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Abstract—Linear regression with shuffled labels is the
problem of performing a linear regression fit on datasets
whose labels are unknowingly shuffled with respect to
their inputs. Such a problem relates to different
applications such as genome sequence assembly, sampling
and reconstruction of spatial fields, and communication
networks. Existing methods are either applicable only to
data with limited observation errors, work only for
partially shuffled data, sensitive to initialization, and/or
work only with small dimensions. This paper tackles this
problem in its full generality using stochastic
approximation, which is based on a first-order
permutation-invariant constraint. We propose an optimal
recursive algorithm that updates the estimate from the
underdetermined function that is based on that
permutation-invariant  constraint. The proposed
algorithm aims for per-iteration minimization of the mean
square estimate error. Although our algorithm is sensitive
to initialization errors, to the best of our knowledge, the
resulting method is the first working solution for arbitrary
large dimensions and arbitrary large observation errors
while its computation throughput appears insignificant.
Numerical simulations show that our method with
shuffled datasets can outperform the ordinary least
squares method without shuffling. We also consider a
batch process to this problem where the datasets are
independently available. The solution we propose is
independent of initialization but requires that number of
such datasets to be at least equal to the dimension of the
unknown vector.

Index Terms— Linear regression with shuffled labels,
Shuffled linear regression, linear regression without
correspondences, unlabelled sensing, stochastic
approximation

|. Introduction

A linear regression setting can simply be described as
follows: Given a regressor X € R™? and an observed
dependent variable y € R™ such that

y=Xw+¢

where w € R? is unknown, and € € R" is considered
as an unknown disturbance term, which is usually
random and may be due to erroneous observation. The
problem is to estimate w. Whenever X is full-column
rank and elements of X and € are uncorrelated, then one
solution is the commonly used ordinary least squares,
which is given W = (XTX)"1XTy.

In this paper we address the problem of shuffled linear
regression where the elements of the observation y is
unknowingly shuffled, that is, the mutual ordering
between Xw and y is unknown. This problem is also
known as linear regression with shuffled data, linear
regression without correspondences, unlabeled sensing
or permuted linear model [1]. The setting of the shuffled
linear regression is presented as follows. Consider the
following equation

y=MXw+e 1

where y € R", w € R%, X € R™*¢ M is an unknown
permutation matrix, and e € R™ is an additive error.
There are many applications that directly relates to (1)
such as in genome sequence assembly [2], sampling and
reconstruction of spatial fields [3], multi-target tracking
[4], and Internet-Of-Things networks [5]. In addition,
this problem also relates to weakly-supervised machine
learning [6]. However, this class of problem is an NP-
hard problem [7], makes linear regression task
considerably harder even in absence of observation
errors. Nonetheless, using arguments from coding
theory, it is shown that if X is iid Gaussian, it is possible
to recover every w uniquely with probability 1 if and
only if n > 2d [8]. The work in [8] indicates that there
is a possible recovery of w but do not deal with
designing an estimation algorithm. One approach to
solve this problem (with e = 0) is by using brute force.
That is, for each possible permutation M among the n!
permutations of the n entries of y; check whether the
linear system M”y = Xw is consistent to solve, which
is prohibitively complex algorithm in large dimensional
problems, and of complexity 0(d?(n + 1)!) [1]. Other
method is proposed with lesser complexity but may
most likely fails in presence of any substantial
observation errors [9]. A lower bound of the Signal-to-
Noise Ratio (SNR) is also established in [9], below
which any estimation would lead to a large estimation
error. On the other hand, it is shown [10] that only if the
SNR exceeds a certain threshold, then the estimation
coincides with high probability with the Maximum
Likelihood ~ Estimator  (MLE), (M}, Wy,) =
argininllMTy — Xw||,. The work in [6] tackles solving
M"w

this MLE problem by an alternating minimization
mechanism. Given an estimate W, compute M” by
using the Metropolis-Hastings sampling technique on a



