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Key Points:
x

Lateral sidewalls significantly increase crestline sinuosity.

x

Influence of lateral domain extent on sinuosity is small but noticeable.

x

Influence of lateral extent is amplified in the presence of sidewalls.
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Abstract
We present results from direct numerical simulation (DNS) on the transition from straight-crested to
sinuous-crested bedforms. The numerical setup is representative of turbulent open channel flow over
an erodible sediment bed at a shear Reynolds number of ܴ݁ఛ ൌ ͳͺͲ. The immersed boundary
method (IBM) accounts for the presence of the bed. The simulations are two-way coupled such that
the turbulent flow can erode and modify the bed, and in turn, the bed modifies the overlying flow.
Coupling from the flow to the bed occurs through the Exner equation, while back coupling from the
bed to the flow is achieved by imposing the no-slip and no-penetration condition at the immersed
boundary. The simulation setup is similar to that by Zgheib et al. [2018a] except for the presence of
sidewalls to better mimic laboratory flume conditions. Sidewalls are observed to significantly
increase bedform sinuosity.

1 Introduction
Bedforms are fascinating features of multiphase flows where overlying flow continuously
works and modifies an underlying erodible sediment bed [e.g. Blondeaux, 1990; Ouriemi et al.,
2009]. Depending on flow conditions and sediment properties, multiple scenarios for bed
formation are possible [e.g. Kennedy, 1969]. When the resulting bed stress slightly exceeds the
critical shear stress necessary for sediment incipient motion, and when sediment size is of the order
of a few hundred microns or smaller, ripples generally form [Charru et al., 2013]. Ripples possess
an asymmetric triangular profile along the flow direction. The slope downstream of the crest, along
the lee side, is relatively steep and usually corresponds to the sediment angle of repose [Coleman
and Melville, 1996]. Alternatively, the slope on the stoss side is relatively mild. Once fully
developed, ripples usually attain a self-similar profile where slopes on the stoss and lee sides
remain nearly unchanged as the ripple height varies [e.g. Yalin, 2013; Zgheib et al., 2018b].
In laboratory experiments s, the stages of ripple evolution from a flat bed are well
documented [e.g. Baas, 1994; Venditti et al., 2005]. The process is divided into 5 stages: (i)
Longitudinal streaks corresponding to the imprints of the overlying turbulent flow initially appear.
(ii) Then, due to the instability of the bed, quasi-spanwise structures composed of a few grains
emerge and evolve into chevron features, which coalesce to form (iii) incipient crestlines. Incipient
crestlines grow and coarsen resulting in (iv) straight/sinuous ripples termed developing ripples.
These developing ripples continue to grow and develop until they reach a stationary/equilibrium
state and become (v) fully developed ripples.
Recently, numerical simulations have become a popular tool for studying bed formation.
These include particle-resolved DNS [e.g. Kidanemariam and Uhlmann, 2014; 2017], as well as
simulations that resolve the flow but model the bed through a point-particle approach [e.g. Sun
and Xiao, 2016] or through the Exner equation [e.g. Chou and Fringer, 2010; Sotiropoulos and
Khosronejad, 2016]. Currently, fully resolved DNS or DNS with some degree of modelling for
the bed, have been unable to produce sinuous-crested bedforms. Fully developed bedforms from
such simulations [e.g. Kidanemariam and Uhlmann, 2014; 2017, Zgheib et al. 2018, a;b] have
