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Approximate Differentiator with Varying Bandwidth

Rayana Hussein Jaafar

ABSTRACT

In the 1960’s, innovative research in the former Soviet Union laid grounds for the
evolution of the Sliding Mode Control (SMC). Known for its robustness and
insensitivity to parameter variations, SMC immediately became an efficient tool for
the control of highly non-linear systems, such as rigid robot manipulators. Despite its
significant advantages, SMC was criticized for an inherent drawback manifested by
the chattering phenomenon. The latter may cause vibrations that could eventually
compromise the safety of the manipulator as well as degrade its tracking performance.
In its simplest form, SMC requires measurements of joint positions and velocities as
the terminal sliding variable vector has a non-linear term of both joint positions and
velocities. Since most industrial manipulators are not equipped with velocity sensors,
typical SMC applications resort to different methodologies to approximate joint
velocities from measurements of joint positions. The Approximate Differentiator, also
referred to as the Dirty Derivatives Filter (DF), is a first order filter that estimates the
joint velocity error commonly used in feedback control. In this thesis, we exploit key
differences between the continuous-time model of the DF and its discrete-time model.
We show that the discrete-time filter shares the characteristics of an exponentially
weighted moving average; in particular, the filter smooths the derivative of its input.

We integrate the discrete-time DF with a conventional SMC and show the stability of

Vi



the closed-loop system. We numerically and experimentally demonstrate how the filter
estimation performance follows a convex trend in function of the filter bandwidth. We
further demonstrate how the bandwidth at which the filter achieves “optimal”
performance varies with the frequency of the filter input. Inspired by the latter, we
propose an Approximate Differentiator with Varying Bandwidth (ADVB) where the
filter bandwidth varies based on the magnitude of the position tracking error. We
illustrate the superiority of the proposed ADVB over the “optimal” DF numerically
and experimentally on a four-degree-of-freedom (DOF) robot manipulator. We also
demonstrate that DF outperforms a High-Gain Observer for the closed-loop control

system under consideration.

Keywords: Approximate Differentiator, Dirty-Derivatives Filter, Velocity

Estimation, Sliding Mode Control, Robot Manipulator.
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Chapter 1

Introduction

1.1  Sliding Mode Control

In the 1960’s, innovative research in the former Soviet Union laid grounds for the
evolution of the Sliding Mode Control (SMC) [1, 2, 3, 4]. Due to its fast-dynamic
responses, external disturbance rejection [5, 6], and insensitivity to parameter
variations [7, 8], SMC is nowadays considered a powerful method for the control of

high-order non-linear systems, such as rigid robotic manipulators [9, 10].

In the presence of large uncertainties and disturbances, the employment of relatively
high control gain causes the SMC to amplify input and output disturbances which
eventually leads to high-frequency chattering [11] and fast-switching control
phenomena [12, 13]. Various effective methods have been proposed in an attempt to
reduce the chattering problem such as higher order control [14, 15, 16], low-pass
filtering [17, 18], boundary layer setting [19, 20], and adaptive sliding mode control
[21, 22, 23]. In general, SMC requires measurements of joint positions and velocities
since the terminal sliding variable vector has a nonlinear term of the position and

velocity error [24, 25, 26]. Although joint position measurements can be easily

1



acquired with good precision encoders, the ability to measure joint velocities remains
an issue due to the significance of the measurement noise [27, 28, 29]. While also
considering the involved cost, it follows that most industrial robots are not equipped
with velocity sensors [30]. For SMC, the estimation of joint velocities is critical since
inaccurate or even non-smooth velocity estimation may cause input and output

chattering or instability of the closed-loop control system [31].

1.2 Joint Velocity Estimation Techniques

The literature is swamped with proposed methods to estimate the joint velocities
from the measurements of the joint positions. In what follows, we list the techniques

commonly used for the approximation of joint velocities.

One of the most popular techniques for velocity approximation is based on directly
processing the discrete-time joint position measurements such as Euler-difference
method [32, 33] and adaptive windowing method [34, 35]. However, the resulting
estimates may be highly erroneous especially at low-velocity ranges where the encoder
output rate is correspondingly low [36, 37]. Typically, an optical encoder yields
quantization errors which highly depend on the encoder resolution [38]. As a result,
velocity signals that are approximated using Euler-discretization are contaminated
with high-frequency noise [39, 40]. This may cause the controller to excite unmodeled
high-frequency dynamics which could further deteriorate the accuracy of position
control [41]. In order to avoid the latter, filters are typically employed in an attempt to
smooth the position signal before discretization. Due to their simple implementation,
linear filters are widely used to attenuate the noisy components of the measured

position signal. However, such filters may cause a large phase delay which could be



problematic for the stability of the feedback loop. To mitigate the latter drawbacks,
non-linear filters are sometimes used to remove the high-frequency components at the
cost of implementation complexity and additional computational time [39]. In [34],
authors present a first-order adaptive windowing method to estimate velocity from
discrete and quantized position samples. The proposed approach is shown to be
optimal in the sense that it maximizes the estimation accuracy while minimizing the
error variance. However, despite requiring no trade-off, the proposed method’s

computational cost is dependent on the window size as well as the sampling rate.

