figure 31 BER comparison between theoretical and numerical methods for 2x2 2-PPM RC scheme 
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Figure 32 BER comparison between theoretical and numerical methods for 4x4 2-PPM RC scheme 
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Chapter 5  

 

Conclusion & Future Work 
 

We compared the three MIMO schemes that can be linked to IM/DD FSO 

systems; namely, the RC, OSM and SMux schemes. While the RC scheme is the 

most engaging regarding simplicity and performance, the SMux scheme has the 

dominating favorable position of accomplishing the highest bit rate making it an 

appropriate solution for high rate applications. In this case, despite the fact that 

the transmitted constellation has a cardinality of 𝑀2 with M-PPM, the optimal 

2x1 ML decoder can be executed with only three multiplications per symbol 

duration where it is passed judgment that these operations are unchallenging to 

implement in practical systems. Finally, OSM can be seen as a tradeoff between 

the RC and SMux schemes improving the rate compared to RC while loosening 

up some usage limitations with respect to SMux. 

 

In this thesis, we proposed, modeled, and tested a novel theoretical method for 

calculating the SER of the RC and OSM schemes with a derived closed form-

expression of the slot errors and aperture errors. This theoretical method showed 

exactly the same results as the numerical method.  We analyzed the Poisson 

noise model in MIMO systems of all three schemes and the Matlab simulations. 

We compared the ML and EGC decoders in terms of performance and 

complexity and we found that the ML method has a higher performance in terms 

of SER. In addition to that, we have tested the 3 x Q SMux scheme where the 

simulations proved that this scheme results in higher rate which will be suitable 

for high data rate systems such as broadcasting but with substantial complexity.  

 

Future work must target the ML decoder design of SMux systems with more 

than three transmit apertures. The theoretical SER of SMux needs to be 

evaluated in this general case as well. 
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