remained largely two-dimensional, i.e. bedform crestlines remain straight.
There could be many reasons why bedforms from DNS remain straight-crested while their
counterparts in experiments transition to sinuous-crested bedforms. One such reason could be the
width of the numerical domain. The secondary instability (i.e. transition from straight to sinuous
bedforms) could be hindered by the size of the numerical domain if the latter is sufficiently
restrictive. Another aspect potentially responsible for the transition to sinuous bedforms is the
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spatio-temporal variation in the ambient flow rate. Finally, the majority of simulations enforce
periodicity on lateral boundaries of the numerical domain.. However, Langlois and Valance [2007]
have suggested that sidewalls could be responsible for the aforementioned sinuosity. Sidewalls
result in corner-induced secondary circulations and near-wall reductions in bed stress/transport
capacity, which could potentially create sinuous crestlines.
Since sinuous ripples are the norm in laboratory experiments and field observations it is of
importance to capture them in numerical simulations in order to understand the fundamental
mechanisms of their formation. When simulations fail to reproduce such features, it is important
to pinpoint missing physics in these simulations that could remedy such a failure. It is thus the
objective of this study to investigate the sinuosity of crestlines by testing the effects of the
numerical extent of the domain as well as the presence and properties of sidewalls.
The purpose of this work is to show that coupled bed flow direct numerical simulations
can in fact produce sinuous-crested bedforms and that sidewalls may be primarily responsible for
the transition from straight-crested to sinuous-crested bedforms. We choose the simulation setup
to be identical to the recent setup employed by Zgheib et al. [2018 a;b] where developed bedforms
remain straight-crested. The two setups however differ in that the present simulations use
immersed boundary methodology to employ laterally confining sidewalls to test their effect on the
transition from straight to sinuous bedforms. Additionally, the lateral extent for some simulations
is expanded by a factor of three to test the effect of domain size. With the laterally expanded
domain, the bedform width-to-height ratio is around 100.
2 Mathematical Model
The numerical setup is shown in
Figure 1. The channel is periodic along the flow direction and is confined by sidewalls.
The setup corresponds to turbulent open channel flow over a time-evolving complex topography,
i.e. the sediment bed. The presence of the bed is accounted for through the immersed boundary
method of Uhlmann [2005] where the no-slip and no-penetration velocity boundary condition is
imposed at the immersed boundary, i.e. the sediment bed. In applying these velocity boundary
conditions, the permeability of the bed has been neglected. In reality, the bed is porous, which
influences the near wall dynamics due to the penetration of turbulence into the pores [e.g. Marion
et al., 2002; Packman et al., 2004; Cardenas and Wilson, 2007]. Such microscale physics are not
accounted for in our simulations and may influence bedform evolution.
We solve the following conservation equations using a pseudo spectral code [Cortese and
Balachandar, 1995; Shringarpure et al., 2012].The temporal and spatial evolution of the bed is
governed by the Exner equation (3) [Cayocca, 2001; Ancey, 2010].