Another approach deals with the implementation of a velocity observer, which can
be generally classified into two types: model-based and model-free observers. Model-
based observers assume some knowledge of the system model, which could be
problematic in the presence of large model uncertainties [42]. In addition, since the
certainty principle does not generally apply for non-linear systems, the design of such
observers becomes a challenging task. On the other hand, model-free observers, such
as High-Gain Observers (HGO) [43] do not require a knowledge of the system model.
In [44], a HGO with a switched-gain approach is proposed for a class of non-linear
systems in the presence of measurement noise. In [45], a non-linear HGO where
nonlinearity achieves a higher observer gain during the transient period and a lower
gain after is presented. Theoretically, and in the absence of measurement noise, the
estimation errors of the HGO tend to zero as the observer gain grows to infinity. The
latter does not hold in the presence of measurement noise since the high-gain nature
of the observer leads to the amplification of noise in the resulting signal which could
deteriorate the overall system performance. It follows that there exists a trade-off

between the HGO estimation accuracy and the amount of noise amplification. The



latter renders the design and tuning of a HGO challenging since the choice of observer
parameters is critical in a way such that the values should not be too small nor too large
[46]. Having a more complicated implementation than the latter, High-Oder Sliding
Mode (HOSM) observers generally require minimal knowledge of the system model
such as the relative degree. In [47], an adaptation of Levant’s differentiator where the
gains are adjusted based on a barrier function is proposed. The latter pushes the
differentiator gains towards infinity whenever the estimation of the considered signal
is beyond a given band. In [48], a Lyapunov function is presented for Levant’s
differentiator, where the differentiator gains are assumed to depend on a known time-

varying function which bounds the n™ derivative of the considered signal.

Another common class for obtaining high quality velocity estimations is based on
filtering techniques such as approximate-differentiation filter [49], non-linear filter

[50], and model-free Kalman filter [51].

1.3 Problem Formulation

In tracking control applications, the advantage of the latter methods lies in the ability
to perform tuning in an offline fashion based on the specific reference trajectories
under consideration while implicitly assuming acceptable uniform tracking
performance of the controller. Despite such merit, these methods suffer from one major
drawback where the output can change abruptly due to unmodeled dynamics such as
joint friction [52]. This could lead to unknown jumps in the estimated velocity signal
where the bandwidth becomes significantly greater than the one associated with the
reference trajectories leading to poor tracking performance of the SMC as well as non-

smooth joint torques [53] [54]. Of note, if such methods are tuned for trajectories with



arbitrary large bandwidth, then the estimation may suffer unavoidable overshoots that
can destabilize the closed-loop system. The Approximate Differentiator filter, also
commonly known as the Dirty Derivatives Filter (DF), is a first order filter that
estimates the joint velocity error commonly used in feedback control [55]. In [56], a
DF is integrated with a PD-Type controller where uniform global asymptotic stability
Is established while only a lower bound on the filter bandwidth is imposed. However,
the tuning process of the DF within the closed-loop control system remains challenging
as the tuning imposes a constraint on the derivative damping gain scaled by the DC
gain of the filter [56]. Although the DF has been used with feedback controllers (see,
e.g., the relevant references in [56] and [30]), its characteristics have never been

thoroughly studied.

1.4 Contribution

In this thesis, we first examine the characteristics of the DF. We reflect on how the
discretized version of the filter, required for digital control applications, differs from
its analog model. In particular, unlike the analog filter, the discrete filter bandwidth
cannot be made arbitrarily large. We also show that the output of the DF is a
“smoothed” version of the estimated joint velocity error, where the filter shares the
smoothing characteristics of an Exponentially Weighted Moving Average (EWMA).
This characteristic has a critical advantage in control tracking applications where non-
smooth estimations of joint velocity can potentially lead to strong vibrations in the
arm. The latter issue is illustrated by comparing the SMC tracking performance while
using a DF versus a HGO. We show the stability of the SMC-DF closed-loop system.
Furthermore, using a sinusoidal test signal with a fixed frequency, we show that the

estimation performance of the DF follows a convex trend in function of its bandwidth
5



or location of its pole. In addition, we show that as the frequency of the input signal
varies, the filter bandwidth at which the DF achieves the lowest estimation error also
varies. In control tracking applications, the actual frequency of the position signal
constantly varies, for example, during transient response or due to unmodeled
disturbances. As a result, the “optimal” DF bandwidth at which the tracking error is
the lowest also varies. In order to preserve the “optimal” DF performance, we propose
an Approximate Differentiator filter with Varying Bandwidth (ADVB) where the filter
bandwidth varies based on the joint position error. The adopted premise is based on
the following concept: As the tracking error decreases, the frequency deviation of the
position output also decreases. We then illustrate the effectiveness of the proposed
filter numerically and experimentally on a 4 DoF Barret WAM manipulator which

generally suffers from frictional joint torques [30].
The main contributions of this thesis are as follows:

e We study the characteristics of the discrete-time DF and show that the filter
smooths the derivative of its input.

e We integrate the DF with a conventional SMC and show stability of the
closed loop.

e We demonstrate that the DF outperforms the HGO when integrated with
an SMC while considering both joint tracking error and joint torques.

e We numerically and experimentally show how the estimation performance
of the DF follows a convex trend in function of its bandwidth.