Markov Chain defined over the set of permutation, then
sort y accordingly, and estimate W using the ordinary
least squares technique. This process is repeated several
times. As mentioned in [1], the approach in [6] seems
to be predominant but is very sensitive to initialization
and generally works only for partially shuffled data.
Another effective approach, e.g., used in [1] and [11],
is based on an algebraic geometric approach, which
uses symmetric polynomials to extract permutation-
invariant constraints that w must satisfy. In particular,
a(xw)k =37y, k = 1,2, ..., d, where x; is the
i*" row of X and y; is the j*" element of y. This leads
to a polynomial system of d equations with d
unknowns. The proposed algorithmic solution of
solving the polynomial set employs its most appropriate
root as initialization to the Expectation-Maximization
algorithm [1]. This approach yielded an efficient
solution for small values of d. However, this
polynomial-based approach may never be able to tackle
large values of d, because even if the nominal solution,
w, is used with e =0, the computation of the
polynomial, e.g., the term Y-, (x;w)4 — 2j=1Yj, can
diverge only due to numerical errors.
Existing methods are either applicable only to data with
limited observation errors, work only for partially
shuffled data, sensitive to initialization, and/or limited
to smaller dimensions, e.g., partially shuffled data.

In this paper we propose an optimal recursive algorithm
that updates the estimate of w, W, that attempts to find
zeroes of the underdetermined function, f(w) =

Li(w)? =3 y;. f(w) is associated with the
first-order permutation-invariant constraint. This
recursive algorithm is driven by

f(wk) = Xt XiWy _Z7=1 Vjs (2)

and assumes zero-mean white observation errors with
arbitrary covariance norm. The optimality is in the
sense of minimizing the covariance of the estimation
error, w — wy,. The approach is inspired by the work in
[12]. We show that the variance of f(W,) =
Dic1 XiWy, =20 (¥ — MTe); convergences to zero
regardless the size of the covariance of e. Since this
approach solves an underdetermined equation, then it is
sensitive to initialization errors. We propose an initial
guess W, that assumes small variations in elements of
w. We numerically compare the performance of our
proposed algorithm with the ordinary least squares
without shuffling while considering high dimensions of
w large observation errors. Furthermore, we consider a
variation of the problem, where the datasets X and y in
(1) are available, not necessarily possessing the same
length, n. We show that if d of such datasets are
provided, then an estimate of w can be effectively
evaluated without the need of initialization. In addition,

we show that the influence of observation errors can be
reduced using averaging.

The rest of the paper is organized as follows. The
proposed recursive algorithm and its convergence are
presented in Section II. We formulate the batch process
and propose a solution in Section III. We provide
illustrative examples in Section I'V. The proposed initial
guess and our examples are also included in Section IV.
Finally, a conclusion is given in Section V.

Notations: Throughout this paper, non-bold lower-case
letters are used to denote scalars, bold lower-case letters
denote vectors, and upper-case bold letters denote
matrices, unless defined otherwise. We denote by I the

identity matrix, 0 the zero matrix, and 1, =
[T 1 - 1] € R¥. E[] the expectation operator,
and tr(.) is the trace operator. A(M) is the eigenvalues
of M. M > 0 and M > 0 denote the cases that M is
positive and semi-positive definite matrix, respectively.

Il. Proposed recursive algorithm

We consider the following:
f(W) = In(y —Xw — ep) (3)

where e, = M"e. The above equality is based on the
facts that 1,M = 1,M" =1, and M"M =1. The
gradient, g € R4, of f(w), is g=—-1,X. We

propose the following update algorithm
Wies1 = Wi — g i f (W) (4)

where f(W,) = 1,(y — XW,,), and the step size or
gain k;, € R. The recursive algorithm (4), which is
inspired by the algorithm proposed in [12], yields