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Figure 1. Numerical domain showing laterally confining sidewalls and the time-evolving bed.
In equations (1) and (2), ࢛ represents the three-dimensional flow field, ࢋ௫ is a unit vector
in the streamwise ݔ-direction corresponding to the non-dimensional mean pressure gradient.  is
the perturbation pressure and ࢌ is the IBM coupling force between the flow and the bed that
enforces the no-slip and no-penetration condition at the bed. ܴ݁ఛ is the shear Reynolds number
based on average bed shear velocity ܷఛ כ, mean flow depth ܪ כ, and kinematic viscosity of water ߥ  כ.
Here, the asterisk denotes a dimensional quantity, all other variables are non-dimensional. The
length and velocity scales adopted are ܪ כand ܷఛ כ, respectively. The time scale corresponds to their
ratio ܪ כȀܷఛ כ.
In equation (3), ߟ denotes the bed height, ߮ the sediment volume fraction,  the sediment
flux vector, and ߝ is an adjustable parameter [Cayocca, 2001] that controls numerical diffusion.
The sediment flux is computed from the bed stress using the Wong and Parker [2006] modified
MPM [1948] relationship. The values of ߮ ൌ ͲǤ and ߝ ൌ Ͷ are identical to those used in Zgheib
et al. [2018 a;b]. Additional details on the time integration of the governing equations and the
numerical implementation of the immersed boundary method are available in Akiki and
Balachandar [2016] and Zgheib et al. [2018a].
We consider one of the straight-crested simulations of Zgheib et al. [2018a] as a benchmark case
and conduct five new simulations. In each new simulation, we vary one aspect such as domain
width, lateral boundary conditions, sediment flux profile, or grid resolution. By varying only one
aspect in each simulation, we can identify and isolate its influence. Details of the simulations are
shown in Table 1. The terms  and  correspond to narrow domain and wide domain,
respectively. These differ only by the lateral extent, where the wider domain is three times wider.
The dimensions of the narrow domain are identical to the simulations of Zgheib et al.
[2018a]. The letters  and  denote the type of lateral boundary condition, where  indicates the
presence of sidewalls and  indicates the use of periodic conditions. The subscript  indicates
the simulation has twice as fine a resolution in the lateral direction, while the subscript 
denotes an artificial reduction in the near-bank sediment flux.
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We note that the Reynolds number considered is modest and therefore smaller than those
encountered in many real-world applications. The flow is strongly turbulent when the bedforms
are small and the sediment bed is nearly flat. However, at later stages when developing ripples
emerge, we find the logarithmic-law profile to be valid within a reduced region of the domain
indicating that turbulence has somewhat weakened. Nevertheless, as bedforms evolve and the
macroscopic roughness of the bed increases, we find the velocity profile to follow a trend similar
to open-channel flows with small-scale roughness [Nikuradse, 1933].
Table 1. List of simulations. ݀ כൌ ͳͷͲߤ݉, ߩ כൌ ͳǤͷ݃Ȁܿ݉ଷ , and ߩ כൌ ͳǤͲͲ݃Ȁܿ݉ଷ correspond
to the particle diameter, particle density, and fluid density, respectively. The average bed stress
and mean flow depth are designated by ܷఛ כൌ ͳǤʹ͵ܿ݉Ȁ ݏand ܪ כൌ ͳǤͶͷͷܿ݉, respectively. All
five values are the same across all simulations. ܮ௫ ൈ ܮ௬ ൈ ܮ௭ and ܰ௫ ൈ ܰ௬ ൈ ܰ௭ denote the size
and grid resolution of the domain along the streamwise, spanwise, and vertical directions,
respectively. All simulations are run at ܴ݁ఛ ൌ ͳͺͲ.
Simulation name
-
-
ୌୖ S
୪୳୶ -
-
-