o Inspired by the latter point, we propose an Approximate Differentiator with
Varying Bandwidth (ADVB) where the filter bandwidth constantly varies

based on the position tracking errors in order to preserve the “optimal” filter

6



performance. We validate the performance superiority of the proposed

filter both numerically and experimentally.
The rest of the thesis is arranged as follows:

e Chapter 2 presents analysis of the characteristics of the discrete-time DF

e Chapter 3 presents stability analysis of the SMC-DF closed-loop control
system

e Chapter 4 presents an adaptation law for the filter bandwidth

e Chapter 5 presents numerical and experimental validation

e Chapter 6 presents concluding remarks



Chapter 2

Dirty Derivatives Filter

2.1 Continuous-Time Dirty Filter

In this chapter, we consider a first-order approximate differentiator filter in

continuous time domain. The filter dynamics are given by

qc(t) = —a(qc(t) + be(t))

9(t) = qo () + be(t) @)

Where:

e q.(t)isan auxiliary variable

e e(t) isthe error signal defined as e(t) £ y,(t) — y(t)
»= y,(t) denotes the desired reference output
= y(t) denotes the actual plant output

e The constants a and b are positive scalars

e I(t) is the filter output

Since a is a strictly positive scalar, it follows that the system in (1) is Bounded-Input

Bounded-Output (BIBO) stable.



The frequency magnitude response, given by

‘19(]'(») _ bw
E(jo)| VaZ + w?

represents a high-pass filter with a cut-off frequency w, = a. For operating
frequencies w < a, this filter would approximate an ideal differentiator. In other terms,
the bandwidth of the resulting ideal differentiator is not larger than a. As such, in the
case where the range of operating frequencies is uncertain and in the absence of noise,
it follows that larger values of a would result in more accurate approximations; that is,
no upper bound on a would be imposed. Fig. 1 and Fig. 2 represent the magnitude and

phase responses of the DF for a = b = 1000 and a = b = 5000, respectively.
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Figure 1. Magnitude and Phase response of the DF for a = b = 1000
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Figure 2. Magnitude and Phase response of the DF for a = b = 5000

In the following section, we demonstrate that the latter does not hold true in the

discrete-time realization of this filter.
2.2 Discrete-Time Filter Performance

For real-time applications, we integrate g, using a discretization method in order to
obtain a difference equation similarly to the discretization of continuous-time state
space systems, which is usually obtained by passing the discrete sequence of e(k)

through a zero-order hold. From (1), we can express q.(t) as follows

t

4e(D) = e 2g (1) + j et (—ab)e(r)dr

to

10



Let t = (k+ 1)Ty and t, = kT, where k is the discrete-time index and T; is the

sampling period, then q.(t) can be further expressed as follows

(k+1)Tg
qc((k + DTy) = e"*sq (kTy) + f e~((+DTs=7) (—gh)e(r)dr
kT

We assume that for all k and kT, < 7 < (k + 1)T;
e(t) = e(kTy)

As aresult, g.(t) is now given by

(k+1)Ts
qc((k + DT,) = e~Tsq (kTy) — (ab)e(kTy) e~ @((+DTs-1) g
kT

LetA = —((k+ 1)T; — t) then dA = dt and

(k+1)Ts 0 1
f e—a((k+1)T5—r) dr = f et dr = — (1- e—aTS)
k a

TS - TS

Let (k+ 1)T; and kT, be indexed by k + 1 and k, respectively. As a result, the

discrete-time Dirty Filter is given by

qc(k +1) = e sq (k) + b(e™s — De(k)
(k) = q.(k) + be(k) 2)

The main objective of the filter is the estimation of the derivative of the error signal,
é(k). In order to motivate the employment of this filter, we use a test signal
e(t) = e,sin(wgt) + n(t)

Where n(t) is uniformly distributed zero-mean white noise.

We vary the operating frequency and the magnitude of the test signal e(t) over the
ranges w, € {1,5,10,15,20,25} and e, € {0.1,1,10}, respectively. The standard

deviation of n(t) is set to 0.001. We run the simulations for t € [0,5] and we

11



independently use two sampling periods, T € {0.001, 0.002} seconds. We vary the
filter bandwidth or the value of a from 1 to 1000 and set b = a. To evaluate the filter
performance in approximating the error signal é(t) = e, wycos(wyt), we consider the

corresponding absolute relative error, defined as

avg |ey, wocos(wot)—9(t)|
Relative Error & %2st=s
avg |e, wgcos(wot)|
5

0.2sts

The plots of relative errors for various values of a and for a sampling frequency Fg =
1/Ts € {500,1000} Hz are illustrated in Fig. 3, 4 and 5 for e, =0.1, 1 and 10,

respectively.

F, =500 Hz F, =1000 Hz
1r 1r
0.9 | “o™ ! 0.9 | “o !
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Figure 3. Plot of relative error vs. gain parameter a for e, = 0.1
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Figure 5. Plot of relative error vs. gain parameter a for e, = 10

The following conclusions are made:

The value of a for which the filter achieves its best performance increases as w,

increases.

The value of a is independent of the magnitude e, that is, relative errors remain

the same for different e, € {0.1,1,10}.

The values of a for which the filter achieves its best performance corresponding

to T, = 0.001 sec are about 40% larger than those corresponding to Ty = 0.002

SecC.

The minimum relative error values corresponding to T, = 0.002 sec are about 40%

larger than the ones corresponding to T; = 0.001 sec.