fWin) = T (y = XW, + XgTr, f (9

Since 1,X = —g, then the above leads to f(Wy,,) =
1,(y — Xw,) — 99" r.f (W) or

fWi) = (1= gg" ) f (W) (5)
Define w* is such that f (w*)lepzo = 0 or by extracting
the observation errors from y, we have 1,(MTy —
MTe) = 1,(y—e,) =1,Xw" or 1,y =T1,Xw" +
1,e,. It is important to reiterate that for d > 1, w* is
not unique. That is, there exist infinite w* such that
f(W*)lep:O = 0. Let the estimate error, 8, = w* — W,.
Using (4), we have 8,41 = W' — Wy + g7k, f (W) or
8i1 = 8 + g"K f (Wy). Inserting 1,y = 1, Xw" +
1,e, into f(W,) =T1,(y — XW,), we get f(W,) =
1,X6, + 1,e,. Thus, &y =8+ g K1, X8 +
9"k, 1,e,, and with g = —1,, X, we obtain

Sp1=U—-g k96, + 97K, 1€, (6)



Since Ele] =0= IE[ep] =0 and (6) is a linear

recursive equation, then [E[8,] =0 provided that

E[8,] = 0. We define the covariance of &, as P, £

E[6,6%] and @, = I — gk, g. We assume:

AD1,X+0

(A2) E[8,] =0, P, > O,R = E[1,e,e)1},| > 0 and
E[8yel] = 0. Note that R = 1, E[ee”]T7, since
1M=1M =1,

Theorem 1. Let (3) satisfy Assumptions (A1)—(A2) and
the algorithm (6) be applied. The gain k; that
minimizes the mean-square of 8, at each A" instant is
given in the following recursive algorithm Vk € N,

Py = @ P @ + g K RK g (7
ke =(g99") ' gPrg" (gPkg" + )71 (¥)
Proof of Theorem 1. Making use of (A2), (6) leads to
Py = @ P @ + 9"k RK, g
Expanding (7), we obtain

Pyi1 =Py —Prg k.9 — g K, 9Py,
+ 9" gPr9" k19 + g" Kk RKc, g
Collecting terms
Pyi1 =Py —Prg kg — g 1k gPy + g" 1k (gPrg"
+ R)Krg

Since Pj., is positive definite, then in order to
minimize tr(Pj,,) with respect to kK, we set
0tr(Py.1)/0k; = 0 at each iteration,

Otr(Py4)
0Ky
Thus, k, = (99") ' gPrg" (gPrg” + R)™".

Corollary 1. lim f(W,) = 0 and lim 1 = 0.

=299"k(gPxg" + R) —2gP,g" =0

O

Proof. Inserting (8) in (5), we have f(Wy4q) =
ka(Wlf) where y, £ 1— gP.g"(gPg" + R)".
Thus, f (W) = y¥f(W,). Since gP,g"™ > 0 and R >
0, then 0 < y;, < 1, Vk and }lim f(W,) = 0. Equation
(5) implies that }lim (1-99"k,) =0 and since
gg’ #0, ]lim K = 0. o
Remark 1. In applications, (A1) and (A2) may not be
exactly satisfied. Thus, P}, (7) would not be optimal and
could be larger than the actual error covariance matrix.

To offset such an issue and subsequently not to drive k
to zero too fast, it is recommended to use instead of (7)

Py = @ P @ + 9"k R g +apl  (9)

where it is recommended to have the tuning parameter,
ap, satisfying 0 < ap < 1. a

We next consider f(W) =1,(y —Xw, —e,) =
f (W) —1,e,, and using (4), we have

fWies1) = T (y — XWp + Xg" 1, f (W) — ep)
Inserting f (W) = f (W) + 1,e,, we obtain
fWiesr) = T (y — X, +_X9Tka(Wk)
+Xg K 1,e, —€,)

Using (3) and g = —1,,X, f(W) = 1,(y — X —
ep), and collecting terms yield

fWei) = (A= gg i) f (W) — 99" ki 1,e, (10)

Corollary 2. If E[f (W,)] = 0, then the covariance of
f(wy), Q = E[f%(Ww,)], tends to zero as k — oo,

Proof of Corollary 2. Inserting (8) in (10), we have
fWii1) = vief W) — (1 = vi) e,
where v, 21— gP,g"(gP,g" + R)™1. We define
Qr = IE[f(Wk)fT(Wk)]- Thus,
Qr+1 =VicQu + (1 —7i)*R

Iterating Q,, we get
Qr = Qo + Qi (11)

_ B 2 =

where Qox = (H?:ol yk—l—i) Qo and Q=
_ i 2

Z?:ol(l_[?ﬂl LYk—j) (1 = :)*R, where [T ;1 B; = 1.