ܮ௫ ൈ ܮ௬ ൈ ܮ௭

ܰ௫ ൈ ܰ௬ ൈ ܰ௭

ͳʹ ൈ Ͷ ൈ ͳǤͲͷ
ͳʹ ൈ Ͷ ൈ ͳǤͲͷ
ͳʹ ൈ Ͷ ൈ ͳǤͲͷ
ͳʹ ൈ Ͷ ൈ ͳǤͲͷ
ͳʹ ൈ ͳʹ ൈ ͳǤͲͷ
ͳʹ ൈ ͳʹ ൈ ͳǤͲͷ

ʹͺͺ ൈ ͻ ൈ ͵Ͳͳ
ʹͺͺ ൈ ͻ ൈ ͵Ͳͳ
ʹͺͺ ൈ ͳͻʹ ൈ ͵Ͳͳ
ʹͺͺ ൈ ͻ ൈ ͵Ͳͳ
ʹͺͺ ൈ ʹͺͺ ൈ ͵Ͳͳ
ʹͺͺ ൈ ʹͺͺ ൈ ͵Ͳͳ

3 Results and Discussion
Recall that we ran five new simulations in addition to the benchmark simulation - of
Zgheib et al. [2018a]. In each new simulation, only one aspect is varied with respect to the
benchmark simulation. In this section, we will first qualitatively test the influence of sidewalls and
width of the domain on the sinuosity of crestlines. We will do so through side-by-side comparisons
of the bed. The comparison is between the benchmark simulation on one hand and the -
(narrow domain with sidewalls to test the influence of sidewalls), - (wide domain with
laterally periodic boundary conditions to test the influence of domain width), and - (wide
domain with sidewalls to test the combined influence of sidewalls and domain width) simulations
on the other hand. We will then investigate the influence of artificially reducing the near-bank
sediment flux to identify the aspects of the boundary condition that create sinuosity. Finally, we
provide a quantitative measure of sinuosity by measuring the root mean square variation of
crestlines along the spanwise direction.
3.1 Influence of Sidewalls
To quantify the influence of sidewalls, we compare crestline profiles from present
simulations to those from the benchmark simulation of Zgheib et al. [2018a]. Since we are only
interested in the transition of the crestline profile in developing ripples from a straight to a sinuous
profile, we will test the effect of sidewalls at a point in the simulations when the ripples have
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entered a developing state. That is, the present simulations will not start with a flat bed, but rather,
the starting point of all simulations will correspond to the laterally periodic simulation of Zgheib
et al. [2018a] at  ݐൌ ͷͲ where the ripples profiles have become self-similar. It is at this time that
variations such as the presence of sidewalls, the width of the domain, the finer grid resolution, and
the modified sediment flux profile are implemented.
Simulations are then run for a sufficient time such that initial conditions are forgotten. We
should note here that the aforementioned time corresponds to non-dimensional bulk time defined
as  ݐൌ ܷ כ ݐ כȀܪכ, where the dimensional bulk velocity at the start of the simulation ܷ כis defined
as
ு ככ
ͳ
כ
(4)
ܷ ൌ  כ כන න  כ ݖ݀ כ ݕ݀ כݑൎ ͳͷǤܷఛ כǤ
ܪ ܮ௬  
In fact, throughout the manuscript, time will be given in bulk time units unless otherwise stated.
To investigate the effect of sidewalls in -, we first consider the laterally periodic  simulation from Zgheib et al. [2018a] and introduce sidewalls at  ݐൌ ͷͲ, a time when the
sediment bed has become spanwise invariant with straight-crested developing ripples. The
sidewalls could have been introduced at the start of the simulation, however they are introduced at
 ݐൌ ͷͲ for two main reasons. First, prior to this time, the bed is largely three-dimensional due to
the presence of numerous defects, and second it is after this time that ripples enter the developing
state and become straight crested with no signs of ever transitioning to sinuous-crested ripples.
Since we are interested in the transition of these developing ripples into sinuous ripples, we only
introduce the sidewalls at  ݐൌ ͷͲ. Starting at  ݐൌ ͷͲ has also the added benefit of saving
computational time. After imposing the new lateral boundary condition, we continue to run the
simulation and monitor the changes the sidewalls impose on the ripples. We show in Figure 2
panels a) through d) a top view of the bed from - and - at two time instances, namely  ݐൌ
ͳ͵ͲͲ and  ݐൌ ͳͺͶͲ. We observe that the sidewalls have made the ripple crestlines more sinuous.
However, at any time instance, the degree of sinuosity varies from one ripple to another. For
example at  ݐൌ ͳ͵ͲͲ, we find the 2nd ripple from the left to be the most sinuous compared to the
other three ripples. We also observe that the sinuous crestlines may exhibit infection points as in
the two leftmost ripples at  ݐൌ ͳͺͶͲ.
Finally, we note that the same mean streamwise pressure gradient drives the flow in all
simulations. Consequently, for simulations with sidewalls, the sidewall drag due to the no-slip
condition reduces the net pressure gradient available to drive the flow. This in turn reduces the bed
stress and consequently results in more slowly advancing ripples. This explains why sinuous
ripples advance slower than their straight-crested counterparts.
3.2 Influence of a Wider Numerical Domain
The purpose behind the - simulation is to test whether the transition to sinuous-crested
bedforms, in laterally periodic simulations, was hindered by the numerical domain width. To that
end, the lateral extent of the - simulation was expanded by a factor of three, so that with the
wider domain, the width-to-height ratio of the ripples becomes approximately 100.
Here again we start the simulation from - at  ݐൌ ͷͲ and exploit the periodic nature
of the simulation to duplicate the domain three times in the lateral direction. We find the larger