14
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Remark 1. In absence of noise, n(t) = 0, the improvement in performance turns out
to be insignificant. However, if the standard deviation of the noise under consideration
Is increased by orders of magnitude, then the deterioration in performance becomes

significant. O

Remark 2. Other discretization methods were also simulated such as linear
interpolation of inputs, bilinear (Tustin) approximation, matched pole-zero method,
Euler, and least-squares minimization of the error between frequency responses of the
continuous and discrete systems. The results obtained using these methods yielded the

same properties as the one employed in (2). O

The latter results suggest that the value of the parameter a that yields best
performance varies as the frequency of the input signal varies. In other terms, for the
cases where the operating frequency varies, one must subsequently vary the bandwidth
of the filter in order to preserve its optimal performance. One class of such a filter is

proposed in Chapter 4.
2.3 Discrete-Time Filter Characteristics

Consider the system in (2) and let £(.) represent measurement error, then

é(k) =e(k) + &(k) = yqa(k) — y(k) + &(k) @)
Assumptions:

(A1) The measurement error £(k) is bounded V k > 0.

(A2) BW, < a < Tis where BW, denotes the bandwidth of e(k) = y, (k) — y(k).

In all the results that follow, we assume that (A1) and (A2) hold.

15



Proposition 1: There exists a bounded sequence y(k), such that

I(k + 1) = e Ts9(k) + Tsb(e(k) + y(k)) 4)
Proof of Proposition 1:
From (2), we have

qc(k +1) = e™*q.(k) + b(e™*" — e (k)

or
qc(k +1) — qc(k) = (e — 1)q. (k) + b(e™*"s — 1)é(k)
As a result, we have
Ik +1) —9(k) =q.(k+1) —q.(k) + b(é(k + 1) — é(k))
or equivalently,
9(k + 1) —9(k) = (e~ — 1)q. (k) + b(e™9T — 1)e(k) + b(e(k + 1) — é(k))
Substituting 9(k) = q.(k) + bé(k) into the latter, we get
Ik + 1) = qc(k) + bé(k) + (e7%"s — g (k)
+b(e™Ts — 1)é(k) + b(é(k + 1) — é(k))
Expanding and collecting terms, we obtain
9(k + 1) = e=T9(k) + b(e(k + 1) — é(k)) (5)
Consider 5é(k) = é(k + 1) — é(k). Thus,
se(k) = e(k + 1) — e(k) + 6 (k)

Where 6&(k) 2 E(k + 1) — &(k).
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With (A2), we can approximate e (k) as

e(k+1)—e(k)

e(k) = T

Since &(k) is always bounded, then

§k+1) —&(k)
Ts

y(k) £

is bounded for all k.
To this end, (5) can be written as

9(k + 1) = e~9T9(k) + Tyb(e(k) + (k)

If aTy «< 1, then

I(k+1) = (1—aT,)9(k) + Tsb(e(k) + y(k))

The equation above represents a first-order infinite impulse response low-pass filter.
In addition, whenever a = b, this filter is also known as an exponentially weighted
moving average [57], where the weighting for each older datum decreases
exponentially. The coefficient T;a represents a smoothing factor. Higher values of T;a
cause a faster decrease in the weightings of older datums or increases the smoothing

effect.

It follows that although the input to the filter is the error signal e(k), the filter

output is a smooth version of the signal {e(k) + y(k)}

It should be noted that due to the inherited low-pass nature of system (4), the high

frequencies of y (k) are significantly attenuated [58].

17



Theorem 1: With y(k) = 0, there exists a positive bounded constant k such that

VvV k > K, we have

0025 (K) = 20— 4(K) (6)
Proof of Theorem 1:

In the following, we conduct the analysis for two different cases:

e a=>»,
e a#hb
Casel:a=0»b

For aT, « 1 and y(k) = 0, (4) can be further expressed as
p=aglk+1) =1 —aTy)9y, = (k) + aTse(k)
Let A = 1 — aTg, then (4) is given by
Op-alk+1) =29(k) + (1 —De(k)
Iterating the latter equation, we get
Oy =a(k) = 29,2 4(0) + (1 = D) TSy A7 e(d) (7)

As indicated, (7) represents an exponentially weighted moving average with a
smoothing factor of 1 — A < 1. As a result, there exists a positive constant x such that

Vk >k
Ak, ~,(0)=0
thus

Op=a(k) = (1 - ) T A6 (D) (8)
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Case2:a#hb

For aT; « 1 and y(k) = 0, (4) can be further expressed as

a4 1) = 2805 ) + 2 (1= D)
Iterating the latter equation, we get

O 25 (K) = A0 25(0) +2 (1 — 1) T} AL (k) €)

Similarly, V k > k, (9) can be approximated by

90 2p() = 2 (1= D) RISt ATu(i) (10)
Equations (8) and (10) imply that imply that V k > «,

25 () = 20y _ (k) :

Theorem 1 neglects y (k), which accounts for output measurement errors. In addition,
for k < K, equations (8) and (10) also neglect the transient 1%9(0). As such, equation

(6) can be further extended to accommodate the latter, such that
(k) = ge'(k) + v(k) (11)

Where v(k) is a bounded sequence.

In the following chapter, we integrate filter (2) with a conventional SMC.