We have 0 <y, <1, Vk and if }lim ¥ = 1, then

Ilim gP,g" =0 and since Pj >0, this implies

lim P, = 0, which means the ultimate problem is

k—co

solved. Therefore, we assume that lll_)rg Ve < 1.
Therefore, lll_)rg Qo = 0. Next, we show that lll_)rg Qr =
0 by showing that every term in the series converges to
Zero.

Denote ;) £ (Hf;}‘iyk_j)z(l — ¥:)?R. Consider
Jim Y50 Qi = 2o Nim Q) = = Hm Qg +
{the infinitely many terms in the series corresponding

to | = oo}. The infinitely many terms are zero since
Ilim Q;, =0, and for the same reason we have
—00

<o 1; —
2iso limQ;, = 0. m
k—oo

Remark 2. Corollary 2 assumes that E[f(W;)] = 0 or
E[f (Wo)] = (E[1,y] — E[1,XW,] — E[1,e,]) = 0.

Since E[1,e,] = 0, then E[1,y] = E[1,XW,]. One
direction for selecting W, is proposed in example of the
subsequent section. o

Many techniques used in the proofs are inspired by the
work done in [13], [14] and [15].



IIl. A batch process consideration

The entire dataset in an application may involve having
different independent subdatasets satisfying (1) as
follows

yi=MXw+e, (12)

where y, € R™, weR% X, € R"*¢, M, is an
unknown permutation matrix, and e; € R™ is an
additive error, where [ > d and n; > 1.

Since 1,,¥; = 1, X;w + 1, e,, then the latter can be

written as S} =[s* Slxz Sxd]w+5f, where
Sf = X2, Zp, and, x;, 1nS is the j" column of X;.
=Ew+e (13)

where the i*" element of § € R' and e € R' is S and
SE, respectively, and j™* row of Ee€R™? is
[Slx 1 Slx 2 Slx d]. If E is a full column-rank, then
by using ordinary least squares, we can have an estimate
independent of initialization

w=(8"E)"18T¢ (14)

Of note, If the elements of X, are real and iid, then ij1

is real and iid and (since [ > d) E is full-column rank
with probability 1. In case e = 0, then the least of
amount of data required to uniquely recover w is
whenever | = d and n; = 1, where in this case W =
E71&. If n; = 1, then the solution becomes the one of
ordinary least squares without shuffling. However,
whenever e % 0 and n; is not large enough and in order
to make the estimate (14) less sensitive to observation
errors, we need [ = 2d. The accuracy of W depends on
the variance of e;. In what follows, we propose a
method that can reduce the effect of e; on W with | >
2d. For each d independent set of observations with any
length n; > 1, we have (12) a k" estimate

wy = (Hk“k) 1~k k (15)

We consider the nominal value to be the one associated
with (13) using any of the k" estimates while
compensating for observation errors, that is

w = (:E:k) 1E£fk_€i (16)

=T

where €5 = (EfE,) 'Ele,. Since X and e are
uncorrelated, then E Z or (ETE,)71ET and ek are as well.
Thus, E[(E¢E,)"Ek€x] = E[(EkE,) ' E]E[€;] and
since E[e,] = 0, then E[€,] =0 and IE[ek] =0.1In
addition, since w is deterministic, then w = E[w] =
E[(EfEx) "EL&k] — [GE] orw = E[(E{E) T"Ef&].
Consequently, w = E[W;]. Without loss of generality,
we assume | = md, where the integer m > 2, then

1 .
W — Y Wi (17)

We can use W as W, and use optimal recursive
approach

IV. Numerical simulations

In this section, we provide two examples. The first
example illustrates the performance of the proposed
algorithm in (4), (7) and (8). Based on the datasets
under consideration, we provide for Wy, The second
example illustrates the proposed approach while
considering a batch process presented in Section II1.