Confidential manuscript submitted to Geophysical Research Letters

width of the domain to have a small but noticeable influence on crestline sinuosity, however not
to the same extent as seen with the presence of sidewalls.
3.3 Combined Influence of Sidewalls and a Wider Numerical Domain
We thus observe from sections 3.1 and 3.2 that sidewalls and domain width do influence
crestline sinuosity. The effect of the former is however more important than the subtle influence
of the latter. However, when both aspects are combined in one simulation, as in the case of the
- simulation, we observe crestline sinuosity to be amplified. In Figure 2 panels e) and f), we
show a top view of the bed from - and - at  ݐൌ ʹͷͲͲ. The combined influence of
sidewalls and a wider domain are readily visible especially near the sidewalls. The colored image
in panel g) is taken from Paull et al. [2010] and corresponds to field observations of sinuouscrested bedforms within the axial channel of the Monterey Canyon. While the field observations
are for much larger bedforms, we do observe similarities in the shape of crestlines. For example,
we observe the crestline of the bedforms pointed to by the red arrow to be nearly flat around the
center of the channel and extend the farthest downstream near the edge of the channel.
Alternatively, we find the crestline of the bedforms pointed to by the purple arrow to have a smooth
spanwise variation. Furthermore, due to the lateral confinement in the channel, we find the slope
of bedforms to progressively attain smaller values (such that the crestlines become difficult to
identify) near the lateral edges. This is similar to what we observe in the present simulations due
to sidewalls.
While the beds in panels e) and f) correspond to the same time instance and both comprise
four ripples, the streamwise location of these ripples are markedly different from one bed to the
other. For example, the crestline from the first ripple from the bottom in - is located near  ݔൌ
͵Ǥʹ, while that from - is located near  ݔൌ ͳǤʹ. This is in contrast with the similarity of the
laterally periodic simulations - and - (not shown here). The difference must be due to
sidewalls (since it is the only aspect that has been modified). Recall that the simulations are solely
driven by a mean streamwise pressure gradient, ȟܲ. Recall also that sidewalls, because of the noslip condition, reduce the portion of the pressure gradient available to drive the flow. If we label
the loss of pressure gradient with the presence sidewalls as ȟܲௌ , then
ȟܲௌ
ȟܲௌ
ฬ
൏
ฬ
Ǥ
ȟܲ ୈିୗ ȟܲ ୈିୗ

(5)

That is, losses due to sidewalls are smaller in the wider domain than in the narrower domain, which
results in the aforementioned difference in Figure 2.
3.4 Quantitative Measure of Crestline Sinuosity
To obtain a quantitative measure of sinuosity, we measure the standard deviation of ݔ (the
spanwise-dependent streamwise location of the crestline) about its mean value ݔҧ . The standard
deviation for each crestline is defined as
ே

ͳ
ݏ௫ ൌ
 ඥሺݔ ሺ݆ሻ െ ݔҧ ሻଶ Ǥ
ܰ௬
ୀଵ

(6)
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Here ܰ௬ represents the number of grid points in the spanwise direction. Equation (6) pertains to
one of the multiple ripples present in the domain at any time instance. To obtain a single value of
ݏ௫ for the entire bed (and not just for a specific ripple), we average ݏ௫ over all ripples at each time
instance to obtain ݏҧ௫ ሺݐሻ.

Figure 2. a) - d) Top view of the bed from - and - at  ݐൌ ͳ͵ͲͲ and  ݐൌ ͳͺͶͲ. The
crestlines for the four bedforms in - show various degrees of sinuosity, whereas those from
- remain predominantly straight. Flow is from bottom to top. e) - f) Top view of the sediment
bed from - and - at  ݐൌ ʹͷͲͲ. The wider domain induces a significant increase in
crestline sinuosity. Flow is from bottom to top. The image in panel g) is taken from field
observations of Paull et al. [2010]. The red and purple arrows point to crestline similarities for the
bedforms in question. Flow is from top to bottom.
In Figure 3, we plot the temporal evolution of ݏҧ௫ . As mentioned earlier, simulations start
from  ݐൌ ͷͲ. For the laterally periodic, benchmark simulation -, we observe ݏҧ௫ to remain
relatively small and to never exceed a value of ͲǤͲͷ for   ͳͷͲͲ. The small but noticeable
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difference due to the wider domain is manifested in a small but noticeable rise in ݏҧ௫ for -.
The increase in ݏҧ௫ is largest toward the end of the simulation at  ݐൌ ʹͷͲͲ.

Figure 3. Mean rms fluctuation versus time. Sidewalls visibly increase crestline sinuosity (-).
Domain width enhances sinuosity (-), especially in the presence of sidewalls (-).
Artificially reducing the near-bank sediment flux does increase sinuosity even in the absence of
sidewalls (୪୳୶ -).