Subsequently, we present stability analysis of the closed-loop control.

Although the literature is swamped with variations of SMC controllers, we resort to
the conventional SMC for the fact that it highly suffers from the chattering phenomena.
We aim to show how the smoothing characteristics of the DF can significantly reduce

the chattering in SMC while preserving a good tracking performance.
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Chapter 3

Stability Analysis

3.1 Non-Linear Robot Dynamics

We consider the Euler-Lagrange model describing the continuous-time dynamics of
rigid n-link serial non-redundant robot manipulator, with all actuated revolute joints,

which is given by
T=M(@G+C(q9q+G6(q)+F(qq) (12)

Where:
e g,q, and g € R™ represent joint angles, velocities and accelerations
respectively
e M(q) € R™"isthe symmetric positive definite inertia matrix
e (C(q,q) € R™™ denotes the Coriolis and centripetal matrix
e G(g) € R™isthe gravity vector
e F(q,q) € R™ represents the joint friction

e 7 € R™ denotes the joint torque input.
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We now present some structural properties [58] of (11):

(S1) There exists positive scalars ¢; and g, such that
0<p;< ]Em(M(CI)) < ]F(M(Q)) < ]EM(M(CI)) <02 <®
Where:
e E,(M(g)) is the minimum eigenvalue of M
o Eu(M(q)) isthe maximum eigenvalue of M

o TF(M(q)) is the induced Forbenius norm

As previously mentioned, M(q) is a symmetric positive definite matrix. As a result,

structural property (S1) implies the following:

(S2) There exists positive scalars g5 and g, such that

0 <03 <En(M () S F(M'(q)) < Ey(M™'(q)) < 04 < o0
(S3) There exists a positive scalar g5 such that

lg(ll < 05 < o0

Where ||-|| is the Euclidean norm
3.2 Proposed SMC Scheme

We can express (12) as

§ =Mt —M U QG6(q) — M ()(C(q,9)q+F(q,)

Next, we write an expression for é £ G, — ¢ as follows

&=y — M (@t +M(qG(q)+ M (q)(C(q,9)q + F(q, )

The proposed SMC scheme is given by

T=G(q) +C(q,9)q + M(q)(Ga + AK;F9 + Ksgn(s))

21
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Where:
e K € R™™and A € R™™ are diagonal positive gain matrices
e Kpr € R™" js a diagonal matrix with the i" diagonal entry being b;/a; of
(11)
e The elements of I are the outputs of the adaptive approximate differentiator
filter associated with each joint

e s € R"is the sliding variable given by
s = Kpp9 + Ae (15)

In the next section, we provide a stability analysis of the proposed scheme (14). We

use the continuous-time domain in our subsequent analysis for simplicity.
3.3 Stability Analysis

Theorem 2. For sufficiently large K and A, the SMC in (14) and (15) is stable in

the sense of Lyapunov.

Proof of Theorem 2. According to (11), there exists a bounded sequence, v; for i €

{1,..,n}, such that

b;
19i =—e€; +Vi
a;

Therefore, K29 can be expressed as
Kpf9=é+v
Where:

e The elements of the diagonal matrix K are equal to b;/a;

e ¥; == p, isbounded
b;
22



Consequently, (14) can be further expressed as
T=0G(q) +C(q,9)q + M(q)(gq + Aé + Ksgn(s) + AD)

And (15) becomes

s=ée+ANe+7v

We define § £ ¢ + Ae and select the Lyapunov function

Therefore,

Inserting (16) in (13), we obtain
é = —Ksgn(s) —Aé +Y

where Y = M~1(q)F(q,q) — Av.

(16)

17)

(18)

(19)

Given the fact that both M~*(q)F(q,q) (see, e.g., [58] [56]) and & are bounded, it

follows that Y is also bounded.
Inserting (19) in (18), we obtain

V = 35T (—Ksgn(s) +Y)

If the position error, e is zero, then convergence is achieved. Otherwise, since A is a

positive definite matrix, despite the size of ¥, we can choose A large enough such

that
sgn(s) = sgn(s)
Where:

e s=ée+Ae+7v
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e S=¢e+Ae

The argument can be thought of while considering each joint separately. Of note, as
presented in the proof of (4), the exponentially weighted moving average nature of the
DF makes the amplitude of v very small whenever the measurement errors of the joint

angle, &, are relatively small, which is the case in practical applications.

Thus, for sufficiently large A, we obtain

n
V=5Y-> pilsi
i=1

Where:

e 5, represents the i*" element of §

e pB; represents the i*" diagonal entry of the controller gain K
If § =¢é + Ae is zero then e(t) = exp(—At) e(0), which is stable since A > 0, and

- 1 _7_ .. ..
the Lyapunov function, V = ESTS’ becomes zero or reaches its ideal minimum.