Example 1

The choice of initial guess is thought to be rather critical
for any practical estimation of such underdetermined
system of equations (1). However, in order to show the
capability of the proposed algorithm in (4), (7) and (8)
rejecting observation errors, in our example we set all
the elements of the actual w to 1 in the first 3 scenarios
and consider fluctuations in the elements of w in the
fourth. We assume that the error, e, is uniformly
distributed, whose entries are drawn from U(0,5?2);
here the mean and variance of the uniformly distributed
random variable are equal to 0 and o2, respectively. In
this example we draw the elements of X from U(0,1).
The permutation matrix, M, is chosen at random from
the set of all n X n permutation matrices.

Our initial guess, Wy, is based on the following:
Equation (1) implies that }.%,(¥); = Y= (MXw); +
> (e); where the operator (.); is the i*" element of
its argument vector. Since M is a permutation matrix,

1
then Yi_,(MXw); = }i;(Xw);. Thus, ;Z?=1(3')i =
LXw); + %Z?zl(e)i. Since Ele] =0=>
lim - ¥, (e); = 0,
n—-ooon
1
i=1(€); =0  and =1 () = o
Consequently, we set our initial guess

HNGOIEY (18)

where X* = (XTX)7'XT. If W, = Z L (Xty); 17

used instead of (18), then similar results are obtained.
This initial guess can fail if the fluctuations of the
elements in the columns of X or w around their non-
zero means is large. However, it is adopted to illustrate
the robustness of the proposed algorithm to high levels
of observation errors and high dimensionality of w.

We set the parameters used in the recursive algorithm
(8) and (9) as follows: Py =1I,, ap =0.1, and R =
2no?. The adequate value for R = no?; however, an
erroneous model is used to show the robustness of the
algorithm. It turns out that both values result almost in
the same convergence rate, which is about 12 iterations
to drive |f(W;)| < 107°. We compare the estimation
of our proposed algorithm with those weights estimated

we have

=1 (Xw);.

then for n > 1,

W E 1(X#)l.



by ordinary least squares before shuffling the labels,
that is, Wi’ = X*MTy. For each point in the
experiments we conduct 1,000 different run and take
lw—wllz

the average of the obtained relative errors, T
2

Scenario 1.
We hold d =50 and n = 2d while varying the
standard deviation of the observation error, o, between
0 and 5. The relative errors are shown in Fig. 1. We find
that the relative error increases from 6.0 X 10™* to
4.7 x 1073 using the proposed algorithm; and increases
from 4.6 X 107* to 6.9 x 10~ using least squares
without shuffling. This shows the ability of the
proposed algorithm rejecting erroneous observations
with significantly large values.

R R e e
L — e Least squares without shuffling
& Proposed algorithm
1072 - -
1074 1
5 \
e
& 106}
o
2 \
3 el
¢ 108 i
10710
1012k
| i . . i i . I i
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

o

Fig. 1. Example 1, Scenario 1: d = 50 and n = 2d.

Scenario 2.

We hold 0 = 1 and vary d from 2 to 100 with n = 2d.
The corresponding results are depicted in Fig. 2. The
relative error decreases from 1.5 x 107! to 4.4 x 107*
using the proposed algorithm; and decreases from
5x 1071 to 1x 107! using least squares without
shuffling. A significantly better improvement in
performance is obtained using the proposed algorithm
when increasing the dimension of the weight.