Similarly, we can clearly identify the increase in sinuosity in - compared to -. On
average, for   ͳͷͲͲ, we find ݏҧ௫ to be five times larger than the corresponding mean value for
-. Additionally, when sidewalls are added to the wider domain simulation (-), we find ݏҧ௫
to attain even larger values than those for the -. This is in agreement with the qualitative results
from section 3.3. In fact, beyond  ൌ ͳͷͲ, we observe the combined effects of a wider domain
and the presence of sidewalls to exceed the sum of individual effects. That is
ݏҧ௫ ȁୈିୗ  ݏҧ௫ ȁୈିୗ  ݏҧ௫ ȁୈି Ǥ

(7)

To make sure the simulations remain grid independent in the presence of sidewalls, we ran
the ுோ - simulation. This simulation has twice the grid resolution along the spanwise ݕdirection as compared to the other simulations. We observe no variation in the shape of the bed.
This is further confirmed from the temporal variation of ݏҧ௫ in Figure 3.
3.5 Effects of Artificially Reducing the Near-Bank Sediment Flux
It is clear from the simulations that sidewalls significantly influence the transition from
straight-crested to sinuous-crested bedforms. It is not clear however whether this transition is due
for instance to corner-induced secondary circulation or to reduction in near-bank sediment flux, or
to both. Corner-induced secondary circulation may create three-dimensional sediment patterns and
modify bed topology through the formation of ridges [e.g. Nezu and Nakagawa, 1984; McLelland
et al., 1999]. Moreover, a reduction in near-bank sediment flux is often used to mimic the presence
of sidewalls in simple morphodynamic models [e.g. Stam, 1997; Jerolmack and Mohrig, 2005].
The purpose of the ୪୳୶ - simulation is to characterize the influence of secondary
circulation and near-bank flux reduction. We isolate the latter effects by considering a laterally
periodic simulation and artificially reducing the bed stress (and consequently the sediment flux)
near the lateral edges of the domain. We define a scaling function ߯ሺݕሻ that is Ͳ at the lateral
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boundaries, but smoothly increases to ͳ within a narrow region away from the lateral boundaries.
This scaling function has the form
߯ሺݕሻ ൌ ሺܿݕሻ ൣܿ൫ܮ௬ െ ݕ൯൧Ǥ

(8)

In equation (8), ܿ is a constant that controls the thickness of the region where ߯ሺݕሻ
transitions from Ͳ to ͳ, and consequently where the bed stress is reduced. The larger the value for
ܿ, the narrower the transition region becomes. We set ܿ ൌ  so that ߯ mimics the profile of the
time and streamwise averaged ݔ-component of bed stress ߬௫ from -. Note that lateral
boundaries are at  ݕൌ ൛Ͳǡ ܮ௬ ൟ.
As shown in Figure 3, a reduction in near-bank sediment flux does increase crestline
sinuosity, albeit not to the full extent as with the presence of sidewalls. This implies that cornerinduced secondary circulation and near-bank sediment flux reduction are both likely responsible
for creating sinuous-crested bedforms.
4 Conclusions
We investigated the effects of sidewalls and domain width on ripple crestline sinuosity in
the context of direct numerical simulations. We ran five simulations and in each varied one aspect
with respect to the benchmark simulation of Zgheib et al. [2018 a;b] to isolate and examine its
influence on sinuosity. key aspects that we investigated include lateral boundary conditions,
domain width, lateral grid resolution, and a modified bed stress profile. In the benchmark
simulation, crestlines remained fairly straight.
We observe the presence of sidewalls to significantly increase crestline sinuosity, whereas
an increase in domain width, with laterally periodic boundary conditions, to result in a small but
noticeable increase in small-scale undulations. However, when sidewalls are added to a wider
domain, we find the sinuosity to be amplified. That is, the increase in sinuosity with the two aspects
combined was greater than the increase in sinuosity for each aspect applied separately. We also
find that near-bank sediment flux reduction and corner-induced secondary circulation are both
likely responsible for the creation of sinuous-crested bedforms.
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