Otherwise and since the system é 4+ Ae # 0 is stable (A > 0), and Y is always
bounded, we choose sufficiently large values of 8; such that V < 0. The latter satisfies

the Lyapunov stability criterion. O
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Chapter 4

Proposed Filter

4.1  Approximate Differentiator with Varying Bandwidth

As previously indicated, the value of the filter bandwidth, a, that yields optimal filter
performance varies with the bandwidth of the input signal. In the position tracking
problem of robot manipulators, the bandwidth of the position signal can be
significantly larger than the bandwidth of the reference trajectory. In case of sound
output tracking, the magnitude of the position error signal becomes relatively small as
the position output signal approaches its corresponding reference trajectory and
consequently, the bandwidth of the position signal would be close to that of the
reference signal. Whenever an adequate controller is designed, one can expect that the
output errors are mostly due to chaotic friction forces and/or poor estimation of the
joint velocity errors, é(.). Accordingly, one can suspect that the magnitude of the
position error signal and the variations of the signal bandwidth beyond the bandwidth
of the reference trajectories are correlated. Consequently, by letting the value of a

depend on the magnitude of the output position error, the bandwidth of the filter will
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consequently vary to yield a better estimation of the velocity error signal, é(.), as the

bandwidth of the output position signal itself varies.

Inspired by the latter, we propose the following adaptation law for the two filter
parameters a and b of the approximate differentiator filter, corresponding to the i*"
joint:

a;(k) = min(af + afle;(k), 5
b;i(k) = a;a;(k)

(20)

Where:

e 0<aj <<% is selected based on the bandwidth of its corresponding

N

reference tracking trajectory signal

e «; > 1isascaling parameter

e afis an error scaling parameter that can be easily selected while tuning the
closed-loop system

In the case where |e; (k)| is very large at any time instant such that aj + af|e; (k)| >

%, then a; (k) is limited to % The latter bound is selected based on (A2) and the filter

performance; see, e.g., Fig. 3, 4 and 5.
In what follows, we will refer to the filter in (2) under the adaptation law (20) as the

Approximate Differentiator with Varying Bandwidth (ADVB).
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Chapter 5

Performance Evaluation

5.1 Barret Whole-Arm-Manipulator Description

The evaluations are conducted on a 4-DOF Barret WAM, shown in Fig. 6, with a reach

of 1m and a payload of 4 kg.

Figure 6. Barret WAM [59]
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Figure 7. 4 - DoF WAM Joints and Frames [60]

The 4 DoF WAM has 4 joints (J1 - J4) that are cable-driven, along with 4 brushless
DC motors (M1 - M4). Motor 1, located at the base of the manipulator, controls the
yaw (J1). Motors 2 and 3, located in the WAM shoulder, control the pitch (J2) and roll
(J3). Motor 4 controls the elbow of the manipulator and is also located in the WAM
shoulder. The entire configuration is detailed in Fig. 7. Near each motor is a compact
package containing 12-bits position encoders, controllers and power amplifiers. Every
joint is mechanically limited in motion. The joint limits, as per the axes depicted in

Fig. 7, are listed in Table I.
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Table 1. Barret WAM Joint Limits (Deg) [60]

Joint Positive Joint Limit (Deg) Negative Joint Limit
(Deg)
J1 150 -150
J2 113 -113
J3 157 -157
J4 180 -50

For the experimental evaluations, the Barret WAM is operated using MATLAB
SIMULINK. It is connected to a host PC with core i5, through an external target PC,
which in turn is connected to the robotic arm through Barret CAN bus. The target PC
is a core i7 and is booted using a MATLAB kernel. For the numerical simulations, the
employed WAM model along with the friction model are fully described in [30]. Based
on the joint position Barrett WAM sensor specifications, we add zero-mean uniformly
distributed measurement noise bounded by +10~* or with a variance of 4 x 1078 /12

to the joint position measurements.

5.2 Description of Conducted Simulations

In the first example, we numerically simulate the performance of a conventional
SMC while employing the Approximate Differentiator (DF) (2) and a High-Gain
Observer (HGO). The simulation employs sinusoidal trajectories. The comparison is
based on the resulting tracking error for all joints as well as the smoothness of the
torques. This example further illustrates the importance of the smoothing

characteristics of the DF.
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In the second example, we numerically simulate the performance of a conventional
SMC while employing the DF (2) and the proposed ADVB (19). In this simulation,
we employ parabolic trajectories. This example shows how the ADVB consistently

improves the tracking performance of the SMC when compared to DF.

In the third example, we experimentally integrate the DF with a conventional SMC.
We illustrate the convex trend in the performance of the DF by varying its bandwidth
and consequently identifying an “optimal” DF. Next, we integrate the proposed ADVB
with a conventional SMC and show how it consistently improves the tracking
performance when compared to the “optimal” DF, and for different employed

parameters.

We resort to two sets of reference trajectories defined over t € [0,5] sec. The

sinusoidal reference trajectories are defined as follows:

(qi,d(t) = g(l — cos (g t)) +4;4(0),i € {1,2}

{4540 =5 (1 = cos(mD) + 3,4(0)

[ ea(® = =5 (1= cos (5¢)) + 84a(0)

Similarly, the parabolic reference trajectories are given by:

( 1., .
q1,a(t) = gt + §14(0)

1

q2q(t) = gtz + §2,4(0)
1,

qz,a(t) = Zt + §43,q4(0)

1
| Gaa(0) = —gtz + §4,4(0)
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Where §; 4(0),i € {1,..,4} denotes an estimate of the arm home position. We denote

qa = [Ch,d ---Q4,d]T-

Throughout this work, we use the Mean Average Error (MAE) as a performance

metric for the i*" joint, given by
MAE; £ AVGi¢[o5)|q: — 9a,]
In order to reduce the chattering effects in the SMC torque signals, we resort to the
Boundary Layer (BL) approach [61] and replace the sign function by the saturation

function ¥ € R™ whose elements y; are defined as

Si
Is;| +p

i = sgn(s)

where 0 < p « 1 represents the width of the BL.
As a result, the SMC controller (14) becomes as follows