10°
Proposed algorithm
EEe Least squares without shuffling
107 F = r‘
\\\
2 i
o :
2102 h
E \\\\
& ™S
o
107 \\v
g
107 o
| . 102
d

Fig. 2. Example 1, Scenario 2: 0 = 1 and n = 2d.

Scenario 3.

We hold d = 50 and o = 1 while varying n while 100
to 1,000. The results of the relative errors are shown in
Fig. 3. The relative error decreases from 1.2 x 1073 to
3.2x107* using the proposed algorithm; and
decreases from 1.4 x 1071 to 3.2 x 1072 using least
squares without shuffling, which is almost the same rate
of improvement for both schemes when n is increased.

107" F

Proposed algorithm
Least squares without shuffling

2
S

Relative error

2
&

10
102 108

Fig. 3. Example 1, Scenario 3: d = 50 and o = 1.

Scenario 4.

We set the elements of w, w; = 1 + §w;, where dw; is
drawn from U(0, §w?). That means that max(w;) —
min(w;) = V126w or —V3 8w < dw; < V3 Sw. We
set n = 2d. We also use W given in (18). We run for
different combinations of d € {10,50} and o € {1,5}.
We also compare performance with the ordinary least
squares without shuffling. The corresponding results
are depicted in Fig. 4. Unlike least squares results, the
proposed algorithm shows very much unaffected by the
size of observation errors and the dimension of w.
However, the performance of the proposed algorithm is
sensitive to initialization and the initial guess (18) is
sensitive to the fluctuations in the elements of w.

15— ; ; ,
Proposed algorithm o = 1 & d = 10

Proposed algorithm ¢ =5 & d = 10
Proposed algorithm o = 1 & d = 50
Proposed algorithm o = 5 & d = 50
******* Least squares without shuffling o =1 & d =10
******* Least squares without shuffling o =5 & d =10
I o Least squares without shufflingoc=1& d=50|
Least squares without shuffling o = 5 & d = 50

Relative error

0.5

0
0 005 01 015 02 025 03 035 04 045 05
ow

Fig. 4. Example 1, Scenario 4:n = 2d, w; = 1 + Sw;, where
8wy is drawn from U(0, Sw?).



Example 2

In this example, we illustrate the performance of the
proposed batch process approach proposed in Section
III. We draw the elements of X; from U(0,1). The
permutation matrix, M;, is chosen at random from the
set of all n; X n; permutation matrices. We set the
elements of w, w; =1+ dw;, where dw; is drawn
from U(0,8w?). We hold d =50 and o = 0.1 for
dw € {0,0.5,1,5}, and the estimate (15), we use n; = d
and [ = 2d. We consider k € {1,2, ..., 10} in (17). For
each point in the experiments we conduct 1,000
different run and take the average of the corresponding
relative error. The results are depicted in Fig. 5. As
expected, the relative error decreases as k increases or
Sw increases.
0.014 T T T T T
Sw=0

\ fw=05

0.012 |\ om1

\ bw=5

Relative error

0.006 - \;; 7

0.004

0.002 -

Fig. 5. Example 2. d = 50,0 = 0.1,n; = d, and [ = 2d.

V. Conclusion

This paper tackled shuffled linear regression problem
using stochastic approximation. The proposed recursive
algorithm aimed for per-iteration minimization of the
mean square estimate error. Although our algorithm
turned out to be sensitive to initialization errors, the
algorithm is considered as the first working solution for
arbitrary large dimensions and arbitrary large
observation errors. Numerical simulations have shown
that our method with shuffled datasets can outperform
the proposed approach in [11] and the ordinary least
squares method without shuffling in presence of
substantial observation errors. Further work could
address its sensitivity to initialization while comparing
performance with the existing art work such as the ones
in [1] and [11], which can broaden its domain to
different applications. For example, based on the
different classes of datasets, one may be able to devise
different initialization. In addition to the mentioned
work, we considered a problem where at least d
different independent datasets are available. The
proposed initialization-independent solution has been

shown to be simple, effective, accurate, and can easily
deal with high dimensions.

(1]
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