T=G(q) + M(q)(Ga + AKp#9 + Kip) (21)

All evaluations use a sampling rate of 500 Hz.
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53 Examplel

5.3.1 High-Gain Observer

In this section, we evaluate the tracking performance of a conventional SMC while

using a DF and a HGO [62], where the latter is given by

%, == (q— %) (22)

Where:

e X,,X, € R"correspond to the observed joint angles and velocities respectively
e ¢ € Rrelates to the observer gain
As previously reported in section 2.1, and in order to illustrate the estimation

performance of this observer, we use a sinusoidal test signal
e(t) = e,sin(wgyt) + n(t)

and we evaluate the absolute relative error for different sampling frequencies. We vary
the operating frequency and the magnitude of the test signal e(t) over the ranges w, €
{1,5,10,15,20,25} and e, € {0.1,1,10}, respectively. The observer parameter € is
varied between 0.01 and 0.1 and the standard deviation of the uniformly distributed
zero-mean white noise n(t) is set to 0.001.The plots of relative errors for various
values of € and for a sampling frequency Fs =1/Ts € {500,1000} Hz are illustrated

in Fig. 8, 9 and 10.
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Figure 10. Plot of relative error vs. gain parameter € for e, = 10

The following conclusions are made:

The value of € for which the filter achieves its best performance decreases as
W, Increases.

The value of € is independent of the magnitude e,, that is, relative errors
remain the same for different e, € {0.1,1,10}.

The values of € for which the filter achieves its best performance
corresponding to T; = 0.002 sec are about 40% larger than those
corresponding to T, = 0.001 sec.

The minimum relative error values corresponding to T, = 0.002 sec are about

40% larger than the ones corresponding to T, = 0.001 sec.
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5.3.2 Numerical Results

In this section, we evaluate the tracking performance of a conventional SMC while

employing the DF and then the HGO. For SMC, we set K = diag(1,1,2,2), A = 50K
and p = 0.02.

In order to examine the performance of the DF and the HGO as their parameters are
varied, we numerically evaluate the average of the absolute error across all joints while

varying the parameters a and ¢, respectively. The results are illustrated in Fig. 11.

DF HGO
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Figure 11. Average Joint Absolute Error using DF and HGO as a function of a and €

As expected, the DF performance follows a convex trend as the filter bandwidth a is
varied. For the HGO, we notice that as the parameter € is increased from 0.017 to

0.028, the average joint absolute error constantly decreases.
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Next, we integrate the DF and HGO with a conventional SMC and examine the
tracking performance as well as the smoothness of the torque signals. For the HGO,
we consider two cases where € = 0.017 and € = 0.023, respectively. Increasing the
value of € beyond € = 0.023 results in excessively large oscillations in the torque
signals as elaborated in our subsequent demonstration. For the sake of comparison, we
set the DF parameters, a; = b; = 10, fori € {1,..,4}. The corresponding torque
signals are illustrated in Fig. 12 and Fig. 13 whereas the tracking performance is

reported in Table II.

Joint 1 Joint 2
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S i ol >l
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Figure 12. Plots of Joint Torques (1 and 2) for SMC Integrated with: DF (First Row) for
a = b = 10, HGO (Second Row) for ¢ = 0.017. The Third Row shows the torques of

the DF (Green) for a = b = 10, and of the HGO (Red) for ¢ = 0.028
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Figure 13. Plots of Joint Torques (3 and 4) for SMC Integrated with: DF (First Row) for
a =b = 10, HGO (Second Row) for € = 0.017. The Third Row shows the torques of

the DF (Green) for a = b = 10, and of the HGO (Red) for e = 0.028
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Table 11. MAE of all Joints for DF and HGO (Example 1)

Scheme Joint 1 Joint 2 Joint 3 Joint 4 Average
DF
0.077 0.064 0.131 0.088 0.090
(a; = 10)
HGO
0.128 0.152 0.159 0.290 0.182
(e =0.017)
HGO
0.068 0.094 0.116 0.175 0.113
(e = 0.023)

By examining the results of Table II, Fig. 11, Fig. 12 and Fig. 13, we conclude the

following:

e As € is increased from 0.017 to 0.028, the tracking performance while

employing the HGO increases as the torques start to exhibit strong oscillations. In

particular, the oscillations resulting from the HGO in Fig. 3, for ¢ = 0.028, that

lead to undesired arm vibrations. It should be noted that, especially for a

conventional SMC, non-smooth velocity estimations could cause joint torque

saturations. The smoothness of the actual torques is critical to avoid such issues

and to guarantee the safety of the setup. In fact, the resulting torques while

employing the HGO start to exhibit significant vibrations at € = 0.023, which

explains our choice of parameters in Table I. For e = 0.017, the resulting torques

of the HGO are almost as smooth as the ones resulting from using the DF at a;

10.
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e On average, and while keeping the torques smooth enough, the resulting joint
tracking absolute errors corresponding to DF are 20 % to 50 % lower than the ones
obtained when employing the HGO.

e The same performance provided by the HGO can be obtained by the DF but with
much smoother torques. This further illustrates the importance of the smoothing
characteristics of the DF, especially in applications where velocity estimation is

critical.

Remark 3. For SMC, joint velocity can also be estimated using Euler differentiation or

Kalman filtering, however:

e Euler Differentiation result in very large oscillations in torque signals.
e For Kalman Filtering, both DF and HGO achieved a significantly higher

tracking performance when integrated with SMC. o
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54 Example 2

Using parabolic reference trajectories, we compare the tracking performance of a
conventional SMC while employing the DF and the proposed ADVB. The aim is to
show how the ADVB decreases the tracking errors beyond the capabilities of the DF.
To do so, we begin by integrating the DF with a conventional SMC. We vary the filter
bandwidth and record the average tracking performance across all joints for a; = b; =
a. By doing so, we identify the value of a that achieves the best tracking performance
of the SMC. Next, we integrate the ADVB with the conventional SMC and report the
resulting tracking errors. Table 11 lists the MAE of all joints for all the conducted
simulations. Fig. 14 and Fig. 15 plot the resulting joint angles and joint torques,

respectively, for both schemes under consideration.

Table 111. MAE of all Joints for DF and ADVB (Example 2)

Scheme Joint 1 Joint 2 Joint 3 Joint 4 Average
DF
0.0560 0.0441 0.1557 0.0583 0.0785
a; =11
ADVB

0.0442 0.0334 0.1073 0.0419 0.0567
a; =50,a5 =100

a =50, a5 =100
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Figure 14. Plot of Joint Angles for SMC Integrated with DF (Left) for

a; = 11 and ADVB (Right)

By examining the overall performance reflected in Table 111, Fig. 14 and Fig. 15, we

observe that:

The ADVB outperforms the DF. In particular, when the average tracking error

across all joints is considered, ADVB errors are 28% smaller than those of the DF.

The ADVB extends the performance of the SMC while preserving the smoothness

of the torques, due to the smoothing characteristics of the filter.
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55 Example 3

In this example, we first integrate the DF with the same SMC used in the numerical
study. In order to illustrate the convex trend in performance exhibited by the DF, and
as presented earlier, we vary the filter bandwidth and consider the average tracking

performance across all joints for a; = b; = a € {3,..,10}, fori € {1,..,4}.
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Figure 16. Average Joint Absolute Error of SMC with DF for different values of a
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By examining the corresponding results in Fig. 16, we conclude the following:

e As the value of a increases, the average joint absolute error decreases and reaches
a minimum value of 0.077 corresponding to a = 6, after which it consistently
Increases.

e The tracking performance exhibits a convex trend in function of the filter
bandwidth a.

e As the value of a further increases beyond 10, the tracking performance keeps on

decreasing, as expected.

Based on the previous results, we refer to the DF with a = 6 as the “optimal” DF.
The goal is to illustrate how the proposed ADVB consistently improves the tracking
performance when compared to the latter. For a consistent setup of DF and ADVB, we
fix a; = b; = a = 6 for the DF, and a] = b] = a" = 3 for the proposed ADVB, for
i € {1,..,4}. For the ADVB, we also consider different values of a; as listed in Table
IV. Fig. 17 plots the position angles of all joints while employing the “optimal” DF
and the ADVB with a® = diag([500,800,500,500]).

Table IV. Joint MAE for SMC Integrated with ADVB

ADVB Parameter

a Jointl Joint2 Joint3  Joint4  Average

a; =500 0.050 0.043  0.076 0.050 0.055
Vi

e = 500, a¢ = 800
! a2 0049 0035 0076  0.051 0.053

a5 =500, aj = 500
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Figure 17. Joint Position for SMC integrated with “optimal” DF and ADVB

By examining the overall performance reflected in Table 111 and Fig. 12, we observe

that;

e The ADVB always outperforms the “optimal” DF. In particular, when the
average tracking error across all joints is considered, ADVB errors are 29% to

32% smaller than those of the “optimal” DF.
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The ADVB extends the performance of the SMC while preserving the
smoothness of the torques, due to the smoothing characteristics of the filter.
The tracking error of each joint can be individually controlled by varying its

corresponding value in a®.
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Chapter 6

Conclusion

This research has shed some light on the characteristics of the discrete-time
approximate differentiator filter (DF). Unlike its analog model, the discrete-time
filter’s bandwidth cannot be made arbitrarily large. It has been shown that such a filter
shares the characteristics of an exponentially weighted moving average where the filter
output is a smooth version of the derivative of its input. The integration of the filter
with an SMC has been proposed and the stability analysis of the closed-loop system
has been presented for a rigid robot manipulator. It has been shown that the
employment of DF is more suitable than HGO for the system under consideration.
Furthermore, it has been demonstrated that to preserve an “optimal” estimation
performance, the filter bandwidth should be varied as the frequency of the filter input
varies. Inspired by the latter, an approximate differentiator with varying bandwidth
(ADVB) has been proposed, where the filter bandwidth varies based on the magnitude
of the tracking position errors. Numerical and experimental validation has been
presented on a 4 DOF robot arm. It has been shown that the proposed ADVB yielded

30% smaller tracking errors over an “optimal” DF.
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